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PREFACE 


“ais book has been compiled as a foundation for lecture courses 
_ junior and senior students in Electrical Engineering. 
“he theory and characteristics of electrical machines are devel- 
ed from the fundamental principles of electrostatics and electro- 
magnetics. Only the more standard types have been discussed 
since familiarity with the principles of their operations will guide 
», the student to a cc iplete understanding of other machines which 
. differ only in mince respects. This general groundwork may be 
extended to suit the requirements of particular classes. 


McGitt Universiry, MonTREAL, 
October, 14th, 1913. 
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KLECTRICAL ENGINEERING 


CHAPTER I 


ELECTROSTATICS 


1. Electrification. Bodies which aré charged with electricity 
are said to be electrified. Charges are of two kinds called posi- 
tive and negative. Bodies which have a positive charge are 
acted upon by forces tending to make them give up their charge; 
bodies which have ‘a negative charge are acted upon by forces 
tending to convey a positive charge to them equal to their nega- 
tive charge. These forces are exerted through the medium 
separating the charges and the medium is in a state of stress. 

The body with the positive charge is at a higher potential 
than the body with the negative charge and the difference of 
potential between the two is a measure of the tendency for elec- 
tricity to pass from one to the other. 

2. Electrical Conductors and Insulators. If two metallic 
bodies charged to different potentials are joined by a metal wire, 
electricity will flow from one to the other until the potential of 
both is the same and the transfer of electricity will take place 
almost instantaneously. The metal wire is therefore a good con- 
ductor of electricity; or, it offers a low resistance to the passage 
of electricity through it. 

If the two charged bodies had been joined by a glass rod, there 
would have been no transfer of electricity between them, or, it 
would have taken place so slowly that it could only be detected 
by the most delicate instruments. Glass is therefore a very bad 
conductor; or, it offers a very high resistance to the passage of 
electricity. It is called a non-conductor or insulator. 

As all materials conduct to a certain extent, it is not possible 
to divide them absolutely into conductors and insulators, but, 
since the resistance of a good insulator is many million times 
that of a good conductor, they may be so divided for practical 


purposes. ; 
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In the first class are silver, which is the best conductor, copper 
and other metals, graphite, impure water and solutions of salts. 
In the second class are air, which when dry is an almost perfect 
insulator, glass, paraffin, ebonite, porcelain, rubber, shellac, oils 
and the numerous insulating compounds used in electrical engi- 
neering. 

3. Electrostatics and Electromagnetics. Electrostatics com- 
prises phenomena related to electric charges at rest and to the 
stresses produced in the field surrounding them. These phe- 
nomena become of great importance where very large differences 
of potential must be provided for, as for example in the design 
and operation of all high voltage apparatus and systems. 

Electromagnetics comprises phenomena related to electricity 
in motion, that is, to currents of electricity and the magnetic 
fields produced by them. Almost all the problems to be solved 
by the electrical engineer come under this head. 

4. Laws of Electrostatics. First Law. Like charges of elec- 
tricity repel one another; unlike charges attract one another. 

Second Law. The force exerted between two charges of elec- 
tricity is proportional to the product of their strengths and is 
inversely proportional to the square of the distance between 
them; it also depends on the nature of the medium separating 
them. 

This law can be expressed by the formula, 


as qq >> 
Bais ¢* em PE ee 
where gq and q are the charges of electricity, r is the distance 
between them in centimeters, K is a constant depending on the 
medium separating the charges and is called its specific inductive 
capacity or dielectric constant. The unit of quantity is so chosen 
that the dielectric constant for air is unity; for all other sub- 
stances it is greater than unity. /f is the force in dynes exerted 
between the two charges; if the charges are of the same kind the 
force between them is a repulsion and f is positive. 

One electrostatic unit of quantity is that quantity which, when 
placed at a distance of one centimeter in air from a similar quan- 
tity, repels it with a force of one dyne. . 

The practical unit of quantity is the coulomb; one coulomb 
is 3 x 10° electrostatic units. 
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5. Dielectric Constants. The following table gives the 
dielectric constants or specific inductive capacities of some of 
the most common dielectrics. 


Material Dielectric 
Constant 
Pe hsb nea a's RUG YO aee OEE ee ee 1. 
ORTON os Se Sa Ee, Goel Ch ee 0.9994 
eAPSLOVTCY Oil... 5 ot ee ee 2.1 
UME ee ds bas sos bss SE oe eee 2:76 
IMT WE oi. 0 se ee Se oe ee ee 2.3 
MMTIRIOR ows cin Bic ea FY RD se a ae 2.35 
Ree OLCUB. Ss ok Luiss s oe ee eae eae ae ;. 68,0-5.0 
Ne a een Seem = Cn ielis ety Ue © a vel 2.8 
Glass aie ay '3 576s: 050 DUCE v o:'s) oe ROT Bee ers 5.0-10.0 
MM cr a cain a ae aro hace 31 ee I ee ee 5.0-7.0 
eT eR crn SAE ys UW infinity 


Dielectric constants generally decrease slightly with increasing 
temperature and in some cases they depend on the intensity of 
the electrostatic field. 

6. Electrostatic Field. Any space in which electrostatic 
forces act is called an electrostatic field. The direction of the 
force at any point in the field is the direction in which a unit 
positive charge placed at the point tends to move and its in- 
tensity is the force in dynes exerted on the unit charge. 

The electrostatic field is conveniently represented by lines of 
electrostatic induction or dielectric flux drawn in the direction of 
the force. In air the number of lines per square centimeter .. 
equal to the force in dynes at the point and in a medium of 


dielectric constant K the number of lines per square centimeter 


is equal to K times the force. This may be stated in another 
way: Unit electrostatic force produces one line of dielectric flux 
per square centimeter in air and K lines per square centimeter in 
a medium of dielectric constant K. 

The electrostatic force at a point is.expressed in dynes and is 
represented by &; the dielectric flux density at a point is expressed 
in lines per square centimeter and is represented by ‘. 

7. Field Surrounding a Point Charge. At a distance r cm. 
in air from an isolated charge g, a unit charge is acted on by a 
force 


= 4, dynes; Luh sie etoiw (2) 
and the dielectric flux density produced at the point is 


Q=F = s lines per square centimeter . . . (3) 
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This density is produced over the surface of a sphere of radius r 
and therefore the total dielectric flux from the charge gq is 


y= £ X 4ar? = 4xq lines. 


Consider the same charge surrounded by a medium of dielectric 
' constant K. 
The force exerted on a unit charge at a distance r cm. from 


q is 


F dynes; 


oi 
Kr? 

the dielectric flux density produced is 
G) = &K = 4, lines per square centimeter, 


and therefore the dielectric flux from charge q is, as before, 
y = 4xq lines... 2. Says 


Fig. 1 represents the electrostatic field about a positive point 
charge. The lines of flux extend out radially in all directions. 


A 


ae 


h 


Y 
Fic. 1. Field surrounding a point charge. 


8. Dielectric Flux from a Unit Charge. The dielectric flux 
from a unit charge is 4 z lines by equation 4. Thus if a dielectric 
flux y starts from any surface the positive charge on that surface 


v 


is g= Ts units, and if a flux y ends on any surface the negative 


charge on that surface is — qg = i units. 
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A unit positive charge is always associated with each 47 lines 
leaving a surface and a unit negative charge with each 47 lines 
entering a surface. 

9. Field between Two Point Charges. The field between 
two point charges g and — gq consists of curved lines extending 
from the positive to the negative charge. 

The direction and intensity of the force at any point may be 


Fic. 2. Field between. two point charges. 


obtained as shown in Fig. 2. If a unit positive charge is placed 


at any point P it is repelled by q with a force fi = mE and is at- 
1 


tracted by — q with a force fi = f. The resultant force at the 
2 


point is F and it is the vector sum of f,; and fz. If D cm. is the 
distance between the charges, the force at a point on the line 
joining the charges distant r cm. from the charge q is 


Ty = ————... dynes. 


+o=m r)? 
Since the medium is air stig flux density at any point is numerically 
equal to the force & at the point. 

10. Field between Parallel Plates. The field between two 
parallel plates A and B, Fig. 3, charged respectively with + q 
and — q units per square centimeter consists of straight lines 


6 ELECTRICAL ENGINEERING 


normal to the plates except near the edges where they become 
slightly curved. 
The dielectric flux density is uniform throughout the volume 
between the plates, and its value is 


G) = 47q lines per square centimeter. (5) 


If the medium between the plates is air, the elec- 
—| trostatic force at any point is 


= F=QG=4nqdynes. . .. (6) 


If the medium has a dielectric constant K, the 


force is 
= G 4 
= = = dynes. ta 


Ms 11. Potential. The difference of potential be- 
tween two points is measured by the work done 
in carrying a unit charge from one to the other 
against the electrostatic force in the field; it is 
therefore the line integral of the force between 
7 the points. ' 

The difference of potential between the two 
<—t om— plates in Fig. 3 is 
Fig. 3. Field be- ex f, ‘Fdr, ah. Oe ee 

0 


tween parallel 
plates. 


Att + + t+ + t+ t tt 


Certihtit LYYYYYYYYYYYYYYYYVYYYY\ y 


where ¢ cm. is the distance between the plates. 
Difference of potential tends to cause electricity to flow from 
one point to the other and is therefore called electromotive force. 
Unit difference of potential (electrostatic) exists between two 
points when one erg of work is done in conveying unit charge 
from one to the other. 
The practical unit difference of potential or electromotive 
force is called the volt. One electrostatic unit is equal to 300 volts. 
The earth is usually taken as the arbitrary zero of potential, 
and the potentials of other bodies are given with reference to it. 
If a difference of potential is produced between two points on 
a conductor, electricity will flow from the point of high potential 
until the potentials of all parts of the conductor are the same. 
When, however, the difference of the potential is maintained 
by an electric generator a current of electricity flows continuously 
from one point to the other. 
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When a difference of potential is produced between two con- 
ductors separated by an insulating material, the material is sub- 
jected to a stress and lines of dielectric flux pass through it. 

12. Induced Charges of Electricity. When a_ positively 
charged body A, Fig. 4, is brought near to an insulated conductor 


et EER ous 


Fic. 4. Induced charges. 


BC, a negative charge is induced on the nearer side B and an 
equal positive charge on the farther side C. The explanation is 
that the potential of the end B due to the charge on A is higher 


+ x2 

: % =] \e 
+ A + Sip cst 
+ ed he i FS 
+ = [+ 


i Sees Lee By 


Fia. 5. Induced charges. 


- than that of C, but, since BC is a conductor, as soon as there is a 
difference of potential between two points on it, electricity flows 
from the region of high potential at B to the region of low poten- 
tial at C; thus a positive charge appears at C and an equal nega- 
tive charge at B and these charges so distribute themselves over 
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the surface of BC that the potential at every point on it is the 
same, being the sum of the potentials due to the charge on A and 
the two charges on BC. 

The same result is illustrated in Fig. 5, which shows the dielec- 
tric flux produced. 

The flux from A extends out radially in all directions. In the 
region surrounding BC the lines are deflected and a large number 
pass. through the conductor BC, since its dielectric constant is 
infinity and therefore it offers an easy path. For every 47 lines 
entering at B a unit negative charge appears on the surface, 
and for every 47 lines leaving at C a unit positive charge 
appears. 

13. Equivalent Charges. A uniformly distributed charge on 
the surface of a sphere acts as though it were concentrated at the 
centre. If a sphere of radius R cm. has a charge Q uniformly 
distributed over its surface, the density of the charge is won 
and since 47 lines emanate from unit charge, the flux density 

47nQ_Q 
at the surface of the sphere is ink? ~ 
meter. If the charge Q is concentrated at the centre of the 
sphere, then, by formula 3, the flux density at a distance R cm. 
Q 
RR? 
charge on the surface of the sphere may be represented by an 
equal charge concentrated at the centre. 

Similarly a uniformly distributed charge on the surface of a 
cylinder may be represented by an equal charge uniformly dis- 
tributed along the axis of the cylinder. 

14. Distribution of Potential in the Space Surrounding a 
Point Charge. In Fig. 6 a positive charge q is placed at the 
point O at an infinite distance from all other charges. The 
potential at a point P;, distant r; cm. from O, is the work done 
in moving unit charge from a point of zero potential to the point 
P, against the forces in the field. The intensity of the force at 
a distance r cm. from O is by formula 


lines per square centi- 


from the charge is =; and therefore the uniformly distributed 


F = 5 dynes; 


the work done in moving a unit charge against this force through 
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a distance dr is 


Fdr = qT ergs; 


and the work done in moving the charge from a point of zero 
potential to P; is 


= q ergs; . ° ° . . . . . ° (9) 
T1 


Fic. 6. Distribution of potential about a point charge. 


therefore, the potential at a point due to a charge of electricity 
is equal to the charge in electrostatic units divided by its distance — 
in centimeters from the point. 

15. Potential at a Point Due to a Number of Charges. If 


q, 
q; 
a 
a 
q 
: aw P 
q, iy 
qs; 


Fic. 7. Potential due to a number of charges, 


% 


there are several charges qi, g2, gs, etc. in the field, the potential 
at any point is the sum of the potentials due to the separate 
charges and is 


2,8 9% ees 
rg Gat. iets Dee Be ee i ae 
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where 11, 72, 73, etc. are the distances from the various charges to 
the point. Fig. 7. 

Potential at a Point Due to a Charged Surface. In Fig. 8 AB 
is a surface with a non-uniform distribution of charge over it; 


} 
a 


Fic. 8. Potential due to a charged surface. 


if dq is a small element of charge at a distance r cm. from the 
point P, the potential at P due to the charge dq is 
. fe eee 
oh 


and the potential due to the total charge on the surface is 


e- f7.. ‘26 RL ee ae 


16. Equipotential Surfaces. Surfaces of which all points are 
at the same potential are called equipotential surfaces. 

In Fig. 9 A is an isolated sphere of radius R, charged with 
Q units of electricity. Any spherical surface drawn about the 
centre of A is an equipotential surface. The potential of surface 


(1) is :, that of (2) is : and that of the sphere A is “4 
1 2 
The difference of potential between surfaces (1) and (2) is 


Q 


b 2 and is the work that must be done in taking a unit charge 
1 2 
from any point on (2) to any point on (1). It makes no differ- 
ence what path the charge follows, because its path can always 
be resolved into two displacements, one along the equipotential 


surface and the other normal to it; no work is done in moving - 
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i 
along the equipotential surface, since there is no opposing force 


and therefore all the work is done in the displacement along the 
normal. 

The electrostatic force on an equipotential surface is normal to 
the surface, therefore lines of induction pass normally through 
equipotential surfaces. 


Fie. 9. Equipotential surfaces. 


Electric conductors not carrying current are equipotential sur- 
faces, since if differences of potential did exist electricity would 
flow from the points of high potential until the potential became 
uniform throughout the conductor. 

17. Potential Gradient. The potential gradient at a point is 
the space rate of change of potential at the point measured in 
the direction of the electrostatic force. 

The difference of potential between two points is 


D 
e=[ Fd, os. 2. . OD) 
0 


where & is the electrostatic force at any point and D is the distance 
between the points. The potential gradient at any point is 


g = ae a es 8) 


and is equal to the electrostatic force at the point. 
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18. Potential and Potential Gradient in Special Cases. 
(a) Determine the potential and potential gradient in the field 
surrounding an isolated sphere of radius R charged with Q units 
of electricity. Fig. 10. 


Curve (2) g= de 2, 


Fic. 10. Potential and potential gradient near a charged sphere. 


The potential at a point P, distant r cm. from the centre of 
the sphere is 


e= Q. 
r 
The potential gradient at P is 
_#%__Q 
0 ee ee <. e 


and is equal to the electrostatic force at the point. 

Curve 1, Fig. 10, shows the variation of potential with distance 
measured from the centre of the sphere. The equation of this 
curve is 


Across the sphere the potential is constant and is equal to S, 


but near the surface it falls off very rapidly. 
The potential gradient at any point is represented by the slope 
of the tangent to the potential curve at that point; its values are 
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plotted in curve 2. The equation of this curve is 


(b) Determine the potential and the potential gradient at any 
point between two spheres A and B (Fig. 11) of radius R em. if 
the distance between their centres is D cm. and they have charges 
of Q and — Q respectively. This last condition means that all 
the lines of dielectric flux which leave the sphere A fall on the 
sphere B. 


Fic. 11. Potential and potential gradient between two spheres. 


At a point P on the line joining the centres of the two spheres 
and at a distance of r cm. from the centre of A the potential due 


to the charge Q on A is - , and that due to the charge — Q on B 


— ; the actual potential at P is, therefore, 


2 
Se Sade -. (5) 


e=—— 


mT ee eee 
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‘Midway between the spheres the potential is 
oy Teas a 


At the surface of A it is 
Ee 8S ee 


R D-R 
The potentials at all points between A and B are plotted in curve 
1 (Fig. 11). 
The potential gradient at P is 
506 ES ee Q 
9 Gr Cur? 6 (D—n? (S+o =): ee 


Midway between the spheres the potential gradient is 


Q Q tg 
-(oapt wpe 7 8 


which is its minimum value and at the surface of either sphere it 


is 

Q —_Q 

R?* (D— RB)? oot > #0 6 eee ean 
its maximum value. . 

The potential gradient is plotted in curve 2, Fig. 11. 

(c) Determine the potential and potential gradient at every 
point between two parallel cylindrical wires A and B, Fig. 12, 
of radius R, suspended in air with a distance of D cm. between 
centers and charged respectively with + q and —q units of 
electricity per centimeter length. 

The electrostatic force at any point P distant r cm. from A and 
D—~r cm. from B is the resultant of the forces exerted by the 
charges on A and B considered as acting independently. 

From each centimeter length of A, 4 7q lines of dielectric flux 
extend out normally and produce at the point P a flux density 

4nrq 2q 


Dye gn oe lines per square centimeter. . . (20) 


The electrostatic force at the point P is 
T= D4 = ~ dynes, Ae tea! bo 


and acts from A to B. 
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The charge — g on B produces at P an electrostatic force 


2 q 
SF eee 
B D - dynes, 


in the same direction as &4. 
The resultant force at P is 


2 3 
F =F, + Fp =—7 + 7 dynes, 


Curve (1), €=29 log D-* 
_2¢, 24 
Curve (2), J= a te “ 


Fia. 12. Potential and potential gradient between two parallel wires. 


The potential at the point midway between the two wires is 
zero and therefore the potential at the point P is 


_ PP _ 22/24 2¢ 
e= f a sib (224 2.) ar 


= 2q[log r — log (D — 22 


pee ec ete) 


This equation is plotted in curve 1, Fig. 12. 
The potential at wire A is 


= 2qlog 


D =F 


E, =2qlog ne ae | ae es (24) 


(22) 
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and that at B is 


Ep =—2qlog~— at er ee 


The difference of potential between the two wires is 


H = E,— Ep =4qlog->~. Re ie eM 


E can also be obtained as 


D-R vol 
B= fi dr = hole ng 
R Rk 


The potential gradient between A and B, which is equal to 
the intensity of the electrostatic field, is given by equation 


= Farka 8 
ga Fa=-ty t . (27) 
plotted as curve 2, Fig. 12. 
At the surface of the wires its value is maximum. 
_ 24 2q 
9 max. ae R +h as R' . . . . + (28) 
Midway between the wires its value is minimum. 
_ 84q 


J min. — D pin e ° ° ° ° . (29) 


If the two wires are suspended in a medium of dielectric con- 
stant K, the distribution of flux is not changed but the intensity 
of the electrostatic field and therefore the potential gradient and 
potential at each point are reduced in the ratio 1/K, and the 
difference of potential between the wires becomes 
D-R 


B= "oe Fo ee 


K 


19. Capacity. Conductors of different sizes and shapes have 
different capacities for storing electricity. If two conductors of 
different capacities are charged with equal quantities of electricity, 
they will be raised to different potentials, the one of small capacity 
will be raised to a high potential and the one of large capacity to 
a low potential. 
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The potential to which a body is raised varies directly as the 
quantity of electricity stored in it and inversely as its capacity 
and may be expressed by the formula 


ee aM Ae ioa cy 
where Q is the quantity of electricity, or charge, 
C is the capacity of the body, 
E is the potential. 


The capacity therefore is 
c=8, 
and is equal to the charge divided by the potential, or it is equal 
to the charge per unit potential. 

A body has unit capacity (electrostatic) when one unit of 
electricity is required to raise its potential by unity. 

A sphere with a radius of one centimeter has unit capacity, 
because if a charge of one unit be given to it it will act as though 
it were concentrated at the centre and will produce at the surface 
unit potential. The capacity of a sphere of radius R cm. is R 
electrostatic units. | 

The practical unit of capacity is the farad. A conductor has 
a capacity of one farad when one coulomb of electricity is re- 
quired to raise its potential by one volt. 


1 coulomb _ 3 X 10° 
1 volt ae sou 


(32) 


1 farad = 


= 9 X 10" electrostatic units. (33) 


The foregoing explanation of capacity is apt to be misleading. 
A conductor has capacity only with respect to surrounding 
objects, since the electrostatic energy is not stored on or in the 
conductor itself but in the field between the conductor and sur- 
rounding conductors. 

In Fig. 13 A is a conductor placed near a large conducting 
plane B. Assume a potential difference H to exist between A 
and B, then EZ measures the work in ergs that must be done in | 
carrying a unit charge from B to A against the electrostatic 
forces in the field. These forces produce a dielectric flux passing 
from A to B. 

The total dielectric flux y is proportional to the difference of 
potential Z and to the permeance of the path %. 
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The permeance @ is directly proportional to the cross-sectional 
area of the path and to its dielectric constant and is inversely 
proportional to the length of the path. It is usually difficult to 
calculate the permeance directly, since the section of the path 
varies throughout its length. In such cases the dielectric flux y 
or the electric charge Q = * is assumed and the potential differ- 
ence E calculated as in the preceding examples. 


7 


B 
Fia. 13. Permeance of the path between a conductor and a plane., : 


The permeance is then 


_¥ _47Q 
ie ee E (34) 
and the capacity is 
Q_y 2. 
K EO 4sk ..47' “ae (35) 


thus the capacity is equal to the dielectric permeance of the path 
divided by 47. 

20. Condenser. — An electrical condenser is ah arrangement 
of conductors which is capable of storing a large quantity of 
electricity, or which has a large capacity. It is one in which a 
large flux is produced when a given potential difference is applied 
to its terminals. 

21. Capacity of Condensers. The capacity of a condenser is 
measured by the amount of charge necessary to raise its potential 
by unity, and is therefore equal to the positive charge on it at 
any time divided by the potential difference between its terminals; 
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this relation is expressed by the formula 


Q 


E 
(a) Determine the capacity of a condenser formed of two 
parallel plates each having an area of A square centimeters sep- 
arated by ¢ cm. of material of dielectric constant K. Fig. 14. 


t A Sa. Cm. 


Fig. 14. Parallel plate condenser. 


If a difference of potential H is applied between the terminals 
a dielectric flux y is produced passing from the plate of high 


potential to the plate of low potential; a positive charge Q = - 
therefore appears on one plate and a negative charge — Q=— a 
on the other; the density of the charge on the plates is g = . 
units per square centimeter, and the dielectric flux density be- 
4 : rey 
tween the plates is DY = 47q = — = ¥ lines per square centi- 


meter. The thickness of the dielectric is assumed to be so small 
that the lines of flux travel directly across from one plate to the 
- other. 


a i a te i ae ee ee 
+ ELECTRICAL LABORA? 
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¢ nt, ok ok ~ A. _& i f 


20 ELECTRICAL ENGINEERING 
The intensity of the electrostatic force is 


F = Se se ee ees ee 


The difference of potential between the plates is the work 
done in carrying a unit charge from one plate to the other against 
the force ¥; it is therefore 

4 Qt 


ee ee 


since F is constant; and the capacity of the condenser is 


0 Ake 
i ae electrostatic units. . . . . (37) 


The capacity therefore varies directly with the area of the 
plates and with the dielectric constant of the material separating 
them, and inversely as the distance between them. 

When the plates are separated by air the capacity is 

A 
C= Ant’ 


In order to increase the capacity of such a condenser a large 


(38) 


Fig. 15. Electric condenser. 


number of plates are used joined in multiple and separated by 
very thin sheets of dielectric as shown in Fig. 15. 

(b) Determine the capacity of a condenser formed of two 
concentric cylinders, Fig. 16, of radii a and b. 
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If a charge of g units per centimeter length is given to the 
inner cylinder, lines of dielectric flux pass out radially and pro- 


duce, at a distance r cm. from the axis of the cylinder, a flux 
density 


24): : 
—— = a4 lines per square centimeter. 


Dielectric 
Constant K 


——— =< - 


q peti 
b 


Fig. 16. Capacity of concentric cylinders. 
If the dielectric constant of the material is K, the electro- 
static force at the point is 


oD eAee 
5 = & = x, dynes, 


and the difference of potential between the two cylinders is 


a 
Be aang log 5 ergs. Vee oye. NOE) 
The capacity per centimeter length of the condenser is 


Bee ge iy K ied! 
3 = oT = electrostatic units. . (40) 


a a 
K logs 2 log; 


This is the case of a single conductor cable with a lead sheath, 
and the capacity is usually expressed in farads per mile; it is 


54 X 12 XK 5280 
C= K 25 x 12 X 


il 
2log ¢ 9X 10 7 
o: K 2.54 X 12 < 5280 
Ke 11 
2 X 2.303 logs pig 
= 3.82 X = < 10-*farads permile. . . (41) 


a 
logio b 
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(c) Determine the capacity of two parallel wires A and B in 
Fig. 17. 

When a difference of potential # is applied between them a 
dielectric flux passes across from A to B and a positive charge 


v 


Q= * appears on A and an equal negative charge — Q = — —— 


4n 
on B. 
A iB 


O——© 


Fia. 17. Capacity of parallel wires. 


If q is the charge per centimeter length on A, the potential 
difference between A and B is 


E =4q log > , Eq. 26, 
where R is the radius of the wires and D is the distance between 


centres. 
The capacity of the two wires per centimeter length is 


yee Rie q * 1 : : 
C=.= aN oe DoF electrostatic units. (42) 


The capacity per mile of a line consisting of two wires is 
2.54 X 12 x 5280 


C= 
4 X 2.303 Pane R > x9 10% 
9 
Ss oT ee) 
logio R 


It is sometimes useful to separate the capacity of the line into 
the capacities of the two wires forming it. The potential of the 
point midway between the wires is zero and the actual potential 
of wire A is 


Ey = 2qlog~ > a , Hq. 24, 
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and therefore the capacity of A per centimeter length between the 
wire and the neutral or point of zero potential is 


C4 = = ms = . electrostatic units, (44) 
Ba 2 q log —— 2 lo eee 
R Ts ae 
and the capacity of each wire in farads per mile is 
_ 38.8 X 10-° 
Ss DR’ . (45) 
£10 R 


(d) Determine the capacity of a single wire of radius R cm., 
suspended at a height H cm. above the earth. If the wire is 
raised to a potential H above the earth potential, lines of dielec- 
tric flux will pass from the wire to earth as shown in Fig. 18. 
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Fic. 18. Capacity of a wire to earth 


If ¥ is the flux from each centimeter length of A, then g = ~ is 


the charge on each centimeter of A, and a corresponding negative 
charge — q appears on the earth, but it is not evenly distributed 
being most concentrated directly beneath the wire. 

The flux passing from the wire A to the earth would be un- 
changed if the charge on the earth were collected on a second 
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wire B placed at a distance H cm. below the earth. Its potential 


would be — E. 
The difference of potential between A and B is 2 F and from 


equation 26 
2H—R 
R ? 
thus the capacity of the single wire in relation to the earth per 
centimeter length is 


2E =4qlog 


ke “@ $) 1 : 
2 q log —p— 2 logy — 


and the capacity in farads per mile is 


9 
C= 38:8 X 10- os ae 


oH. po ° 
log > — 
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Fia. 19. Capacity of sphere to earth. 


(e) Capacity of a sphere of radius R cm. at height H em. above 
the earth. In Fig. 19 A is a sphere of radius R cm. at a height 
H cm. above the earth. If A is raised to a potential H above 
earth potential, a dielectric flux y is produced passing from the 
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sphere to the earth as shown and a positive charge Q = - ap- 


pears on A and an equal negative charge on the earth. 

Without changing the distribution of flux in any way the nega- 
tive charge on the earth may be assumed to be collected on a 
sphere B similar to A but placed at a distance H cm. below the 
surface. The distribution of potential between two such spheres 
was worked out in Art. 18. The potential midway between them 
is zero, the potential at the surface of A is 


of) ahaa 
a ee 5: ReY equation 16, 
and therefore the capacity of the sphere is 
Q Q 


ae as 0 = : i electrostatic units. (48) 


R 2H-R R 2H-R 
When 4 is very large compared to R the capacity is 


1 
C=75 


TR é as in Art. 19. 


Ci 
+Q) -Q; 


+Q;} |-Qz 
Cs 


Fic. 20. Capacities in multiple. 


22. Condensers in Multiple. If a number of condensers of 
capacities C;, C2 and Cs are connected in multiple, as shown in 
Fig. 20, and a difference of potential Z is applied to the terminals, 
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each condenser receives a charge proportional to its capacity, 


Qi = CE, 
Q2 = CH, 
Qs > CE, 


and the total charge on the system is . 
Q=Q:+0 +03 = E(Ci + C2 + Cs). 
The capacity of the system is 


C=2-G4G40,..... @ 


and therefore the fos of a number of condensers connected 
in multiple is equal to the sum of their separate capacities. 

23. Condensers in Series. When a number of condensers of 
capacities C1, C2. and C3 are connec’ . im series, as in Fig. 21, and 


Ci 
Ht hag Biro fee 


“Ql > he ate *Qlee|-Q 


< E> 


Fig. 21. Capacities in series. 


a difference of potential EZ is applied to the terminals of the sys- 

tem, a charge Q appears on each condenser and the potential H 

divides up among the condensers in inverse proportion to their 
capacities. 

~The drop of potential across condenser (1) is 


_Q 

EB, = Ci ? 
that across (2) is 

FE, = q. 
and that across (8) is 

E3; = C;’ 
but E=H,+£8+ 8; 

-2 Q,2a 
S C; - aes C; 


eT +747) 
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and, therefore, the capacity of the system consisting of three con- 
densers in series is 
L 
1 1 : 
OLS ae 
When two equal condensers of capacity C are connected in 
series, their joint capacity is 


at. 
C= a= (50) 


EMEC t akan Sar ya 


and is equal to one half of the capacity of either condenser alone. 

24. Energy Stored in a Condenser. When a condenser is 
being charged, work jg on in raising the charge through the 
difference of potentiat hat _ the terminals, and this amount of 
energy is stored in the Ps a “atic field of the condenser. 

In Fig. 22 PN is a condenser of capacity C formed of two 
parallel plates separated by ¢ cm. of a dielectric of constant K. 
When a potential difference e is produced between the plates by 
the generator G, electricity flows from N to P until the charge 
on Ps is 

q = Ce; 
if the potential e is increased by de the charge q is increased by 
dq = C de and the work done in raising the charge dg through the 
difference of potential e is 
dw = edq = Cede. 


The total work done in charging the condenser with a quantity 
of electricity Q, or to a difference of potential H, is 


EF 
W= [do= [Cede 
21z 
-c|5| 
2 | 
2 
= C5 orgs. Pde Me ek ane Gearhart”) 


Thus the work done in charging a condenser, or the energy 
stored in the electrostatic field of the condenser, is equal to one 
half of the capacity multiplied by the square of the difference of 
potential between the terminals. 


28 ELECTRICAL ENGINEERING 


Equation 52 may be expressed in two other forms by substi- 


tuting for E its value Q. 
W =3Q8,. a 


or Q? 
1 
W — 3 C* (54) 
Py Rad 
+}. ~ 
sd ae 
ce & 


Fic. 22. Energy stored in a condenser. 


If the area of the plate P is A square centimeters, then the 
dielectric flux density between the plates is 


G) = lines per square centimeter, 
and the electrostatic force is 
9) 
F = — dynes. 


K 
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The potential difference between the plates is 


pon, 
and the capacity of the condenser by equation 37 is 
Ste, 
~ Ant 


Substituting ¢ these values for EF and C in equation 52 gives a 
fourth expression for the Be stored in the field, namely 


AK 
Wash ai X(z) 


=AtXs—sergs. ..... (55) 


g)? 
} Sirk 
Since the volume of the field is At cubic centimeters and the flux 
density is uniform, the energy stored per cubic centimeter of the 
field is 


2 


Sark 


Qe 


CGS. o-) és WAP RAE ee 


5 IE 


PK 
81 


Thus, the energy stored per cubic centimeter in an electro- 
static field is equal to the square of the dielectric flux density 


OFeR. 6: a ee) 


QoQ = 


multiplied by —_ , or is equal to the square of the intensity of 


the electrostatic force multiplied bya 


From equation 52 a very useful definition of capacity may be 
obtained, 


(58) 


or the capacity of a condenser is equal to twice the energy stored 
in its field divided by the square of the difference of potential 
across its terminals, or the capacity is equal to twice the energy 
stored when the difference of potential is unity. 

25. Stresses in an Electrostatic Field. The-energy stored in an 
electrostatic field is 


2 
W = C= ergs; 
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and the energy stored per cubic centimeter is 
G2 
Sak 
These two equations represent the potential energy of the field. 
Stresses exist throughout the field tending to reduce the potential 
energy to a minimum; first, there is a tension along the lines of 
induction tending to shorten them and to draw the bounding 
surfaces of the field together and so reduce the volume to zero; 
second, there is a pressure at right angles to the lines tending 
to spread them apart and so reduce the density in the field. 
Since the system is in equilibrium these two stresses are of equal 
magnitude. 

To obtain an expression for the stress per square centimeter on 
the bounding surfaces, consider the parallel plate condenser in 
Fig. 23. The energy stored in the field is by equation 55 


9? 
W = AtX oe 


If a force of P dynes is applied to one of the plates and the dis- 
tance between the plates is increased by amount dt, the work done . 
is P dt ergs. ‘The charges on the plates are assumed to remain 
constant and therefore the flux density remains constant, but 
the volume of the field is increased by the amount A dé cu. cm., 
<> but the 
increase in the stored energy is equal to the work done by the 
force P and, therefore, 


Pdt=AdtxX* =>] 


Oo = 


ergs. 


and the energy stored in it is increased by A dt X 


g)? 
Sark 
and 


= dD” 
P=AXq RAynes. a iS Ae ae (59) 


This is the pull exerted by the field on-each plate of the condenser 
tending to draw them together. 
The pull per square centimeter is 
2 


— 
p= 7 =e AyHes Les. |.) ce a 


thus, the pull per square centimeter on any charged surface is 
equal to the square of the induction density at the point divided 
by 87K. 
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This is the value of the tension along the lines of force tending 
to shorten them, and also the value of the pressure at right angles 
to the lines tending to spread them apart. 
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Fig. 23. Stresses in the Fig. 24. 


electrostatic field. 


26. Effects of Introducing Dielectrics of Various Specific In- 
ductive Capacities into a Uniform Field. (1) Fig. 24 shows a 
parallel plate condenser with air as dielectric. 


t = distance between plates in centimeters. 
A = area of each plate in square centimeters. 
E = difference of potential between plates. 

y = dielectric flux. 


= ¥ = dielectric flux density. 


¥ = X) = electrostatic force in the field. 
Since the force is constant throughout the field, therefore, 
E = &t 


and the electrostatic force or the stress in the air is 


E 
ee te 
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(2) In Fig. 25 a sheet of glass of thickness 0.9 ¢ and dielectric 
constant K = 6 is introduced into the field as shown and the 
difference of potential is the same as before. 

The dielectric flux density Y is constant throughout the field; 
the electrostatic force in the air is 


F4= 9; 
the drop of potential across the air portion of the field is 
E,=0.1tX ®,=0.1t XQ; 
the electrostatic force in the glass is 
Fg= 
the drop of potential across the glass is 
Ei, = 0.9t X Fe = 0.9t x2 = 0.15t x 9; 


the difference of potential between the plates is 


K= Ey; + E, 
=0.1¢XD+05txXQD 
= 0.25 i), 
and the dielectric flux density is 
E E. 
D = 0.25% 7%’ 
thus the stress in the air is 
F 4 — g) — 4 a; 


and is four times as great as it was in the first case. 

(3) Fig. 26 shows the same pair of plates with three sheets of 
dielectric introduced between them, of thickness 4, f and é and 
dielectric constants K,, K2 and Kz respectively. 

G) = dielectric flux, which is constant throughout the field, 


F, = ze = stress in layer (1), 


F, = D _ stress in layer (2), 
Ke 


F3 = D _ stress in layer (3), 
Ks 


a. Shc z , = drop of potential across (1), 
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Ee = Fol, = = t, = drop of potential across (2), 
2 


C 
E; = Fstz = 9 t; = drop of potential across (3); 


Ks 
ro] Glass = SE 
K=6 Ke Ker ERs 
F, Fy F, 
dA a. 
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Fig. 25. Fia. 26. 


the difference of potential between the plates is 
E=h,+k,+ Bs 


eff hh), 
Fr te TR; +7) 
and the dielectric density is 
wee 
i, 4,4 
i” Ko Ks 
and the total flux is 
ha dA = Eee 
ke 
Ky Ks. es 
where 
t= ge 2 , Hq. 34, 
E t 4 ty re ts 
Beye Kas rs . 


is the permeance of the path between the plates. 
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From the last two examples it is seen that a uniform field can 
be made non-uniform by introducing dielectrics of various specific 
inductive capacities, and that the stress in the various dielectrics 
varies inversely as their specific inductive capacities. 

(4) In Fig. 27 a cylinder of dielectric constant K is introduced 
into the uniform field as shown. 
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Fia. 27. Fig. 28. 


The stress in the air is 


~| By 


F,=—) 


and is the same as before the cylinder was introduced. 
The stress in the dielectric is also 


6 Dako Tee 
but the induction density in the dielectric is 
D= 8K =“ K. 


t 
The permeance of the path is increased and an increased flux 
is produced passing between the plates, but since the increased 


flux is all confined to the cylinder there is no increase in the stress 
in the air. 
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(5) If a sphere of dielectric constant K is placed in the field, as 
shown in Fig. 28, the permeance of the path between the plates is 
increased, but the increase of flux is not confined to the sphere. 
Where the sphere approaches nearest to the plates the density is 
very great, since a large number of lines take the short path 
through the air in order to follow the long path through the 
sphere. The stress in the air in these regions is very largely in- 
creased. 

(6) In Fig. 29 A is a small piece of material with a high dielectric 
constant such as a drop of oil. It offers a local path of high 
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Fic. 29. Fic. 30. 


permeability, and a greater flux density is produced in it than in 
other parts of the field, and therefore the stress in the air at its 
surface will be greater than the average stress throughout the 
field. 

(7) In Fig. 30 the drop of oil is replaced by a knob on the con- 
ductor forming one boundary of the field. Since the dielectric 
constant of the conducting knob is infinity the stress in the air at 
its surface will be greater than in the case of the oil. 

(8) Fig. 31 shows the field at the edge of the condenser in case 
(1). In this region the dielectric flux density is not uniform, and 
just at the edges of the plates it is greater than in the main body 
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of the field. The electrostatic stress is also greater than the 
average value. 


ZN 


Fig. 31. Fig. 32. 


This condition may be corrected by rounding off the edges of 
the plates or electrodes as shown in Fig. 32. 


aa. 
Curve (2), Kr 


R 
Curve (1),é@=E as 
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Fic. 33. Potential and potential gradient in a lead covered cable. 


27. Graded Insulation for Cables. Fig. 33 shows a single 
conductor, lead covered cable insulated with material of dielec- 
tric constant K. 

Rem. = radius of the conductor, 
R, cm. = inside radius of the sheath. 
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If the conductor is raised to a potential H and the sheath is 
grounded, the potential at any point P distant r cm. from the 
centre of the conductor may be found as follows: 

Assume that the charge per centimeter length of the conductor 
is g units, then the flux density at P is 


- 24 lines per square centimeter, 


and the electrostatic force or ae in the medium i is 


DQ 2q 
dah aa 


the difference of potential between the conductor and the sheath 
is 


dynes; 


og a sage 
2 lo i 
eT 
the potential of P is 
ee Ry 2 q As 2q R, 
e= f Gert = K 18> 
and substituting for g its value from equation 61, 
bo oe a 
e=E : -. (62) 
log fy 
R 


this equation is plotted in curve 1, Fig. 33, and represents the 
potential at all points between the conductor and sheath. The 
potential gradient or electrostatic stress in the medium at the 
point P is 


(63) 


and varies inversely as the distance from the centre of the con- 
ductor. Its values are plotted in curve 2. 

The stresses in the dielectric are not uniform, but are greatest - 
near the conductor and least in the outer layers near the sheath. 
The outer portion of the dielectric is therefore not used to the 


best advantage. 
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Fig. 34 shows the same cable insulated with three layers of 
material with dielectric constants Ki, Ke. and Kz. 

The dielectric ‘flux density at distance r cm. from the centre 
of the core is 


Gq) = = lines per square centimeter, 


and the stress is 


where & has different values in the three dielectrics. 
In order to make the stresses in the various parts of the insula- 
tion equal it would be necessary to place next to the conductor a 


Fic. 34. Graded insulation. 


material of high dielectric constant K, and to gradually decrease 
this constant in succeeding layers in inverse proportion to the 
distance from the centre of the conductor. This is a very expen- 
sive process and is not necessary since good results can be ob- 
tained by using three or four layers of dielectric. 

If Rs and Rez are the inside radii of the two outer layers, the 
stress in the outer layer is 


By = [2h ar = Aloe F; 4) WORE: ae 
3 
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the stress in the second layer is 


the stress in the inner layer is 


EAE 5. 
5 fi Kur 
and the drop of potential across it is 
ws Ry 2 qd 2 q R. 
E, = Kor dr = K. g R ° 


The difference of potential between the conductor and the 
sheath is 
EK = h,+ E.+ Es 


Zz qd ok gi qd R; 2 qd ee 
~K, SR + KR, + Ke RB, bie 
If Ki, Ke and Kz are chosen inversely proportional to the inside 
radii of the three layers, then the stress at these points will be 
equal and will be the maximum stress in the field and 
2q _ 24 2¢q 


pe — KR = KR Say K3R;" . . . . (66) 


Curve 1, Fig. 34, shows the variation of potential gradient or 
electrostatic stress from the conductor to the sheath. 

The stress in the dielectric is much more uniform than in the 
case of the same cable insulated with a single dielectric. 

The thicknesses of the three layers have been assumed to be 
equal. 

From these examples it is seen that a field in which the stresses 
are not uniform can be made more uniform by grading the in- 
sulation, that is, using a material of high dielectric constant in 
the part of the field where the stress tends to be a maximum and 
gradually decreasing the dielectric constant in the parts where 
the stress tends to be low. 

From equation 65 the charge per centimeter length of the con- 
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ductor is found to be 


1 1 
fe Se ee - . (2) 
21 Ki log! < Reloe® Belo 
AT ae eiiiey Mamie eos 8 


and the capacity of the cable per centimeter length is 


WEES 1 1 
oa Eat 5A Tt eg) me 
1 0b e 2 08 ie. 3 eR; 


28. Dielectric Strength. As the difference of potential be- 
tween two insulated conductors is increased the intensity of the 
electrostatic field between them increases and the energy stored 
in it increases. At a certain point the stresses in the dielectric 
become so great that a rupture occurs and a discharge takes 
place between the electrodes and the energy disappears from the 
field. 

If the dielectric is a gas or a liquid any effect of the discharge 
is remedied by circulation of the dielectric. When a heavy dis- 
charge takes place through oil or other similar material it may 
become partially carbonized, and the carbon particles tend to 
line up in the intense field between the electrodes and form a 
conducting bridge. 

In the case of solid dielectrics a rupture occurs which destroys 
the insulating properties of the dielectric. 

The difference of potential or electromotive force between 
terminals at which the breakdown occurs depends on the dielec- 
tric material, on the distance between electrodes and on the dis- 
tribution of the electrostatic flux in the dielectric, that is, on the 
shape of the electrodes. Breakdown occurs due to high electro- 
static stresses in the medium or due to a steep potential gradient. 

The potential gradient is usually expressed in volts per inch 
or volts per centimeter, but since even one centimeter of dielec- 
‘tric requires a very high voltage to puncture it the dielectric 
strength may be defined as the difference of potential in volts 
required to cause a discharge through one millimeter thickness 
of the material but the shapes of the electrodes should always be 
specified. 

In the following table the approximate dielectric siti of 
various insulating materials are given: 
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Dielectric. ah i eae 

RIOR 8 oy aN RAN ole Fe 58,000 
MINTED 5 Boo Sie ow do earn Brae pas eee 35,000 
Paraiined paper... 25 yeaa cess 30,000 
ME CORAINS F012 irc aa oe bee acess 13,000 
BIPY: WOOE BDIG. fox oe Seo sees 13,000 
ROTEY VIPPONN Sec Bape hic at ee cs eee Rea 12,500 
Vuleanized rubber.............. 10,000 
MCAHELGTTRGY OI... > 5 heise k ek ces 9,000 

ee a he ONG ark wae e WR 3,500 


29. Corona. When the electrostatic stress or potential 
gradient at some part of the surface of a conductor in air ex- 
ceeds about 3500 volts per millimeter or 100,000 volts per inch a 
brush discharge takes place and the air becomes conducting and 
luminous. The discharge does not necessarily extend across 
from the positive to the negative electrode but only exists in 
the region where the dielectric strength of the air has been ex- 
ceeded. Take the case of two parallel wires suspended in air; 
the discharge or corona first appears at any rough points on the 
wires, and finally forms a luminous envelope about them, which 
‘Increases in diameter as the voltage is raised. Corona causes a 
loss of energy which increases very rapidly with increase of volt- 
age above the critical point where the discharge begins. 


CHAPTER II 


MAGNETISM AND ELECTROMAGNETICS 


30. Magnetization. When bodies are magnetized magnetic 
forces act at every point throughout their volume and lines of 
magnetic induction pass through them. There are two kinds of 
magnetic poles just as there are two kinds of electric charges; 
as a positive electric charge appears where a dielectric flux leaves 
a surface, so a positive magnetic pole appears where a magnetic 
flux leaves a surface. The positive magnetic pole is called a 
north pole. Similarly a negative magnetic pole or south pole 
appears where a magnetic flux enters a surface. - 

Thus a body which is magnetized has a north pole at one part 
of its surface and an equal south pole at another part unless the 
magnetic path forms a closed circuit as in Fig. 36. 

Fig. 35 represents a horseshoe magnet. The lines of magnetic 
induction pass through it in the direction shown, leaving the surface 
at N and entering it again at S. Thus N is a positive magnetic 
pole or a north pole and S is a negative magnetic pole or a south 
pole. 

Fig. 36 represents the same magnet with its armature on. 
The lines of magnetic induction pass in the same direction as 
before, but the circuit is closed and the poles do not appear until 
a gap is made by removing the armature. 

31. Laws of Magnetism. First Law. Like magnetic poles 
repel one another; unlike magnetic poles attract one another. 

Second Law. The force exerted between two magnetic poles 
is proportional to the product of their strengths and is inversely 
proportional to the square of the distance between them. This 
law can be expressed by the formula 


mm, 
fers. + ee 


where m and m, are the pole strengths, r is the distance between 
them in centimeters, and f is the force exerted between them in 
dynes. If m and m, are like poles the force is a repulsion 
and f is positive. 

42 
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The unit of pole strength is defined as follows: A magnetic 
pole has unit strength if, when placed at a distance of one centi- 
meter from a similar pole, it repels it with a force of one dyne. 

The force exerted on a unit pole at a distance of r cm. from a 
pole of strength m is 


f =“ dynes. eos he Rae (70) 


Fie. 35. Magnet. Fig. 36. Magnet with armature on. 


32. Magnetic Field. The space surrounding a magnetic pole 
or a current of electricity in which magnetic forces act is called 
a magnetic field. The direction of the force at any point in the 
field is the direction in which a unit north pole placed at the point 
would tend to move and its intensity is the force in dynes exerted 
on the unit pole. 

The magnetic field is represented by lines of magnetic induc- 
tion or magnetic flux drawn in the direction of the force. 

Unit magnetic force or unit magnetizing force produces one 
line of magnetic flux per square centimeter in air and uy lines 
per square centimeter in a magnetic material of permeability y. 

The magnetic force at a point is expressed in dynes and is 
represented by dC; the magnetic flux density at a point is ex- 
pressed in lines per square centimeter and is represented by 9%. 
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Fig. 37 shows the magnetic fields produced in certain cases. 
The lines of induction are all closed lines and extend from a 
north to a south pole in air and from a south to a north pole in- 
side the magnetic material or the generator of m.m.f. 


NZ 
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(¢) Field near anIsolated North Pole ( d@) Field of a Dynamo 


Fig. 37. Magnetic fields. 


33. Magnetic Flux. The total number of lines of magnetic 
induction passing through a given section is called the magnetic 
flux through the section and is represented by ®. 

The unit of magnetic flux, which is one line, is called the max- 
well. 

Flux from Unit Pole. At every point on a sphere of one centi- 
meter radius, surrounding a unit pole as centre, a similar unit 
pole is repelled with a force of one dyne. There must therefore 
be one line of induction per square centimeter passing through 
the surface, and since the surface is 4 sq. cm. the total flux from 
the unit pole is | 

@ = 47 lines. 

The flux from a pole of strength m is 


@ = 47m lines. 
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Thus a unit north pole is associated with each 4 7 lines leaving 
a surface and a unit south pole with each 47 lines entering a 
surface. 

34. Magnetic Potential. The magnetic potential of an iso- 
lated magnetic pole is the work done in carrying a unit north 
pole from an infinite distance to the point against the forces in 
the magnetic field. 

Fig. 38 shows a north magnetic pole of strength m. Its field 
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Fig. 38. Magnetic potential. 
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extends out radially in all directions and the magnetic force at a 
distance of r cm. from m is 


m 
H = a dynes. 


The magnetic potential of the point P at a distance of 7 cm. 

from m is the work done in carrying a unit north pole from an 

infinite distance to the point against the force of repulsion of m. 
The work done is 


w=f adr = f im = Mores, 
Ti T, r rT 


Therefore the magnetic potential of a point at a distance of 7; cm. 
from an isolated magnetic pole of strength m is 


Ms aS ee 


‘1 
The difference of magnetic potential between the points P and 
Q in Fig. 38 is 


M= J xar= f° mo=>-o 
1 2 
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Thus the difference of magnetic potential between two points is 
the line integral of the magnetic force between them. 

35. Magnetomotive Force. The difference of magnetic 
potential or the line integral of the magnetic force between two 
points is called the magnetomotive force (m.m.f.) between the 
points. It causes magnetic flux to pass from one to the other. 

Unit m.m.f. will produce one line of magnetic flux through a 
(cm.)* of air and yp lines through a (cm.)* of a magnetic material 
of permeability uw. It is called the gilbert. 

Since magnetomotive force is the line integral of the magnetic 


force or 
M = sp & dr, 


therefore the magnetic force is the space rate of change of m.m.f. | 
or 


dM 
I so 8, aN ea CO 
and thus magnetic force is the m.m.f. per centimeter. 

36. Permeability. Permeability is the ratio of the magnetic 
conductivity of a substance to the magnetic conductivity of air 
and is represented by uy. 

Lines of magnetic flux pass through air or any other substance 
except iron, nickel or cobalt, as easily as they do through a 
vacuum. ‘The permeability of such substances is for all practical 
purposes the same and is taken as unity. Iron and its compounds 
and to a lesser degree nickel and cobalt are found to allow mag- 
netic lines to pass through them much more easily than empty 
space; that is, a given m.m.f. will produce a much larger flux 
through a volume of iron than it will through an equal volume of 
air. The permeability of the iron is therefore greater than that 
of the air and is expressed by some number greater than unity. 

The permeability of magnetic materials is not constant but 
varies with the induction density as shown in Art. 49. 

37. Magnetic Reluctance. The reluctance of a magnetic 
circuit may be defined as the resistance offered by the circuit, to 
the passage of magnetic flux through it and is represented by 9°. 

When unit m.m.f. is applied across a (cm.)* of air one line of 
magnetic flux is produced crossing from one face to the other, 
or one line of magnetic induction per square centimeter is pro- 
duced through a length “of one centimeter. The reluctance of a 
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(cm.)? of air is taken as the unit of reluctance since unit m.m.f. 
produces unit flux through it. 

When unit m.m.f. is applied across a (cm.)* of a magnetic 
material of permeability uw, the flux produced is yp lines, or the 
induction density is w lines per square centimeter. The reluc- 


tance of the path is therefore units. 


If the length of the path is increased to / cm. the m.m.f. per 
centimeter and the magnetizing force are reduced in the ratio 
1:1. The flux density is therefore reduced in the same ratio 
and becomes 
Raat pe 
er aa 
If now the section of the path is increased to A sq. em. the m.m.f. 
per centimeter and the magnetizing force are not changed, and 
thus the induction density remains the same, but the flux through 
the path is increased in proportion to the area; it is 


lines per square centimeter. 


M M 1 m.m.f. 
te coats Te ¥ < ~~ reluctance 
Au Ap 
Thus the reluctance of a path of uniform section is 


l 
rae = Ap ° ° . . ° . . ° (73) 


and is directly proportional to its length and inversely propor- 
tional to its sectional area and to the permeability of the material 
forming it. 

The equation connecting the m.m.f. acting on a path, the re- 
luctance of the path and the flux through the path can be written 
in three ways: 


M 
(1) P=3z) 6) ng Re ie oh WAM ero oe (74) 
the flux is equal to the m.m.f. divided by the reluctance; 
(2) Me BH, a ee CEB) 
the m.m.f. is equal to the flux multiplied by the reluctance; 

M 
(3) , N= @”’ . . ° . . . . . (76) 


the reluctance is equal to the m.m.f. divided by the flux. 
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Assuming the flux to be unity in the last equation the reluc- 
tance of the path may be defined as the m.m.f. required to pro- 
duce unit flux through it. 

38. Permeance. The permeance of a magnetic path is the 
reciprocal of its reluctance and is represented by 2; thus 


2a fe) 


and assuming that the m.m.f. acting is unity, the permeance 
may be defined as the flux through the path produced by unit 
m.m.f. ; 

The permeance of a path of uniform section is 
_ Ap 
a 


and is directly proportional to the sectional area and to the per- 
meability, and is inversely proportional to the length of the path. 

39. Electromagnetics. The region surrounding a conductor 
carrying a current of electricity is a magnetic field. A current 
of electricity therefore represents a magnetomotive force. If the 
conductor is isolated from other magnetic forces the lines of 
force will form circles around it. 

Mazxwell’s Corkscrew Rule. The direction of the current and 
that of the resulting magnetic force are related to one another 
as the forward travel and the twist of an ordinary corkscrew. 
This rule is illustrated in Fig. 39. 


Fic. 39. Magnetic flux produced by electric current. 


7 (78) 


The symbol @ represents a current flowing down and © a 
current flowing up. | 

Faraday discovered that a current is induced in a closed coil 
of wire when a magnet is brought near it. The same effect is 
noticeable if a coil of wire carrying current is moved to or from 
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the closed coil, or if the second coil is fixed in position and the 
current in it is varied. The induced current only exists while 
the magnet or inducing coil is moving with respect to the fixed 
coil or while the current in the inducing coil is varying. 

The induced current is due to the fact that a difference of 
potential or electromotive force is produced in the circuit by 
changing the number of lines of magnetic flux threading through 
it or by causing lines of magnetic flux to cut across it. 

40. Laws of Induction. First Law. — A change in the num- 
ber of lines which pass through a closed circuit induces a current 
around the circuit in such a direction as to oppose the change in 
the flux threading the circuit. 

Second Law. ‘The electromotive force induced around a closed 
circuit is equal to the rate of change of the flux which passes 
through the circuit; or the electromotive force induced in a 
conductor is equal to the rate at which it cuts across lines of 
magnetic flux. 

41. Unit of Electromotive Force. The absolute unit of elec- 
tromotive force (e.m.f.) is the electromotive force induced in a 
coil of one turn when the flux threading the coil is changing at 
the rate of one line per second; or it is the electromotive force 
induced in a conductor when it is cutting one line per second. 

The practical unit is the electromotive force produced by cut- 
ting 10° lines per second and is called the volt. Electromotive 
force is commonly called voltage. ; 

To change from absolute units of électromotive force to volts 
divide by 108. | 

If a coil of wire has n turns and the flux through it is changing 


at the rate . lines per second the e.m.f. induced in the coil is 


e=— n& absolute Units hs oer ze C78) 


The negative sign is used because when the flux is decreasing 
the induced e.m.f. is in the positive direction, that is, it tends to 
prevent the decrease of the flux. 

42. Force Exerted by a Magnetic Field on an Electric Circuit. 
Every part of an electric circuit situated in a magnetic field is 
acted upon by a force tending to move it into the position where 
it will include the greatest possible flux. 
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In Fig. 40 (a) represents a uniform magnetic field between two 
unlike poles and (b) represents the field surrounding a conductor 
carrying current. If the conductor is placed in the uniform field 
the resultant distribution will be as shown in (c). The intensity 
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(a) (d) 
Fic. 40. Force on an electric conductor in a magnetic field. 


of the field above the conductor will be greater than that below 
and a force f will act on the conductor at right angles to it and to 
the lines of flux, tending to push it out of the field. This force is 
directly proportional to the intensity of the field or the flux den- 
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Fia. 41. Force exerted by a magnetic field on a coil of wire. 


sity, to the length of the conductor in the field and to the strength 
of the current, or 
f = SOIR ReS, . . oe ee 


where 9 is the flux density in lines per square centimeter, 
lis the length of the conductor in centimeters, 
I is the strength of the current in absolute units. 
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Unit Current. If a conductor carrying one absolute unit of cur- 
rent is placed in a magnetic field of unit strength at right angles 
to the lines of force, each centimeter of its length will be acted 
upon by a force of one dyne. 

The practical unit of current is one tenth of this absolute unit 
and is called the ampere. 

In Fig. 41 (a) AB is a coil of wire carrying current placed in a 
magnetic field. A is acted upon by a force f4 tending to move it 
down and B is acted upon by a force fg tending to move it up. 
Since A is in the stronger field f4 is greater than fg and the coil 
will move down to the position A; B,; where it is inclosing the 
maximum flux. 

Fig. 41 (6) shows the direction of the forces acting on the coil in 
another position. The coil is forced around until it reaches the 
position A; By. . 

43. Transformation of Mechanical Energy to Electrical 
Energy. In Fig. 42, if the conductor is moved through a distance 


Fic. 42. Transformation of mechanical to electrical energy. 


dz at right angles to the flux against the force f, the work done is 
dw =fdx = ll dx = Bl dx I, 


but 931 dz is the flux cut in moving through the distance dz and is 


= dd, therefore 
3 dw=Idg,. ...... . (81) 


and the work done in moving a current across a magnetic field is 
equal to the product of the current and the flux cut. 
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In moving completely across the pole face the work done is 
W = a Id = 16, 


where @ is the flux from the pole. 
If I is expressed in absolute units and @ in maxwells, W is in ergs. 
If the motion through the distance dx takes place in time dt sec- 
onds, the work done is 


dw = 1dg = Lat =eF dt, Shee 


where e = - is-the electromotive force generated in the con- 


ductor and I dt = dq is the quantity of electricity raised through 
the difference of potential e. Therefore the mechanical work sup- 
plied to move the conductor through the distance dx against the 
force f is used up in doing the electrical work of raising a quan- 
tity of electricity dq through a difference of potential e, or in driv- 
ing a current J against an e.m.f. e for a time dt. Thus mechanical 
energy is transformed into electrical energy. This is what takes 
place in an electric generator. 

If electric power is supplied to drive the current J against the 


electromotive force e = for a time dt energy is supplied 


dg 
dt’ 


dw = eI dt = PI dt = 1g; 
the conductor exerts a force f = 93/1 J dynes through a distance dx 
and does mechanical work, 


fdx = Sl dx = I dg. 


This is the action of an electric motor. 

Electric Power. The electric power in a circuit is the rate at 
which energy is being transformed in the circuit. It is the product 
of the current and the electromotive force in the circuit. 


PY See bY. ue ee 


The practical unit of electric power is the watt. It is the power 
in a circuit carrying one ampere when the electromotive force 
across it is one volt. The kilowatt, which is one thousand watts, 
is more commonly used where the amounts of power are large. 
One horse power is equivalent to 746 watts. 
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The electric energy transformed in a circuit is the product of 
the power and the time. The practical units of electric energy 
are the watt second or joule, the watt hour and the kilowatt hour. 


1 watt hour = 3600 watt seconds = 2655.4 ft. lbs. = 3.413 b.t.u. 
= 0.001341 horse-power hours. 


The absolute unit of electric energy is the erg. 1 watt second 
= 10’ ergs. | 

44. Intensity of Magnetic Fields Produced by Electric Cur- 
rents. The following cases are of 
special importance: (A) At the centre 
of a circular loop of wire carrying a 
current J absolute units. (Fig. 438.) 

If & is the field intensity at O, the 
centre of the loop, a magnetic pole of 
strength m placed at this point will be 
acted upon by a force 


— mH d es 
f Mi Fia. 43. Intensity of the mag- 


in a direction perpendicular to the  2¢tic field at the centre of a 
plane of the coil. circular coil of wire. 
The pole will produce at the wire a field of intensity 


H, = i dynes, 
and a flux density 
oo = S lines per square centimeter, 


where r cm. is the radius of the loop. 
This field will act on the wire with a force 


fi: = SBII dynes 


in a direction perpendicular to the plane of the coil, where 
1 = 2-ar is the length of the wire in centimeters. 
Substituting the values of 93 and I gives 


f= sj X 2arl = m>™ dynes, 


but the forces f and f; are equal and therefore 
2a 


mH = m , 
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and ‘ 


a = 2 aynes. REE oie et 


The flux density at the centre of the loop is 
& = H = = lines per square centimeter. 


If J is expressed in amperes the field intensity at the centre of 
the loop is 


He = 


02 * dynes. oo th ee ee 


(B) At a distance of r em. from a long straight wire carrying I 
absolute units. (Fig. 44.) 

If d& is the intensity of the field, the 
work done in moving a unit magnetic 
pole around the wire at a distance r cm. 


Ourrent 


me from it against the force dH is 
om Pol es 
eet ae w = 2arhk ergs. 
Motion 


The work done is equal to the product 
of the current and the flux cut by formula 
and, therefore, 


2arHcH = 47, 
and 
ee 21 
Fic. 44. Intensity of the H = — dynes; ee te. 
magnetic field near a long 
straight wire. the intensity of the field varies directly 


as the strength of the current and inversely as the distance from 
the wire. | 
The flux density at distance r is 


8 = H = Fines per square centimeter. . . (87) 


If I is in amperes the field intensity is 


at = 9? F aynes, fen aM nae 


and the flux density is 


3% = 2 i lines per square centimeter. . . . (89) 


i 


MAGNETISM AND ELECTROMAGNETICS 55 


Unit current would produce a flux density of 2 lines per square 
centimeter at a distance of 1 cm. from a straight wire and it 
would produce this flux through a distance of 27cm., or it 
would produce a flux density of 47 lines per square centimeter 
through a distance of 1 cm. in air. Thus one absolute unit of 
current represents a magnetomotive force of 47 gilberts and 
one ampere represents a magnetomotive force of 0.4 7 gilberts. 

(C) Between two parallel wires A and B, Fig. 45, at a distance 
of D cm. apart and carrying equal currents J but in opposite 
directions. 


Fic. 45. Magnetic field between two parallel wires. 


The field intensity or magnetic force at point P distant r cm. 
from A and D—r em. from B is the resultant of the magnetic forces 
due to, the currents in A and B. Since these forces act in the 
same direction at all points between the wires they can be added 
directly; the field intensity is by formula 


21 21 
I = Oe + D7 dynes; 0. hes ae TS (90) 


and the flux density at P is 


oo = KH = a. -- lines per square centimeter. (91) 


21 
D—r 

(D) At any point on the axis of a short coil of radius r cm. 
(Fig. 46.) 

n = number of turns in the coil, 

= current in the coil in absolute units. 


Take any point P on the axis at a distance x cm. from the 
plane of the coil and let & be the field intensity there. If a pole 
of strength m is placed at P it will be acted on by a force of mat 
dynes perpendicular to the plane of the coil. The force exerted 
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on the coil by the pole is equal and opposite to the force exerted 
on the pole by the coil. 


SF Cos 0 
A 


fSin o~< Y 


Fia. 46. Intensity of the magnetic field on the axis of a short coil. 


m 
d? 


lines per square centimeter, where 


The field intensity at the wire due to the pole m at P is 
m 
d? 3 
d cm. is the distance from the point to the wire; the length of 
wire is 2 zrn cm. and therefore the force exerted on it is 


dynes and the flux density is 


j= 7 xX 2arnI dynes. 


This force acts at right angles to the lines of flux and may be 


resolved into two components, f cos @ in the plane of the coil and 
fsin@ perpendicular to the plane of the coil. The component 
fcos@ taken around the loop is zero and therefore the com- 
ponent f sin 0 is equal in magnitude to the force mH. 


ue 
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The field intensity or magnetic force at P is, therefore, 


_fsmd_ 2nrnl . 


ray oy rp in 6 
2arnl r 2 arnt 
= —— X = dynes 92 
r2 + x? VJ 72 +a? (r?+ x?)2 yes (92) 
since d=vVr?+2? and sin@= : 


Ve pe 
(E) On the axis of a long solenoid. In Fig. 47 AB is a solenoid 


bol ~ 
[ 


; a } Al { 


090 a9 


NS 


Fia. 47. Magnetic field in a solenoid. 


of length / cm. and radius r cm. If n is the number of turns in 
the solenoid, the number of turns in the section CD of width dz 


is ; dz. 


The field intensity at p due to the section CD is by equation 
92 


where J is the current in the solenoid. 
The field intensity due to the complete solenoid is 


l 


"2 Darl n 
H = | Fae x { e- 
- 2 
To integrate this let angle GPT = 0, then 


x =rcotd, 
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3 


(r? + 2)? = r3 (1 + cot? 6)? = r? cosec? 0 = 
r dé 


sin? 9’ 


>? 
sin? @ 
dx = — rcosec?6 dé = — 


if the solenoid is assumed to be very long the limits of 6 may 
be taken as 0 and 7, and, therefore, 


2 arnt sin? 0 r dé 
POF ed ye r x (- 555) 


‘ 2m [sino ao 
= Ea [cos 6]” ae 
= 421 dynes. . ee ere 
If the current is niin in amperes 
H = oem dynes,’ sss. aes eee 


and the field intensity on the axis of a long solenoid is proportional 
to the product of amperes and turns or ampere turns and is in- 
versely proportional to the length of the solenoid. 

The field intensity throughout the volume enclosed by the 
solenoid is practically uniform except near the ends and can be 
expressed by equation 94. 

45. Magnetomotive Force of a Solenoid. The m.m/f. of a 
solenoid is the line integral of the magnetic forces along any 
closed path through it and is measured by the work done in 
carrying a unit magnetic pole around the closed path. (Fig. 48.) 

The work done is equal to the product of the current and the 
flux cut, and thus 


m.m.f. = 4rnJI, where I is in absolute units, 
or | 
m.m.f. = 0.4anI, where J is in amperes. 


The magnetomotive force is proportional to the ampere turns 
of the coil. It does not make any difference whether it is a small 
current in a large number of turns or a large current in a small 
number of turns. 
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The m.m.f. of one ampere in one turn or one ampere turn is 


0.4 x gilberts. 
In studying the characteristics of electrical machinery it is 


more convenient to use the ampere turn as the unit of m.m.f 


READ) 


Meas 2 
ee ee ee ee ee 


Unit Pole 
Fia. 48. Magnetomotive force of a solenoid. 


Thus the m.m.f. of a field coil of m turns carrying a current J 
amperes is specified as nJ ampere turns instead of 0.4 rnI gilberts. 
46. Examples. (1) The solenoid in Fig. 49 has nJ ampere 


Fic. 49. Ring solenoid. 


turns and is wound in the form of a ring. The mmf. of the 


solenoid is M = 0.4 xnI gilberts. 
If J cm. is the mean length of the path and A sq. cm. is the 


sectional area of the path, the reluctance is 


l 
R=) 
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and the flux inside the ring is 


M OAnnI,. 
® = R = at? We lines. 
The flux density in the ring is 


38 = lines per square centimeter, 


and the magnetizing force is 


_~—_ 8 O04nnI 
oe ae 


«é 


and is the m.m.f. per centimeter. 
If the solenoid is wound on an iron ring of permeability yu, the 
reluctance is reduced and becomes 


l 
| 1 =a 
the flux is increased to 
he 0.4 2nI 
3h 
Ap 
and the flux density or induction density is increased to 
p 
oy > qi 


the magnetizing force remains the same as before, 


———< Ss 
= —_--- SO 


wp «6 Ap l 


(2) Fig. 50 represents a solenoid of n turns carrying a current of 
I amperes; the mmf. is M = 0.4-nI gilberts. If 1 cm. is the 
length of the solenoid and A sq. cm. is its sectional area, the 
reluctance of the path through it is 


m= 


The m.m.f. required to drive the flux ® through this reluctance 
is 


M, = © gilberts. 


— —_——— —_ 
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But the flux going out at one end has to pass, around through the 
air and in at the other end as shown. The reluctance of this 
return path is difficult to calculate and is not of great practical 
importance; its length is greater than / and its sectional area is 
very much greater than A and so its reluctance is small compared 
to 3t;. Thus in the case of long solenoids of small section the 


GSBadSeseeeGeGP GOS BD 


GO O.0 O18 ©’ © ©: 0 © @ 


Fig. 50. Solenoid in air. 


reluctance of the return path may be neglected and the assump- 
tion may be made that the whole m.m.f. M is utilized in driving 
the flux through the reluctance %,. Thus 


mie M _ 0Annl 
aa tA 
the induction density in the solenoid is 
@ O04Arnl 
Soar ee 


and the magnetizing force at any point inside the solenoid is 


0.4 rnl 


Resta Mea tae ye 


dynes, as in equation 94. 
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If an iron bar of length J and permeability yu is placed in the 
solenoid the reluctance of the path through the solenoid is re-— 


duced in the ratio : and the reluctance of the return path is no 


longer negligible in comparison to it and its value must be calcu- 
lated. (Fig. 51.) 

(3) In Fig. 52 a solenoid of nJ ampere turns is wound on an iron 
ring of permeability » and a section of length J, is cut from the 
iron. If i, is the mean length of the path through the iron and 
its sectional area is A sq. cm. the reluctance of the path through 
the iron is 


the reluctance of the path through the air is 


ie 
eda 


and the total reluctance of the path is 
R= +5, = 4 
ML 


The flux through the path is 
oe -M_ OAml | a 3 


pl 


The flux density in the iron is 9% = . and is the same as in the 


air. 
The magnetizing force or m.m.f. per centimeter in the iron is 


and in the air it is 


The m.m.f. consumed in the iron is 
P 
M, = Hh = a lL, 
and the m.m.f. consumed in the air is 


Mz = Hoh = 2 he 
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Fie. 51. Solenoid wound on an iron bar. 


A sq.cm. 


ly 


~~ 


Fig. 52. Ring with an air gap. 
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(4) Fig. 53 represents the magnetic circuit of a bipolar dynamo. 
It consists of a number of parts of different materials as follows: 


1 yoke y of section A,, length l,, and permeability y,, 

2 pole cores c,c of section A,, length /., and permeability ,,, 
2 pole pieces p,p of section A», length /,, and permeability y,, 
2 air gaps g,g of section A,, length l,, and permeability 1, 

1 armature a of section Ag, length J,, and permeability y,. 


Yoke ly Ay Ly 
@ © © Q 
e|2| |o © D 
e|=| |o eo} | je 
@l'.| 10 © ® 
@)o| |e © ® 
| ™ © © ®D 
Air Gap lg Ag 
Pole Piece 
lp Ap Ep 
Armature lg Aa Fa 
Fig. 53. Magnetic circuit of a dynamo. 
The reluctance of these parts are, respectively, 
l 2h 21 : 21 1 
Ra R= —2, aoe, Se eee 
: Ayby’ ”  Agiie? 4 App 4 A, : Atle” 


and the reluctance of the whole circuit is 

nN = Ry + MR, + MH, + RM, + K,. 
The m.m.f. M is provided by field coils placed on the pole cores 
as shown, and the flux through the circuit is 


M M 


eo = — = ) 
a a a 


: 
eae 


~~ ee ee 
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and is equal to the m.m.f. divided by the total reluctance; and 
the m.m.f. is 


M =6R = 6H, + OR, + SR, + SR, + OM, 
= M,+M.+M,+M,+M,, 


where M, is the part of the total field m.m.f. required to drive 
the flux through the yoke, etc. 

The m.m.f. M, required to drive the flux across the air gaps is 
sometimes as much as 80 per cent of the total m.m.f. 

(5) Determine the reluctance of the ring in Fig. 54 made up of 


ah P~O 

eet fT) 

va 

eH ® 


ly 


Fia. 54. 


three parts of lengths l,, and J; cm. respectively and sectional 
areas A, Az and A; sq. cm. and permeabilities 41, #2 and wz. The 


m.m.f. of the solenoid is M. 
oe 


The reluctance of section (1) is % = 


the reluctance of section (2) is Mt, = A 
Me 

the reluctance of section (3) is 3 = Asus 
3h3 

the flux through section (1) is & = R,? 


the flux through section (2) is : = R, ; 
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the flux through section (3) is @ = a ; 


the total flux through the ring is 
$= %,+ 4+ $3 


M,M ,.M 
— 5, Ste | we 


nee ae 
-Msetscte + + + + ©) 


But the flux is equal to the m.m.f. divided by the reluctance of 
the ring, or 


! 
and therefore 
et eG : ae 
co) 1 ripe 1 
Hy Me | M 


(6) Fig. 55 shows a ring of iron with a piece set in made up of 
three parts of different permeabilities. The lengths, sections and 


1 
: 1" U7 
‘eg Wi oe be 
® 9 
a ; [ REC 
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Fic. 55. Series parallel magnetic circuit. 


permeabilities are indicated and the reluctances of the various parts 
l, Bel aie oe: 

Ay’ feb Apa’ ots Asus’ pints Asus peter 

mine the reluctance of the circuit. 


Let M = the m.mJf. applied to the ring, 
® = flux through the ring, 
M, = m.m.f. consumed in section (1), 
M, = m.m.f. consumed in section ab, 
then M, = 2, and Mz = &%,. 


are ot, = 
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The reluctance of the section ab consisting of three paths in 
multiple must be found. The flux @ passing through it divides 


into three parts which are inversely proportional to the reluc- 
tances of the paths, 


_ Me _ M, _ M2 
P2 = Et, Fo ee 
therefore, 
: ip Liha 
e=hth+h= MS +50 +r) = a 
and 
oe ae 
ap eres AT 
Ny Neg My 


The reluctance of the whole circuit is 


LL 


Fic. 56. Energy stored in a magnetic field. 


47. Energy Stored in the Magnetic Field. When a current 


_ 4 cg.s. units flows in the solenoid, Fig. 56, wound on an iron 


ring, a flux is produced, 


= 9 Au, 
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where n is the number of turns in the solenoid, 
A is the sectional area of the ring, 
l is the mean length of the ring and 
yu is its permeability. 


When the current increases by a small amount di the flux in- 


creases by an amount d¢= y Bee di, and the work done is equal to 


the product of the current and the increase of the flux, 


2 
da oa ee sides meen 


The work done while the current is building up to its full value 


I is 
2 Oa 
We [do =e ft iai 
0 
_ 4rn’A P 
7 5 ete 5 Niner. ca. ee ao 
rP 
= L> ergs, ele (6 °he Seep sae eee (99) 
4nrn*Au . ; : 

where L = is a constant and is called the inductance of 


l 
the circuit. 
This amount of energy is stored in the magnetic field of the 
solenoid and may be expressed in other forms. 
The energy stored is 


1 Dy ergs, 


therefore, 


or since the induction density is 
oo = pH, 
the energy may be expressed as 


Wa eal. 
Saxu 
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The product Al represents the volume of the magnetic field 
and therefore the energy stored in the field per unit volume is 


W px? 
e= a= 3 glee Sea CRON 


or 
sB2 
O Seu! . 40 DLS ey at iter sete (101) 
or 
ICDS 
@= gers. we ee ee (102) 


When the magnetic field is produced in air the field intensity 
& is equal to the flux density 98, and the energy stored per cubic 


centimeter is 
i 


@ = 9 eTBs,- se ee ee (103) 


or 
2 


@ = gers. - ee ee (104) 

48. Stress in the Magnetic Field. The force between two 
magnetic poles is not exerted at a distance but is transmitted 
through the medium separating them and the medium is stressed. 

There is a tension along the lines of force or induction tending 
to shorten them and draw the boundary surfaces of the field 
together and so decrease the magnetic energy stored in the field; 
there is also a pressure at right angles to the lines tending to 
spread them apart, and so decrease the flux density in the field 
and, therefore, also the energy stored. Since the medium is in 
equilibrium these two forces are equal in magnitude. 

The pull on the bounding surfaces is usually expressed in dynes 
per square centimeter and may be found as follows: 


The energy stored in a magnetic field in air was found to be 
= ergs in Art. 47. } 

Fig. 57 represents a horseshoe magnet with its armature re- 
moved a distance x. If % is the flux density in the field between 
the magnet poles and the armature and A sq. cm. is the area of 
the two pole faces, the volume of the field is Az cu. cm. and the 
energy stored in it is 


oe2 
W= g 4% ergs. 
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If a pull P is exerted on the armature and it is moved through 
a distance dx, the work done is P dz and this is equal to the in- 
crease in the energy stored in the field; 
therefore, 


Pde ao ae 
8r 
and 
382A 
tS SP (105) 


this is the pull of the magnet on the: 
armature. 
The pull per square centimeter is 


P. 
OS ae » (106) 


and this is the tension along the lines 
of induction in the field and is also 
equal in magnitude to the pressure at 
right angles to the lines. 
p ; 49. Permeability Curves. If an 
Fic. 57. Pullofamagnet. iron ring, Fig. 56, which has been 
completely demagnetized, is gradually 
magnetized, by increasing the current in the exciting coil from zero, 
the magnetic induction in the ring increases with the magnetizing 
force as shown in curve 1, Fig. 58. With feeble magnetizing 


A ™ 
3 
8 Curve 1 = * 
3 RB Curve 2 
(=| m por 
‘ 5 
° 
: 
: & 
A 
@1 
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Fig. 58. Permeability curves. 


forces the gradient of the curve is small and the permeability is low; 
as the force increases the curve becomes very steep and nearly 
straight and the permeability increases rapidly and becomes very 
large; as the force is further increased the curve rounds off and 
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the gradient becomes small again and a large increase in mag- 
netizing force is required to produce any considerable increase 
in density, the permeability decreases to a low value and the 
material is said to be saturated. Such a curve is called a “per- 
meability curve,” “magnetization curve” or “saturation curve” 
of the material. 
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Fig. 59. Magnetization curves. 


Curve 2, Fig. 58, shows the relation between the permeability 
= 3 and the induction density &; when the density is low 
the permeability is low; as the density is increased the per- 
meability increases until it reaches a maximum at the point m 
where the tangent from the origin touches curve 1; above this 
point the permeability decreases again. 

In Fig. 59 are shown permeability curves for materials used in 
electrical machine design. For cast iron the maximum value of 
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wu occurs at a density of about 4000 lines per square centimeter or 
26,000 lines per square inch, and for steel at about 6500 lines per 
square centimeter or 42,000 lines per square inch. Densities be- 
low these points are not of great importance. These curves are 
plotted with induction density B expressed in lines per square 
inch on a base of ampere turns per inch instead of magnetizing 
force H. This results in a change of scales only since B lines per 
square inch = (2.54)? 03, and 7’ ampere turns per inch corre- 
0.407 

2.54 

The curves showing the relation between permeability » and 


induction density B in lines per square inch for the same materials 
are shown in Fig. 60. 


sponds to a magnetizing force H = 
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Fia. 60. Permeability curves. 


50. Hysteresis. If the exciting current in the solenoid in 
Art. 47 after being increased to its maximum value J is gradually 
decreased again, the flux density decreases very slowly and when 
the current 7 and therefore the magnetizing force dX is zero it has 
a value or, Fig. 61, which is called the residual magnetic induc- 
tion. If now the current is reversed and increased the residual 
induction is decreased and reaches zero when the magnetizing 


pietin, iy 
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force is oc; this force is called the coercive force. If the current 
is still increased until it reaches its maximum value J again, the 
induction density will have the same maximum value as before. 
If the cycle is completed by again reducing and reversing the 
current the closed curve arcayr;c,a shows the relation between 93 
and d#. This closed curve is called a hysteresis loop. 


Magnetic 
3 Induction 
R 


Cc C1 
(a) Magnetizing 
Force 


Fig. 61. Hysteresis loop. 


The area of the hysteresis loop represents a loss of energy since, 
from Art. 47, the work done in increasing the flux threading the 
solenoid by amount d¢ is 

n 


a 
dw = 10% ergs, 

where n is the number of turns on the coil and 7 is the current 
in amperes flowing when the flux threading the coil is ¢. If the 
ring has a constant section A sq. cm. and length J cm. then, since 
H = ar and dp = A dB, the work done is 

Al 

di = 7H ds, Sse, SRS co AS a it 7 
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and the work done during a complete cycle is 


Al | 
W = [do => f ac a8 ergs. 


Al is the volume of the ring in cubic centimeters and therefore 
the hysteresis loss in ergs per cycle per cubic centimeter is 


on = pf ads oats eee 


and is thus proportional to the area of the hysteresis loop. 

The area of the hysteresis loop and thus the hysteresis loss per 
cycle increases faster than the maximum induction density. 
Steinmetz gives the following equation for the loss per cycle per 
cubic centimeter in terms of the maximum induction, 


wy = 708"* ergs, .. SS 3 ee Oe 


whexze 7 is called the hysteretic constant of the material. For 
average armature iron the constant has a value about 0.003. 


CHAPTER III 
ELECTRIC CIRCUITS 


51. Ohm’s Law. When an electromotive force is applied 
to the terminals of a conductor, a current is produced which is 
directly proportional to the e.m.f. and is inversely proportional 
to the resistance of the conductor; 


[= Famperes, Rie cutee aad) |) 
where I is the current in amperes, 
E is the e.m.f. in volts, 
R is the resistance in ohms. 


This is Ohm’s Law. 
A conductor has a resistance of one ohm, when an e.m.f. of 
one volt is required to drive a current of one ampere through it. 
When therefore a current J flows through a resistance R, 
electromotive force is consumed; 


Beeld Verte Ee aes CLE 


52. Joule’s Law. Whenever a current flows through a re- 
sistance, electric energy is transformed into heat energy. The 
power or the rate at which energy is transformed in the circuit 
is equal to the product of the current and the electromotive force 
consumed in driving the current through the resistance of the 
circuit. 


P = EI waits, 
but E = IR and, therefore, 
E Emre WAUURS Ge. ns Der a eve te wl Che 


thus, the power consumed in the circuit is equal to the square of 
the current multiplied by the resistance. This is Joule’s Law. 
The power consumed in the resistance of circuits represents a 
loss of power except in such cases as the incandescent lamp, where 
it is utilized in producing light, or the electric heater, where the 


heat developed is applied to a useful purpose. 
75 
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53. Resistance. The resistance of a conductor varies di- 
rectly as its length and inversely as its sectional area; it also de- 
pends on the material of which the conductor is made; 


re 
raat A? 
where 1 is the length of the conductor, 


A is the sectional area, 
p is the specific resistance or resistivity of the eateHal 


R (113) 


Wires are usually specified by gauge numbers, their lengths are 
given in feet and their sectional areas in circular mils. A circular 
mil is the area of a circle one mil or one thousandth of an inch in 
diameter. The specific resistance is then the resistance of a 
wire one foot long and one circular mil in section. 

54. Conductance. The reciprocal of the resistance of a con- 
ductor is called its conductance and is represented by the letter 
G, where ' 

G= RE 
The reciprocal of the specific resistance or resistivity of a material 
is called its conductivity and is represented by the Greek letter 
vy, where 

sy seals 

f) 

Conductivity is expressed in per cent of Matthiessen’s standard of 
conductivity. Electrolytic copper sometimes reaches a value of 
101 per cent of this standard, but commercial copper ranges from 
97 to 99 per cent conductivity. Aluminum wire has a con- 
ductivity of 60 or 61 per cent. 

55. Effect of Temperature on Resistance. The electric re- 
sistance of materials varies with their temperature. The varia- 
tion of the resistance of metal conductors can be expressed by the 
following formula, 


ser REE tel); See ws wo 


where fy is the resistance at a chosen standard temperature, R,; 
is the resistance at a temperature ¢ degrees higher and a is the 
temperature coefficient of resistance. It is the increase in re- 
sistance per degree rise in temperature expressed as a fraction of 
the resistance at the standard temperature. If the centigrade 
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scale is used and Rp is the resistance at 0° C., the value of a@ for 

copper is 0.00428. This value can be considered as constant 

over the range of temperatures from 0° C. to 100°C. With the 

Fahrenheit scale of temperature and Ry taken as the resistance 
0.00428 


at 32° F., the value of a is ee © mer 0.00249. If the tempera- 
ture #,° C. is chosen as standard the formula can be written 
R,= Ri {ltat—t)}, ee eee wy he re (115) 


where a is not the same as before but is smaller because the in-. 
crease of resistance is expressed as a fraction of the resistance at 
t,° C. which is larger than the resistance at 0° C. When ¢, degree 
is taken as the standard room temperature of 25° C. the value of 
a is 0.00386. 

If the resistance at &°C. is known, but the corresponding 
value of a is not known, the resistance at temperature t can be 
found from the formula 


R; a R,( 


1 + 0.00428 "| 
1 + 0.00428 t,/ 
This is derived by eliminating Ry from the two equations, 
R, = Ro (1 + 0.00428 £), 
and Ri, = Ro (1 + 0.00428 t,). 


Example. If the resistance of a copper conductor at 25° C. 
is 10 ohms, determine its resistance at 65° C. 
From formula 115 the resistance is 


Res = 10 { 1 + 0.00386 (65 — 25)} = 11.55 ohms; 


or from formula 116 


Res = 10( 


(116) 


1 + 0.00428 X 65 
1 + 0.00428 X 25 


The temperature coefficients for all pure non-magnetic metals 
are practically the same as for copper and the formule above may 
be used. For alloys the temperature coefficient varies from the 
values given for pure metals to zero. In certain compositions it 
has a value approximately zero over the range at temperatures 
met in ordinary practice. Such alloys are very useful in the 
manufacture of standard resistances, as ammeter shunts, etc., 
where the resistance must remain constant. 

Tron has a temperature coefficient of resistivity of 0.006 per 
degree centigrade. 


= 11.55 ohms. 


78 ELECTRICAL ENGINEERING 


Carbon, unlike the metals, has a negative temperature co- 
efficient and it is not constant. The resistance of insulating 
materials decreases very rapidly with increase of temperature, 
but the variation is irregular and cannot be expressed by a simple 


/ 
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Fic. 62. Variation of resistance of slot insulation with temperature. 


equation. Fig. 62 shows the variation of the resistance of an 
insulating material with temperature. The resistance As ex- 
pressed in megohms or millions of ohms. 

56. Resistance of Conductors. The resistance of a circular 
mil foot of pure copper wire at 25°C. is 10.55 ohms; therefore, 
the resistance of a copper wire at 25° C. is, by formula 113, 

length in feet I’ 


R= 10.55 section in circular mils 19.59 cir. mils" 


(117) 


In the case of rectangular conductors, as bus bars, the section is 
expressed in square mils and the value of p is then the resistance 
- of a square wire, one mil on each side and one foot long. 

The following table gives the specific resistance of copper at 
different temperatures and the corresponding values of the tem- 
perature coefficient. 
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Resistance Resistance Temperature, 
T t ‘ ; “phi 
in degrees cent. | Of 0n° Sireniae | of one Sd: matt | coptieient 
0° 9.6 7.55 0.00428 
20° 10.55 8.3 0.00386 
50° Lh.7 9.12 0.00352 


79 


In this table and in wire tables generally the conductivity is 


assumed as 100 per cent. 


If the conductivity of a given wire is 


less than this the specific resistance must be changed accord- 
ingly; thus the resistance of one circular mil foot of copper of 


98 per cent conductivity at 25° C. is wae = 10.76 ohms; the 
resistance of one circular mil foot of aluminium of 60 per cent 
conductivity at 25° C. is ea = 17.58 ohms. 
WIRE TABLE 
: , Current Current 
oe | | | setae | meee” | eee, 
Sharpe inches at 25° C. covered insulation 
0000 0.460 211,600 0.0499 210 312 
000 0.4096 167,800 0. 0629 177 262 
00 0.3648 133,100 0.0794 150 220 
0 0.3249 105,500 0.1000 127 185 
1 0.2893 83,690 0.1261 107 156 
2 0.2576 66,370 0.1591 90 131 
3 0.2294 52,630 0.2006 76 110 
4 0.2043 41,740 0.2529 65 92 
5 0.1819 33,100 0.3190 54 77 
6 0.1620 26,250 | 0.4022 46 65 
8 0.1340 17,960 0.6396 33 46 
10 0.1019 10,380 1.0171 24 32 
ie 0.08081 6,530 1.6170 17 23 
14 0.06408 4,107 2.571 12 16 
16 0.05082 2,583 4.089 6 8 
18 0.04030 1,624 6.501 3 5 


57. Drop of Voltage and Loss of Power in a Distributing 
Circuit. The distributing circuit in Fig. 63 delivers 20 kilowatts 
at 220 volts to a receiver circuit 1000 feet distant; if the size of 
the conductors is No. 1 B. & S. determine the voltage required at 
the generating end of the line and the power lost in the line. 
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E, is the generator voltage, 

E is the receiver voltage:-= 220 volts, 
I is the load current, 

r is the resistance of each conductor. 


I No.1 B.& S. r 


if 
: 0008 


Fig. 63. Distributing circuit. 


The power delivered is 
EI = 20,000 watts; 
the current is therefore 


20,000 
= 390 = 90.9 amperes; 


_ the resistance of each conductor at 25° C. is 
r = 0.126 ohms; 
the voltage drop in each conductor is 
é, = Ir = 90.9 X 0.126 = 11.48 volts; 
the generator voltage is therefore 
E, = E+2Ir = 220 + 22.96 = 242.96 volts; 
the drop of voltage in the circuit is 
2e, = 2Ir = 22.96 volts 


22.96 
= 549.96 x 100 per cent = 9.45 per cent. 


The loss of power in the circuit is 
2 I*r = 2 X 90.9? X 0.1261 = 2090 watts; 
the power delivered by the generator is 
E,I = 242.96 X 90.9 = 22,100 watts; 
therefore the power loss is 


2090 
22,100 


and the efficiency of the transmission is 90.55 per cent. 


x 100 per cent = 9.45 per cent; 
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If the drop of voltage had been limited to 10 volts what size 
of wire would have been required? 
The drop in voltage is 


2Ir = 2 X 90.9 X 10.55 — = 10 volts; 


therefore the required section in circular mils is 


A =2X 90.9 x 10.557 = 192,000 cam. 

58. Current-carrying Capacity of Wires. The energy con- 
sumed in the resistance of a wire raises the temperature of the 
wire until the point is reached where the heat radiated and con- 
ducted from the wire is equal to the heat generated in it. When 
the wire is bare the heat will escape easily into the air, but when 
it is covered with insulating material the heat cannot escape so 
easily and for a given current density the temperature rise will 
be greater. This increase in temperature decreases the resist- 
ance of the insulating material and so decreases its insulating 
properties; in extreme cases the insulation may be charred and 
rendered useless. The last two columns of the table in article 56 
give the values of current which can be carried safely by differ- 
ent sizes of wire. With rubber insulation the allowable current 
is about 25 per cent less than with weatherproof insulation be- 
cause the rubber is more easily affected by heat. When the in- 
sulated wires are inclosed in conduits the current-carrying capacity 
is less than that given in the table. 

59. Examples. (1) Determine the resistance of a copper wire 
of 97 per cent conductivity, 100,000 c.m. in section and 50 ft. 
in length at 50° C. 

The resistance is 


1A te ier 


f= 097 100,000 


= 0.00605 ohms. 
(2) Determine the resistance of an aluminum bar 0.75 in. 
X 0.375 in. X 100 ft. at 25° C., if the conductivity is 60 per cent. 
The resistance is 


8.3 100 ft. 


f= 060 750 X 375 


= 0.00492 ohms. 


(3) If the resistance of the shunt-field winding of a generator 
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is 30 ohms at a room temperature of 25°C. and after running 
under load is found to be 31.5 ohms, determine the average tem- 
perature of the winding. 

If ¢ is the average temperature of the winding when hot, formula 


115 gives 
R, = Ros {1 + 0.00386 (¢ — 25)}, 


or substituting 
31.5 = 30 {1 + 0.00386 (¢ — 25); 


the rise in temperature is 


t— 25= 0.00386 > 13° C.; 


and the average temperature of the winding is 
t = 25 + 13 = 38°C. 


This method is used in measuring the temperature rise in the 
field and armature windings of electrical machines to replace the 
inaccurate indications given by the use of thermometers. 

60. Kirchoff’s Laws. Two laws enunciated by Kirchoff are 
of great value in solving problems dealing with continuous cur- 
rent circuits. 


Le eer D 
xgh 
E = 
—>o——— 
B | 
Re c 


Fic. 64. Kirchoff’s first law. 


First law. The sum of all the electromotive forces around a 
closed circuit, taken in their proper direction, is equal to zero; 
here the e.m.f. consumed by resistance is considered as a counter 
e.m.f. opposing the current. 

Second law. The algebraic sum of all currents flowing toward 
a distributing point is equal to zero. 

The first law is illustrated by the circuit ABCD in Fig. 64. Be- 
' tween the points A and B an e.m.f. E is applied which drives a 
current J around the circuit in the clockwise direction against the 
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e.m.f. e of the battery between C and D. R, and Rz are resist- 
ances connected in the circuit. 

The electromotive force acting in the direction of the current. 
is H —e and is consumed in driving the current J through the 
two resistances R; and Rz and by Ohm’s law. 


E-—e=IRk,+Ik. 
If ZR, and JR, are considered as e.m.f.’s opposing the current, 


ea 


I. R 2 
Fig. 65. Kirchoff’s second law. 


then the sum of all the e.m.f.’s around the closed circuit ABCD is 
E—e—IR, —IR,= 0. 

The second law is illustrated by the circuit ABCD in Fig. 65. 

The current J divides at B into two parts J; and J2; J is numeri- 


. a 


<—£;—» 
wi WW 
Rg 


Fia. 66. Resistances in series. 


cally equal to the sum of J; and I, and therefore the sum of all 
currents flowing toward the distributing point B is 


I — (+ In) = 0. 


61. Resistances in Series. If a voltage H is applied across 
a circuit consisting of a number of resistances R,, R, and R3 con- 
nected in series (Fig. 66) the total resistance of the circuit will 
be equal to the sum of the resistances of the different parts. 
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The drop of voltage across the resistance R, is 


E, = IR, 
where J is the current in the circuit. 
Similarly 

E, — I Ra, 
and 

E; = IRs, 
but 

E=f,+h.4+ E; 

= I (Ri + R. + Rs), 
and the resistance of the whole circuit is 
E 


=7,=htkht ks. . Sek Sat (118) 


62. Resistances in Parallel. Determine the resistance of 
a circuit consisting of a number of resistances Ri, Re and Rs; 
(Fig. 67) connected in parallel. 


+ ¢ co 
I, I, I; 


Fig. 67. Resistances in parallel. 


If an e.m.f. EF is applied to the circuit a current J will flow 
which will divide up into branch currents J;, Iz and J3. By 
Ohm’s law | 


and 


where RF is the resistance of the whole circuit, 
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but 
f=+h+1s 


therefore, 


- Mees aly VAG) 


If the aaa Gi, G. and G3 are used instead of the 


: 
Semin vs x RB and z the result can be written 
1 1 


CT Oe Geri Ge 
G=G4,+G.+ Gs; . Sank tee eee ate (120) 


that is, the conductance of a circuit consisting of a number of 
parallel branches is equal to the sum of the conductances of the 
branches. 

63. The Potentiometer. The potentiometer shown in Fig. 
68 gives a means of obtaining a variable voltage E, from a 
constant supply voltage E in a continuous current circuit. 


or 


st Be - Lor 
| = 

‘| y ae 

AN AAV AV AAA AN AVA At 
Re ‘ Rs 

a 

Ii 
AANA AAA AAA AN 


Fic. 68. Potentiometer. 


Determine the voltage EZ; across the circuit AB and the cur- 
rent J; in the circuit in terms of the applied EH, and the resist- 
ances, Ri, Re and Ks as indicated in the figure. 


Now 
I — I, + Io, 
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and 
‘ IR; = InRe, 
and 
E=I1R3;+ [eRe 
= (11 + In) Rs + Te 
= R3+ Iz (Re i Rs); 
but I =f, in 
therefore, 
E = Rs + he > (Rs + Rs), 
and 
qi = _ ? 
Rs +7 ~ (Ra + Rs) 
and 


— 
Rs +e ~ (Ra + Ra) 


Ey =),hi = 


The power lost in the potentiometer is 
i = 12°R, + I?Rs; 
the power output is 
P = I VR; 
the efficiency of the potentiometer is 
_ output a output 
~ input KIS output + losses 
r T?Ry 
 P+p 410) Pes IPR, + I2’Re + I?Rs 


R 
but Ts =he and [= I,+Te =1(1 + zn) 


X 100 per cent — 


X 100 per cent; 


~ and therefore 
| I?R, 


a 18} Ri + (Fe ‘) Rat (“pe ) Bat 


Ry 
Rk, +o Sf (= =) Rs 


X 100 per cent 


X 100 per cent. 


This method of varying the voltage supplied to a receiver circuit. 
is very inefficient. - 


ELECTRIC CIRCUITS 87 


64. Inductance. When a current of electricity flows in a 
circuit, lines of magnetic induction interlink with the circuit; if 
the current remains constant the flux threading the circuit is 
constant, but when the current varies the flux varies propor- 
tionally and in doing so generates in the circuit an e.m.f. pro- 
portional to the rate of change of the interlinkages of flux and 
turns or to the product of the turns and the rate of change of the 
flux. This e.m.f. has a value : 

p 


Na CES. BOLO 866 4 oe ee 


e=— 


‘where n is the number of livke in the circuit and oe is the rate 


of change of the flux interlinking with the turns. The negative 
sign is used because the e.m.f. produced opposes the change in 
the current and, therefore, the change in the flux. 

The number of interlinkages of flux and turns for unit current 
in the circuit is called the’ inductance of the circuit and is repre- 
sented by £, thus, 


L£ = Pegs. tithes eee 


where 7 is the current in c.g.s. units, 
¢ is the flux produced by current 2, 
np is the number of interlinkages for current 71.. 


Equation 122 may be written, 


differentiating this gives 
| nt _ g&, 
"at dt 


and therefore the e.m.f. generated in the circuit due to its in- 


ductance is 


nt = da 
1a. = —£TC8s. Une i i (E28) 


It is equal to the product of the inductance of the circuit and the 
rate of change of the current. When e is expressed in volts and 
z in amperes the inductance is in henrys and is represented by L 
to distinguish it from the inductance £ expressed in c.g.s. units. 
Equation 123 may then be written 


ag. 
— L5 volts. Ee ee cet a 5. ae 


e=>=-— 


LLL ELE LG EEE LEE I-A 


SVEATY OF ELECTRICAL LABORATORY, 


FACULTY OF APPLIED SCIENCE, 


oS 


EE NE ee ee ke ae ee ee eee ee oe ee A eae ee oe eee oe 
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The henry is defined as the inductance of a circuit in which a 
counter e.m.f. of one volt is generated when the current is chang- 
ing at the rate of one ampere per second. 

The relation between the two units of inductance is found as 
follows: 


‘ 


e=— £L— cg.s. units 
Gh os ty . 
=—f£ 7 10% volts, £ and 7 in ¢.g.s. units, 
m di j : A 
=—£ 10~* volts, £ in ¢.g.s. units, 7 in amperes, 


di 
=—f[ 7 volts, 
and, therefore, 


1 henry = 10~° ¢.g.s. units of inductance. . . (125) 
65. Inductance of Circuits Containing Iron. If a solenoid 


with » turns is wound on an iron ring of section A sq. em. and 
mean length / cm., the flux produced by a current 7 ¢.g.s. units is 


and the inductance is 


L = nd, = 7 OBS: units. 


It is proportional to the square of the number of turns as seen in 
the last example, but it also depends on the permeability of the 
iron and is therefore not a constant quantity. When the cur- 
rent in the solenoid is small, the iron is unsaturated, the per- 
meability is high, the flux per unit current is large and therefore 
the inductance is large. When the current is large, the iron is 
saturated, the permeability is low, the flux per unit current is 
small and therefore the inductance is small. 

The inductance of circuits containing iron or other magnetic 
materials is not constant, but decreases as the density of the 
induction increases, since the permeability decreases. (See Art. 49.) 
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66. Example. (a) Find the inductance of an endless solenoid 
in the form of a ring, Fig. 49. 
n = number of turns in solenoid = 1000. 
r = mean radius of the ring = 10 cm. 
1 =2ar = mean length of the flux path through the . 
solenoid. 
A = sectional area of the solenoid = 5 sq. cm. 
< = current in solenoid in ¢.g.s. units. 


The flux through the solenoid is 


mmf  47ni 
reluctance 1/A 


lines, 


d= 


the flux per unit current is 
eB 4nnA 
ape aaa 


the interlinkages of flux and turns per unit current is 


4an?A 
L£ = db: = = 


and is equal to the inductance of the circuit in c.g.s. units; thus, 
the inductance of a circuit is proportional to the square of the 
number of turns. y 

Substituting the values given above the inductance of the 


solenoid is 
£ _ 4X 3.14 X (1000)? x 5 
fe 2x 314 < 10 


= 10° c.g.s. units; 


and the inductance in practical units is 

L = 10° X 10-® = 0.001 henry. 
(b) Find the energy stored in the magnetic field of the solenoid 
when the current has reached a value J = 10 c.g.s units. 


The energy stored when any current 7 is flowing is equal to the 
work done in building up the current 7 against the counter e.m.f. 


of inductance e = — £ =, it is therefore 


: di. ta: 
W= feid= [£5 ia=s | ia 
dt 


42 
a= £ 5 CTES. 
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When the current is i = J = 10 c.g.s. units, the energy stored is. 


| es 1083" : 
gy = 10xX= =5X10 ergs 
=5 X10 X10 S5 watt-seconds. 


67. Mutual Inductance and Self-inductance. The mutual 
inductance of one circuit upon a second circuit is the number 
of interlinkages of the second circuit with the flux produced by 
unit current in the first circuit. It is equal to the mutual in- 
ductance of the second circuit upon the first and is represented 
by SM. 

A and B, in Fig. 69, are two electric circuits of m, and m2 turns 
respectively interlinked with one magnetic circuit of reluctance 9%. 


W=L 


Fig. 69. Mutual inductance. 


The flux produced by unit current in A is 


4mn 
= ? 


91 = R 
and the inductance of A is 


7 


o1 = M1 = ob ¢.g.s. units; 


if all the flux produced by A passes through B, then, the mutual 
inductance of A upon B is by definition 


4 ? 
M = mo, = CES. unite... . 3 6 3 
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Similarly the flux produced by unit current in B is 


_ Amn 
P= RH 
and the inductance of -B is 


yen 
Le = Mtr = ate 


again if all the flux produced by B passes through A, the mutual 
inductance of B upon A is 


NN =a ve _ 41MNe2 


ov ? 

and is equal to the mutual inductance of A upon B. 
The leakage flux, that is, the flux which passes out between the 

two circuits and links with only one of them has been assumed 

to be very small. In this case 


(127) 


Amn? _ 4 7n-? 4 rnyny\? 
Lika= 5 x ae = (A) = ow... (128) 
If the leakage flux is not negligible, the flux ¢: produced by 


unit current in A can be divided into two parts dy, and ¢,, 


ee 
9s, ( eh 
Se 
© O 
— $e : O O coil 
(2) O OB 
N1 @ O O n 
— So) ® O rams 
a : 
a ee j 
Ws 


Fig. 70. Self and mutual inductance. 


Fig. 70, of which ¢y, interlinks with B and 4¢,, forms a local 
leakage circuit about A and does not interlink with B; sz, is 
the self-inductive flux produced by unit current in A. 

The self-inductance of a circuit is the number of interlinkages 
with the circuit of the flux produced by unit current in it, which 
does not interlink with any other circuit; it is the number of 
interlinkages of the circuit with the stray flux of the leakage flux 
produced by unit current in itself. 
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mo, = £1 = inductance of A, 
Nepy, = St = mutual inductance of A upon B, 
Mids, = Ls, = self-inductance of A, 
but ¢1 = ou, + $s, and therefore 


y cy) vd lah celica plan Rene 


and, similarly, 


22. Tp Sa ry 


When there is no mutual inductance the inductance of a cir- 
cuit is the same as its self-inductance. 

68. Self-Inductance of Continuous Current Circuits. The 
self-inductance of continuous current circuits is only apparent 
when the current is increasing or decreasing. The two most im- 
portant cases are when the current is starting and when it is 
stopping. 

Starting of Current. When a constant electromotive force EH 
is impressed on a circuit of resistance R and inductance L the 
current does not immediately reach a steady value on account of 
the opposing e.m.f. due to inductance. If at time ¢ after E is 
impressed the current is changing at the rate 

di. 
dt P 
the e.m.f. of inductance is 
ea 
dt 
By Lenz’s law it opposes the impressed e.m.f. and is therefore 
negative. 


The e.m.f. acting on the circuit is 


E+e=H-L 
and the current is 
{ Sek 
kK ud 
mene Ld 
therefore t— Sema 
: di Rdt 
or, transposing, — = -— =|} 
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the integral of this is 
! Rt 
log. (i — 3) =— 7, t los. C, 


where log, C is the constant of integration. This reduces to 


= fe 
ones es aa 
Rt 
: E 
whenti=0, 27=0, and C =— 5° 


Substituting this value the current is 
ae 
i=Z(1-« 5 = A et 0 a eM 
When ¢ = wand i= 7 


and the current has reached its steady value, which is independ- 
ent of the inductance of the circuit; calling this value J and sub- 
stituting 


p=1(1-672).. Pie OIE EA Ec 5 


The expression “ is called the time constant of the circuit. 


Stopping of Current. If the impressed electromotive force E is 
removed from a circuit of resistance R and inductance L, when 
it is carrying a current J = = and the circuit is closed through a 
resistance R,, the current will not at once fall to zero. - 

The e.m.f. of inductance at time ¢ after the circuit is closed is 


di 
@=—L a. 
and it opposes the decrease of current. 
The current in the circuit at this instant is 
di 
a 
R+ kh 
d= (R+8#,) 
ook 


i= 


or, transposing, 
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the integral of this is 
log.t =— ec + log C, 


where log C is the constant of integration. This reduces to 
R+R, 
-- 


t= Ce L 


whent=0, +=, aendU =7, 
Substituting this value, the current is 


; _R+k, 
0 Te i eee oe Nei en 


or 
—~R+R, 


ieee 2s 


The e.m.f. generated in the coil, at the time #, is 


- 24% 
@ =i(R+R) = EEE, (134) 
When ¢ = 0, the generated e.m.f. is 
R 
aye +o, . 2 ee 
therefore the e.m.f. generated in the circuit is greater than the 
impressed e.m.f. in the ratio at . 


If, when the impressed e.m.f. is removed, the circuit is short- 
circuited, Ri; = 0 and the generated e.m.f. is 


& = E, 
that is, the e.m.f. does not rise. 
But if the circuit is broken Ry = c& and & = «, and danger- 
ous e.m.f.’s are generated in the circuit. A large value of R; 
causes the current to decrease rapidly, but it also causes a high 


e.m.f. to be generated. 
The energy supplied to the circuit while the current is start- 


ing is 
W = ch Fidt, 
0 


: di 
but H=hi+L-s; 
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therefore, 
* I 
we { (Ri +LG)id= [reat [ Lidi; 
0 dt 0 0 
of this i * Ri? dt is the energy transformed into heat in the electric 
0 


I 
circuit, and of Li di is the energy stored in the magnetic field. 
0 
The energy in the magnetic field is | 
ope aT Un Bt 
Wu = [Lid = Ly 
0 2 


and is independent of the resistance of the circuit. 

This magnetic energy is returned to the electric circuit while 
the current is stopping and prevents it from immediately falling 
to zero. It is transformed into heat in the circuit and is 


—— y 2 
W jf, ®@+R)4, 


but 
_R+R, 
a=Te : ae 


therefore, 


« _ (R+R), 
W=PR+R){ L dt; 
0 


the integral of this is 


or a 73 —2(2#5*) (= 
Oe. ean Pi ae 2 


and 


I? | 
W = Ls as before. 


If the circuit is broken this amount of energy must be dis- 
charged and produces a spark. 

69. Example. The shunt field winding of a 6-pole, 125-volt, 
direct-current generator has 500 turns per pole and carries 12.5 
amperes; the resistance of the field winding is 7.5 ohms and the 
resistance of the field rheostat is = — 7.5 = 2.5 ohms; and the 


flux per pole is 6.38 & 10° lines; determine: 
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(a) the inductance of the field winding; 

(b) the time taken by the current to reach 74 full value and 4 
full value, after the field switch is closed; 

(c) the initial rise of voltage, if the field circuit carrying a 
current of 12.5 amperes is closed through a resistance of 
25 ohms; 

(d) the energy stored in the magnetic field when the current is 
12.5 amperes. 

(a) The interlinkages of flux and turns with a current of 12.5 

amperes or 1.25 c.g.s. units is 


6 X 500 X 6.3 X 105; 
therefore the inductance is 


6 
L= wus me et 15.1 X 10° c.g.s. units, 


or 
L = 15.1 henrys. 


(b) At time ¢ after the field switch is closed the current is, by 


equation 132, 
_ kt 
i= 14 —e z), 


where I is the final value of the current = 12.5 amperes and R is 
the resistance of the field circuit including the rheostat = 10 _ 
ohms; therefore, 


_ 108 
i= 12.51 i ii), 


Let time for the current to reach 7; of full value or 1.25 amperes 
be é sec., then 
1.25 = 12.5 (1 — e664) 


and t; = 0.16 sec. 


Let time for the current to reach 3 value or 6.25 amperes be & sec., 
then 

6.25 = 12.5 (1 — 6 4) 
and t. = 1.05 sec. 


(c) If the field circuit carrying a current of 12.5 amperes is closed 
through a resistance of 25 ohms, the initial value of the back 
voltage due to inductance is, by equation 134a, 


10 + 25 


Tee 437.5 volts. 


@& = 125 
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(d) When the current is 12.5 amperes the energy stored in 
the.magnetic field is 


W= L5= = 15.1 X eae 


70. Example. Determine the inductance of the circuit in 
Fig. 71 consisting of two parallel wires A and B carrying equal 
currents but in opposite directions. 


= 1460 watt-seconds. 


R = radius of each wire in centimeters. 
D = distance between centres in centimeters. 


A B 
Y 
+1 s+ oi 
ei ae, 
' de} , 
x > el ac ae ait 
D mah 


Fig. 71. Inductance of parallel lines. 


When a current J c.g.s. units flows in the wires the field inten- 
sity at the point % cas x cm. from A and D—« em. from B is 


H = — a be ws ES = dynes, by equation 90, 
and the flux density is 


8 = a= 224. 


;, lines per square centimeter; 


the flux in a section of a : and length 1 cm. is” 
db = 8 dz lines; 


and the total flux between the wires per centimeter length is 


D-R —-R 
=f Bar= { (= eas 
R R x 


D-R 
= 21 log 2 — log (D — 2)| 
R 


=2 cE 7 mts los R| 


= 21(2Tlog—= =), 
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but only half of this flux surrounds each wire and therefore the 
inductance of each wire per centimeter length is 
_ 6/2 | D-R 
nr ae mere 2 log R 
The flux inside the conductor has been neglected, but its in- 
ductive effect can be calculated very easily if it is assumed that 
the current is distributed uniformly over the section of the wire. 
In Fig. 72 the agen of wire A is shown enlarged. 


C.g:a.cinite.. “ig eee) 


x A 


Fig. 72. Flux inside a conductor. 
The flux density at distance x cm. from the centre of A is 
oe = —» 
x 


where I’ is the current inside the radius x em. and its value is 
2 


l =J pie kS. units. 
The flux in the ring of radius x, width dz and length 1 cm. is 
rs 2Ix ‘ 
do’ = | = pe de lines; 


this flux surrounds only the current I’ and is equivalent to a 
smaller flux surrounding the current J of value 


2 3 
do = ds! Fr vo 2 ds, | 
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and the flux equivalent to the flux inside the whole section is 
do -[" dd = = ae da 
0 
hae 3 “ R ie I. 
= = 5 lines, 


and the inductance per Me is due to the flux inside the con- 
ductor is 


sge@ait 
Le= T =~ 9°85: Uiitas a eS a 


The inductance of each wire per centimeter is therefore 


£ = £14 £2 = 2log? = 


ns +5 ees. Wes: 4. VERSA 


and the inductance per mile of wire is 


L= 2.54 X 12 X 5280(2 X 2.303 logio = 3 z + 0.5)10~ henrys 


= (0.74 10¢0= 7 s + 0.0805)10-* henrys. ss. i 8) 


71. The Sine Wave of Electromotive Force and Current. If 
the coil abed in Fig. 73 rotates with a constant angular velocity 


in a uniform magnetic field between the poles N and S, an alter- 


Rotation 
——————— >, 


S 
m 
° 


Fie. 73. Generation of an alternating e.mf. 


nating e.m.f. will be generated between the terminals ¢ and 7’. 
Referring to the figure it can be seen that in position (1) the e.m.f. 
generated in the coil is zero, since the conductors forming it are 
moving parallel to the lines of magnetic flux and therefore are 
not cutting them; in position (2) it is positive and increasing; in 
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(3) it is positive and has reached its maximum value since the 
conductors are cutting perpendicularly across the flux; 2 (4) it is 
positive and decreasing; in (5) it is zero; in (6) it isthegative and 
increasing; in (7) negative and maximum; in (8) negative and de- 
creasing and in (1) is zero again, baviiie gone through one com- 
plete cycle. This cycle is represented in Fig. 73. 

If 6 = the maximum flux inclosgd by the coil, n = the number 
of turns on the coil and w = the angular velocity in radians per 
second, then at time ¢ sec. after the position of maximum in- 
closure the coil has moved through angle @ = wt radians, and the 


flux inclosed is — 
d = ®COS at; 


the e.m.f. generated in the coil at this instant is 
Pa hs © (@ cos wt) 


= wn® sin wt absolute units 
= on® 10 sin wi volts. . . . . - (139) 


When @ = : , the e.m.f. has its maximum value 
Ey = wnt 10° volts, 
and therefore 
e= Hosinws . . . <stie 4) see eee 

and the e.m.f. generated in the coil varies as a sine wave. 

The number of cycles through which the e.m.f. passes in one 
second is called its frequency and since one cycle represents 360 
electrical degrees, the frequency may be expressed as 


f = 5— cycles, ER 


and therefore 


w = 2nf. 
Substituting this value of w in equation 139 gives” 
e = 2xfn 10° sin 2 zft 
= EH 0 sin 6, 


where @ = 27ft is the angle turned through in time ¢ sec. after the 
position of zero e.m.f.; the maximum value of the e.mf. is 


Eo = 2xfn® 10 volts. . . . wo. (142) 
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In a two-pole alternating-current generator one cycle corre- 
sponds to one revolution of the coil and 


f = rev. per sec., 


and one electrical space degree is equal to one mechanical space 
degree. With a p-pole alternator the e.m.f. passes through one 
cycle for each pair of poles and the frequency is 


= Bev. per sec., 


and one electrical space degree is less than one mechanical space 
_degree in the ratio = 


If a non-inductive resistance of R ohms is connected across the 


é 


e- 


e R Y_) ‘ P 
0 90° 190 270° 360° 
0 Degrees 


> 


Fia. 74, Resistance in alternating-current circuits. 


terminals of the coil in Fig..74 an alternating current will flow in 
the coil of instantaneous value 


@ Eo sin 0 


(= = 


R R 
maf ain 6, oa. 2014S) 


where J) = Kio is the maximum value of the current. The cur- 


R 
rent and voltage waves pass through their zero and maximum 
values together and are therefore in phase. They are represented 
by the two curves in Fig. 74. 
72. The Average Value of a Sine Wave. The average value 
of the ordinate of a sine wave 7 = J)sin@ can be found by in- 
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tegrating over one-half wave; it is 


fee I, sin 6 dé 
T eJ0 


= 1 +1] = 27) = 0.637 Ty, . Mia as 


that is, the average value of the ordinate of a sine curve is 2 


times the maximum ordinate. ; 
73. The Effective Value of a Sine Wave. The effective value 
of an alternating current is the value of continuous current which 
would have the same heating effect. 
When an alternating current 7 = J) sin@ flows through a 
resistance R, energy is transformed into heat at the instanta- 
neous rate 7? watts; the average rate of transformation of energy 


is 
 [eRdo 3 + [1h sin? 6 dé 


hee (= 0826) d9 
27 
Len, | 
> eS 
2 |o 


2 
== (Z)R . eee 


thus the alternating current 71 = J) sin@ has the same average 
heating effect or consumes the same average power as a con- 
; Io em 
tinuous current ——; the value J = —= is therefore called the 
V2 V2 
effective value of the alternating current 7 = Jpsin@. _ 
The effective value of the alternating e.m.f. e = Ey sin @ is 


tela Ts a ae fcey eat ie) Tae 


The effective value of any alternating quantity is the square 
root of the mean of the squared instantaneous values taken over 


——————— Se le EE kh 
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one complete cycle; it is equal to the maximum value divided by 


/2 only in the case of sine waves. 

Alternating-current voltmeters and ammeters indicate the 
effective values of voltage and current regardless of the wave 
form. 

74. Inductance in Alternating-current Circuits. When a cur- 
rent flows in a conductor a magnetic field is produced in the space 
surrounding it; as long as the current remains constant this field 
does not react on the electric circuit, but when the current varies 
the flux linking with the circuit also varies and induces in the 
conductor an e.m.f. opposing the change in the current and con- 
sequently the change in the flux. This action is due to the 


_ inertia of the magnetic field and is analogous to the action of the 


flywheel in mechanics. The inertia of the flywheel opposes any 
change in speed just as the inertia of the magnetic field opposes 
any change in current. Energy is stored in the flywheel as the 
speed increases and given back as it decreases and the only loss 
of energy is that due to friction. Similarly energy is stored in the 
magnetic field as the current increases and is returned to the elec- 
tric circuit as the current decreases, and the only loss of energy 
is that due to hysteresis and eddy currents in the iron parts of the 
magnetic circuit. 
The energy stored in the flywheel is 


2 


is ae Lc ees ee CLAD) 


where J is its moment of inertia and w is its angular velocity. 
The energy stored in the magnetic field is 


2 
W= = watt-seconds, 


where ZL is the inductance of the circuit in henrys and 7 is the 
current in amperes. 

The inductance of the coil opposes the change in current by 
generating a back e.m.f. 
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If an alternating current i = J) sin@ = Ip sin2-ft is flowing 
through a circuit of inductance L henrys and negligible resist- 
ance an e.m.f. of inductance will be set up 

di 

dt 


d ; 
=— La (Io sin 2 xft) 


&=—L 


= — 2xfLIy cos 2 zft 
= 2arfLIy sin (27ft —90);. . . . . (148) 


it is a sine wave of e.m.f. lagging behind the current wave by 
90 degrees. (Fig. 75.) 


“2 


eo 


Fig. 75. Inductance in alternating current circuits. 


In order to drive the current through the cireuit an e.mf. 
must be applied to the terminals, which at every instant will be 
equal and opposite to the back e.m.f. e&; its instantaneous value 


is 
€e=—@ = 2rfLIy sin (27ft +90), . . . (149) 


.@ sine wave of e.m.f. leading the current wave by 90 degrees. 
This e.m.f. is consumed by the inductance of the circuit. Its 


maximum value is 
Eo = 2afelo, 0-2 Neleet so Ae 


where the term 27zfZ is called the inductive reactance of the 
circuit and is denoted by X. It is of the nature of resistance and 
is expressed in ohms. oe 
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Thus, in a circuit of reactance and negligible resistance the 
impressed e.m.f. is 90 degrees ahead of the current, or the cur- 
rent lags 90 degrees behind the impressed e.m.f. 

75. Resistance and Reactance in Series. If a circuit con- 
tains a resistance R and a reactance X in series and carries an 
alternating current 7 = I) sin22ft, determine the value of the 
impressed e.m.f. and its phase relation with the current. (Fig. 76.) 


Ourve ©, €=Ri+L dt 
Curve (4), @z=L ad ¥° 
Curve ©, @r=i¢R 


Curve @,i 


a 


adv 
Curve @ €g=-L it 


Fic. 76. Resistance and reactance in series. 


To drive a current 7 = J) sin 2 ft (curve 1) through a resist- 
ance R an e.m.f. is required equal to 


er = 1k = I)R sin 2zft (curve 2), 


a sine wave in phase with the current with a maximum value 
IR. 
The inductance of the circuit sets up a back e.mf., 


= a =-LE = 2rfLIy sin (2 xft — 90) (curve 3), 
a sine wave lagging 90 degrees behind the current with a maxi- 
mum value 2 7fLJy = I[oX. 
To overcome this back e.m.f. due to inductance an e.m.f. 


must be impressed on the circuit equal and opposite to @. 


ex =—& = LS 
= 2nfL I sin (2 xft + 90) 


= I)%<sin (2 xft + 90) (curve 4). 
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This is a sine wave 90 degrees ahead of the current wave, with a 
maximum value Jox and is the e.m.f. consumed by the reactance 
in the circuit. aah 

The instantaneous value of the impressed e.m.f. (curve 5) is 
the sum of the instantaneous values of eg and e,, thus 


e=eptex=Ri+LS oer alt poo tae ace 
= J, Rsin2aft + [oX sin (2 zft + 90) 


= I) Rsin2arft + [oX cos 2 xft 

= I) (Rsin#@ + X cos 6) 

= Te VFX? (asin 0 + > — 005 8) 
VR?+ X? V R24 X? 

= J Zain (0+), sss oe haere eee 


where Z = V R?+X? is called the impedance of the circuit and 
is expressed in ohms and ¢ is the angle of lead of the impressed 
e.m.f. relative to the current. 


k . 
VRE X? 


sin ¢ = and cos ¢ = 


xX 
VR?2+ X? 


The impressed e.m.f. is therefore a sine wave leading the cur- 
rent by an angle ¢. Its maximum value is 


Ey =Inp VR?4+X2 =1)Z, . . . (153) 


and its effective value is 


where I is the effective value of the current. 
The component of # in phase with the current is 


E, = IR=ZR = EK cos¢; 
and the component of E 90 degrees ahead or in quadrature ahead 
of the current is 


Ih = 1X =3X = Esing. 
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76. Capacity in Alternating-current Circuits. The charge 
on a condenser or the quantity of electricity stored in it is pro- 
portional to the difference of potential between its terminals; 
thus, 

ie Ce, 
where g is the charge, 
e is the difference of potential between the terminals, 
and Cis the capacity of the condenser. 

A condenser has a capacity of one farad when one coulomb 
of electricity stored in it produces a difference of potential of 
one volt between its terminals. | 

If an alternating e.mf. e = Ey sin2 aft is impressed on the 
terminals of a condenser of capacity C farads, a current 7 flows. 
At any time ¢ the charge on the condenser is 


q = Ce, 


but the charge is the amount of electricity which has flowed into 
the condenser and its. value is 


t 
a= [ids 
0 
i id= Ce. 


Differentiating with respect to ¢ gives 


‘ de 
(= Ca? 


and therefore 


and substituting the value of e, 
i = CF Bosin 2 aft) 


= 2afCE, cos 2 xft 
= 2nfCEysin (27ff +90), . .°. «. (154) 


and thus the current flowing into the condenser is a sine wave 
leading the impressed e.m.f. by 90 degrees. Its maximum value 
is 
I i= 2 af{C Eo 
Eo 


Ox. (155) 
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‘ 


where X = sae is called the condensive reactance of the circuit 


and is expressed in ohms. 
In Fig. 77 curve 1 represents the impressed e.m.f. e = Ey 


> 


LAN es 


~~ 


Fig. 77. Capacity in alternating current circuits. 


sin 2 aff and curve 2 the current 7 = J)sin (27ft + 90). Be- 
tween the points a and b the current is positive and the e.m-f. is 
increasing; from 6 to c the current is negative and the e.m.f. is 
decreasing. | 


Ourve @),a=iR Curve @ e-ir+t 


Curve ® Cz =< ’ 


Ourve @),i 


i 
1] 


ba 


Fia. 78. Resistance and condensive reactance in series. 


77. Resistance and Condensive Reactance in Series. If an 
alternating current 7 = J) sin2 ft flows in a circuit consisting 
of a resistance F# in series with a condenser of capacity C farads 


and reactance of X, = x ohms, determine the magnitude of 
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the impressed e.m.f. and its phase relation with the current. 
(Fig. 78.) 

The impressed e.m.f. consists of two components; one is re- 
quired to drive the current 7 (curve 1) through the resistance of 
the circuit; it is eg = 7R (curve 2), in phase with 7; the other 
‘component is the e.m.f. required at the terminals of the con- 
denser or the e.m.f. consumed by the condensive reactance of 


the circuit; it is ex, = z and was shown to lag 90 degrees behind 


the current. Art. 76 (curve 3). 
The total impressed e.m.f. is (curve 4) 


ee re a a oe 
=iR+4 


fia 


RY, an 2<ft + J Tp sixi (2 aft) dt 


= RIp sin 2 aft — cos 2 xft 


2 rat 
= I) (Rsin2 xft— X. cos 2 zft) 


R ain 
= I, VETS? Gee sin 2 xft — VBL = COS 2 ft) 
Mire wate atOe Gy 


where Z = VR?+X,? is the impedance of the circuit in ohms, 
and ¢ is the angle of lag of the impressed e.m.f. behind the cur- . 
R 


Xe 
rent; sin 6 = 7papx2) 8% = pays 


78. Resistance, Inductance and Capacity in Series. If a 
current 7 = I) sin 2 zft flows in a circuit consisting of a resistance 
R, inductance Z and capacity C connected in somes the impressed 


e.m.f. is 
€ = ep+ ex + ex,, ae Sr ce BF 
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where er = 1k is the e.m.f. consumed by the resistance of 
the circuit, 
ex = Lis the e.m.f. consumed by the inductance of 


the circuit, 


ex, = Ais the e.m.f. consumed by the capacity of the 


circuit. . 


Assuming that the impressed e.m.f. leads the current by angle 
¢, its equation is 
e=HKysin (2rft+¢), . . . . . (159) 


and 


Hy sin (2xft +4) = Ri+ LE 44 


=hi+L—+ ee (160) 
Differentiating with respect to ¢, 


2 afEy cos (2 aft + ¢) = Ro +L pa + A . (161) 
but 


S = 2 flo cos 2 xft, 


7 = — (2rf)7Io sin 2 xft 


di 
dt? 
di d*% 

dt = 2 rflo, de = 


;= Io sin 2 aft, 


when ti=0, +=0, 0, 


when ' 
=e hg = di =s j d% ae 2 

t = Oaf t= Ip cos 4, ae 2 xflIo sin ¢, 7a (2 rf)?Io cos @. 
Substituting these values in equation 161, when ¢ = 0, 


2mfEy cos ¢ = 2xfRIp, 
and : 


— = oS iS ae ee 
when t= 


0 = 2rfRIy sind — (27f)7Jo cos + “eos ¢, 


4 
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and - 


1 
R sin ¢ =272fL cos ¢ — IafC cos ¢, 
therefore, ~ 


1 —< 
2rfL — DafC , 


tan ¢ = R 

X— X, 

ae cg a, AS ROR aT atta) « fa: AGRO) 

X — X, 
VR? + (X— X.)? 
R 

VR? + (X— X,)®’ 

and from equation 162 

KR 
In) cos@ 


sin ¢ = (164) 


cos ¢ = (165) 


= VR?+ (X—-—X,.)?=Z, . . (166) 


where 


Z=-VB+X— Kyi =/Re + +(2nfb - z30) 


is the impedance of the circuit. 
Y-RSinwd| /,; 4 


« WwW 
Ae 7 
‘ 
" 
30 { 180” 270° 


S 
\ 6=wt Ob 60° 90° 120° 150° ; 360° 


6=wt , Roig: 
OF s WA 
a 


y 


394 


Fic. 79. Sine wave. 


The impressed e.m.f. is therefore a sine wave of maximum 
value Ey = [QZ = I) VR? + (X — X.)2, and leads the current 


wave by an angle ¢ = tan x R st 


“If X, > X, ¢ is negative and the impressed e.m.f. lags behind the 
current. 

If X.= X, ¢6=0 and the e.m/f. is in phase with the current, 
and the impedance of the circuit is Z = R. 

79. Vector Representation of Harmonic Quantities. A sine 
wave may be obtained from a circular locus as shown in Fig. 79. 
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The radius of the circle is the maximum value of the sine 
function and is called its amplitude. If the radius vector is 
rotated at uniform angular velocity » in the counter-clockwise 
direction, its vertical projection at any time ¢ is 


y = Rsinwt = Rsin8, 
where time is measured from the horizontal. Plotting the values 
of y on a base of angle @ for a complete revolution of the radius 


vector gives the cycle shown. 
To represent the sine function 


C= Ey sin 8, 


a circle of radius Ey is taken and the vertical projections of the 
revolving vector are plotted on base of angle @. (Fig. 80 (a).) 


(Cc) 


(db) 
Fie. 80. Vector representation of harmonic functions. 


To represent a sine function 
i = Insin (6 — ¢), 


a circle of radius J) is taken, but since 7 does not pass through 
zero until angle 6 = ¢, the sine wave is displaced to the right by 
angle @ as shown and the e.m.f. wave e = Ey sin @ leads the cur- 
rent wave 7 = J) sin (@ — ¢) by angle ¢. Instead of using com- 
plete circles to represent sine waves, their radii Z) and I) can be 
used as in Fig. 80 (6) or since alternating quantities are repre- 
sented by their effective values instead of their maximum values 
the two vectors OF and OJ, Fig. 80 (c), are used to represent the 
two sine waves in Fig.80 (a). OH = KE = te is the effective value 


v2 
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of the e.m.f. e = KZ sin 0, and OJ =I = i is the effective 
value of the current 7 = J) sin (@ — ¢). The vector OJ is be- 
hind the vector OE by angle ¢ and so indicates the relative phase 
of the two quantities. The counter-clockwise direction is taken 
as the direction of advance in phase since it was adopted at the 
International Electrotechnical Congress at Turin and is now 
standard. 

80. Power and Power Factor. In continuous current cir- 
cuits the power consumed is the product of the impressed e.m_f. 


and the current, and is 
PFGE Way ee ee 


In alternating-current circuits the power varies with time; its 
instantaneous value is : 
| 9 3 Ce WET a eee es ee 


where e and 7 are the instantaneous values of the e.m.f. and 
current in the circuit. 


o 


Fig. 81. Power in a non-inductive circuit. 


Two cases will be considered, first, when the current and e.m.f. 
are in phase and, second, when the current lags behind the e.m.f. 

Case I. If an e.m.f. e = EK sin @ is impressed on the terminals 
of a circuit of resistance R a current 7 = J) sin@ will flow in 
phase with the e.m.f. 

The instantaneous power in the circuit is 


p=a=Khl sint9 = “(1 — ¢08 26). oe CS 


The values of e, 7 and p for a complete cycle are plotted in Fig. 81. 
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The power varies with twice the frequency of the current 
from O to Elo, but never becomes negative. The area beneath 
the power curve represents the energy consumed in the circuit 
during one cycle. 

The average oe is 


By, = (1 — cos 26) dé 
eR 3 | ad 


27 2 
_ Eglo 
9, fl 
Elo Ey [y 
= —— =—~--~—=HEI;. e ° ° . 170 
2 x a/Boa/2 ae 


therefore, the average power in an alternating-current circuit is 
equal to the product of the effective values of the e.m.f. and the 
current, if they are in phase. 


Since 
P= Hi 
and 
E = IR, 
therefore, 


Pom TR, oo 6 5c eee 


and the power is equal to the square of the effective value of the 
current multiplied by the resistance. 

Case II. If an emf. e = Ey sin@ is impressed on a circuit 
containing a resistance R, and an inductive reactancé X, the cur- 


rent will lag behind the e.m.f. by an angle ¢ = tant = and its 
instantaneous value will be 
t = Ipsin (@ — ¢). 
The instantaneous power in the circuit is 
p = ei = Eolosin@ sin (0 — ¢) 


ae {cos @ — cos (20 — OH: 0 EER 


The values of e, 7 and p for one cycle are plotted in Fig. 82. 
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The maximum value of power is =u (1 + cos ¢), which is less 


than in Case I, and the power curve falls below the base twice in 


Pp 


E,=IX 
Ss 


>I 


Fic. 82. Power in an inductive circuit. 


each cycle. The energy consumed per cycle is the difference 
between the positive and negative areas intercepted by the power 
curve. 

The average power is 


1 {7 


= Fo ["jc0s¢ — cos (26 — $)} dw 


= Lolo fo cos ¢ — sin S say eT 


sin(—@¢) , sin(— ¢) 
wear | 


0 


Ss Be 


REO rere e.g x eee eh tae 


therefore, the average power is the product of the effective values 
of the e.m.f. and current multiplied by the cosine of the angle of 
phase difference between them. 

From the vector diagram, in Fig. 82, it is seen that 


Ecos¢ = E, = IR, 
and therefore the power is 
P= El — I*R, 
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and is equal to the in-phase component of the e.m.f. multiplied 
by the current or is equal to the square of the current multiplied by 
the resistance of the circuit as found in equation 171; thus, all 
the power consumed in the circuit is consumed by the resistance. 
Reactance or self-inductance does not consume power since the 
energy stored while the current is increasing is. given back while 


Fia. 83. Power in an inductive reactance. 


it is decreasing and the e.m.f. consumed by self-inductance is 
a wattless e.m.f. Similarly condensive reactance does not con- 
sume power since the energy stored while the e.m.f. is increasing 
is given back to the circuit while the e.m.f. is decreasing and the 
e.m.f. consumed ky condensive reactance is wattless. 


Fia. 84. Power in a condensive reactance. 


These results are illustrated in Fig. 83 and Fig. 84. 

In Fig. 83 are plotted the values of e, 7 and p for an inductive 
circuit without resistance in which the current lags 90 degrees 
behind the impressed e.m.f. The power curve cuts off equal 
areas above and below the base line and therefore the average 
power is zero. The area below the line represents the energy 
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given back by the magnetic field while the current is decreasing 

from its maximum value J) to zero and the area above the line 

represents the energy stored in the magnetic field while the cur- 

rent is increasing again to its maximum value. The amount of 
2 

energy in each case is L watt-seconds. 

In Fig. 84 are plotted the values of e, 7 and p for a circuit con- 
taining a condensive reactance but without resistance. The cur- 
rent leads the impressed e.m.f. by 90 degrees and the average 
power is again zero, so that no energy is consumed in the circuit. 
The positive area cut off by the power curve represents the energy 
stored in the electrostatic field of the condenser while the e.m.f. 
is increasing and the negative area represents the energy re- 
turned to the circuit while the e.m.f. is decreasing. The maxi- 


; é. tiny Brae 
mum amount of energy in each case is C > watt-seconds where 


Ey is the maximum e.m.f. | 
Fig. 85 illustrates various methods of representing the power 
in a circuit; in (a) it is the product of the impressed e.m.f., the 


B E er a 
E,=IX 3 > 
es ae at ‘ 
O >I. : I >1 
Ei=IR=E Oos o as 


Fic. 85. Power in alternating-current circuits. 


current and the cosine of the angle of phase difference between — 


them, 
Pe EOC CORB. lesieeiees GLEE 


in (b) it is the product of the current and the in-phase component 
of the e.m.f., 


Ped x coe b= & By = EFS) 
in (c) it is the product of the e.m.f. and the in-phase component 
of the current, 


Pim EX feos ¢. cea esos (176) 
The apparent power in a circuit is the product of the impressed 


e.m.f. and the current and is expressed in volt amperes or kilo- 
volt amperes. 
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The power factor of a circuit is the ratio of the true power to 
the apparent power and is 


Fy = eee = 008 43 9 dk) lee eee 
therefore, the power factor is the cosine of the angle of phase 
difference between the current and the impressed e.m.f.; it is 
usually expressed in per cent and may be either leading or lagging. 

When the current is in phase with the e.m.f., the power factor 
is unity or 100, per cent. 

When the current leads the e.m.f. by 60 degrees the power 
- factor is 50 per cent leading, since cos 60° = 0.5; when the current 
lags behind the e.m.f. by 60 degrees the power factor is 50 per 
cent lagging. 

The sine of the angle of phase difference between the current 
and the impressed e.m.f. is called the inductance factor of the 
circuit. 

81. Examples. (1) If an alternating e.m.f. of effective value 
E is impressed on a non-inductive circuit of resistance R, a cur- 
rent J will flow in phase with the e.m.f., where 


E 
I=5- 


The vector diagram is shown in Fig. 86. 
(2) If an alternating e.m.f. HE is impressed on a circuit of re- 


actance X and negligible resistance, a current I << will flow 


lagging 90 degrees behind the e.m.f. (See Fig. 87.) 

(3) If an alternating e.m.f. # is impressed on a circuit of re- 
sistance R and reactance X, a current J will flow lagging behind 
the e.m.f. by angle ¢, where 


tang = 5. 


The vector diagram for the circuit is shown in Fig. 88. The 
e.m.f. consumed in the resistance is H, = IR volts in phase with 
the current and is represented by the vector OF. 

The e.m.f. consumed by the reactance is EH, = IX volts leading 
the current by 90 degrees represented by OH:. The impressed 


e.m.f. is OF = E and is the vector sum of ; and F.2; therefore 


E=VE2+ Ee = VIR +1X =IVR?4+X2 =I, 
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I E 
R 0 > > 
Fia. 86. 
E 
A 
x sige 
i Fic. 87. 
Eo, £ 
% 
Yy oe 7 
O “Ey ack | 
Fig. 88. 
a I 
0 >T 
E tion 
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E 
Fig. 89. 
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Ea O ; >I 
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where 
Z = VR? + X?is the impedance of the circuit. 


(4) Fig. 89 shows the vector diagram of a circuit containing a 
condenser of reactance X,, when an alternating e.m.f. # is im- 


pressed on its terminals and a current J = es flows through it 


leading the e.m.f. by 90 degrees. 

(5) Fig. 90 shows the diagram for the same circuit with a re- 
sistance R added in series. 

The e.m.f. consumed by the resistance is OF, = HE, = IR, in 
phase with OJ = I. 

The e.m.f. consumed by the reactance is OH, = EH, = IX,, 
lagging 90 degrees behind OT. 

The impressed e.m.f. is | 


OK =E = VE? + HE? =IVR?+ X,? = 12, 
lagging behind OJ by angle ¢, where 


(6) If an alternating e.m.f. EH is impressed on a circuit con- 
taining a resistance R, an inductive reactance X = 27fL and a 


condensive reactance X, = connected in series, determine 


1 
2 wfC 
the magnitude and phase relation of the current and draw the 
vector diagram for the circuit. (Fig. 91.) 


OI = I is the current taken as horizontal. 

OK, = E, = IR is the e.m.f. consumed by the resistance and is 
in phase with J. 

OF, = E, = IX is. the e.m.f. consumed by the inductive re- 
actance and leads OJ by 90 degrees. 

OE; = E; = IX, is the e.m.f. consumed by the condensive re- 
actance and lags behind OI by 90 degrees. 

OE = E = 1Z is the e.m-f. impressed on the circuit, or the 
e.m.f. consumed by the impedance Z. It is the vector sum of the 
three components E,, HE, and HE; and leads the current by angle 
¢; therefore, 


E = VE; + (Ez — Es)? 
= I VR? T (X ir X¢)? 
ae 


U 
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and 


Z= VR + (X—X,) 


= \/ oS (2 afl 2 sa) 


2 7fC 
Ee 
' 
1_R X 
WWW 00000 E 
E E 
‘ : ess 
i OSE Y He a 
; Secgaany {eae 
s ’ 
Es 
Fig. 91. 


where L is the inductance of the circuit in henrys, C is the capacity 
in farads and f is the frequency of the impressed e.m.f. 


The angle of phase difference between the e.m.f. and current is 
¢, where 


hee, bei.) X— Xs 
tan. o = oe OR 


Fig. 92. 


If X > X, the current lags behind the e.m.f.; 


if X = X, the current is in phase with the e.m.f.; 
and if X < X, the current leads the e.m.f. 


(7) An alternating e.m.f. EL is impressed on the terminals of 


the circuit in Fig. 92 consisting of a resistance R and an inductive 
reactance X in parallel. 
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The main current J has two components, 


i= a, in phase with E, 


and I, = e 90 degrees behind E. 


¥, ’ 
From the vector diagram 


pa 1 e R? + X* 
I = I? + ZI. eaVitieaz RX 


_ and lags behind £ by an angle ¢, where 


I, E/X —& 
ee Eee 
The impedance of the circuit is 
2 Oy aa 
IT VR?+X2 
(8) In Fig. 93 a third branch is connected in parallel with the 
I; 
$ I 
1 
ge Sk ge Log 
= c I,-I,; 
4 I 
Iz 
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two in example (7) containing a condensive reactance X, < X. 
The main current J has three components, 


1% + noha wiih 


iw — 00. detrtine behind 2. 


and I; = ¥ , 90 degrees ahead of E. 
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From the vector diagram 


Tl=VJI2 FG iy = wy 4,4 gn x) 


and leads E by an angle ¢, where 

I, —Ie _ 1/X-—1/X 
i See 1/R 

The impedance of the circuit is 


tan @ = 


(9) Find the magnitudes of the currents in the various parts 
of the circuit in Fig. 94 and their phase relations with the im- 
pressed e.m.f. 


3 a 
: | 
pie Sa it 4 


Fig. 94. 
i= . and lags behind the impressed e.m.f. by an 
VR? +. X;? 
angle ¢;, where tan ¢; = = : 
1 
E 
I d leads the e.m.f. b ] , wh 
2 VRP LX, and leads the e.m y an angle de, where 
X, 

t =—; 
an d2 Re’ 


T= VI, + I? + 2 II cos (¢1 + ¢2) (see vector diagram) and 
lags behind the e.m.f. by an angle ¢, where 
I; sin onl ci Ts sin deo 
I, cos ¢1 + Ie cos 2° 
The power consumed in the circuit is 
P = Elcos¢ 
= /,°R,; + 1,?R, watts. 


tan @ = 
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82. Numerical Examples. (1) If an alternating e.m.f. of 200 
volts at a frequency of 60 cycles per second is impressed on a 
circuit consisting of a resistance of 10 ohms in series with an in- 
ductance of 0.1 henry and a capacity of 100 microfarads, (a) deter- 
mine the current in the circuit and its phase relation with the 
impressed e.m.f., (b) the e.m.f. consumed in each part of the cir- 
cuit. (c) If the impressed e.m.f is maintained constant and the 
frequency is varied determine the maximum value of the current. 

(a) The inductive reactance of the circuit is 


X = 27fL = 2 X 3.14 X 60 X 0.1 = 37.6 ohms; 


the condensive reactance is 


1 10° 


Xe = a77C = 2K B14 X60 X 100 


= 26.4 ohms; 


the impedance of the circuit is 


Z= VR? + (X — X,)? = V10? + (87.6 — 26.4)? = 15 ohms; 


and therefore the current is 


I =, = — = 18.3 amperes. 


The current lags behind the e.m.f. by an angle ¢, where 


X—X, 376-264 _ 
ADE eg 10 ig 


and o = 48°18’. 


tan ¢ = 


1.12 


(b) The e.m.f. consumed in the resistance is 
E; = IR = 13.3 X 10 = 133 volts; 


the e.m.f. consumed in the inductive reactance is 
E, = IX = 13.3 X 37.6 = 500 volts; 


and the e.m.f. consumed by the condensive reactance is 
E; = IX, = 20 X 26.4 = 350 volts. 


The impressed e.m.f. is 
E = VE? + (Ez — E;)? = V133? + (500 — 350)? = 200 volts. 


The vector diagram is shown in Fig. 95. 
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(c) The current in the circuit at any frequency is 

a B 

Zo VR?+ 1 \? 
(2 nf L~ 5 ) 

E,=IX = 500 Volts 


L=0.1 Henry 


E = 200 Volts 
I—13.3 Amperes 
=I R= 183 Volts 


3 
Ff = 60 Cycles per Sec. Xe =24.6 
"i Ohms 
er ; 


E3; = 1Xc=360 Volts 


Fia. 95. 


o= ss 18’ 


If E is maintained constant at 200 volts and f is varied, I varies. 


1 
sd cu ag = cand! =0; 
when f = «, 2xfL = x and I =0; 
when 7e e = : : 


or f — 
2 nfC 2m VLC © 2x dy) 1 x 100 


= 50 cycles 


the current has its maximum value 


and is in phase with the impressed e.m.f. 


The e.m.f. consumed in the resistance is 

E, = IR = 20 X 10 = 200 volts; 
the e.m.f. consumed in the inductive reactance is 

EK, = [1X = 20 X 2 X 3.14 X 50 X 0.1 = 628 volts; 
and the e.m.f. consumed in the condensive reactance is 


E, = [X, = 20 X : = 628 volts. 


100 
$x 314 X50 ae 
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The vector diagram for the circuit is shown in Fig. 96, and the 
current and e.m.f. waves are shown in Fig. 97. A series circuit 
in which the inductive reactance and the condensive reactance 
are equal at a certain frequency is said 
xrik = aa Yes to be in a state of resonance for that 
frequency. In commercial circuits the 
capacity is usually so small that reso- 
Ayance cannot occur at ordinary frequen- 
_ i= 4s" cies, but when any high frequency e.m.f.’s 
C= Er IR=20 vam are produced in the circuit resonance may 
occur and very large e.m.f.’s may appear 
and break down the insulation. 
| E5=1Xc=008 volte (2) If an alternating emf. H = 200 
Fig. 96. Resonant circuit, Volts at a frequency f = 60 cycles per 
second is impressed on the circuit in Fig. 
98, determine the value and phase relation of the main current 
and the currents in the three branches. 

The first branch is a resistance R = 40 ohms; the second 
branch is an inductance L = 0.1 henry and has a reactance 
X = 27fL = 37.6 ohms at 60 cycles; the third branch is a ca- 
pacity C = 100 microfarads or 10 farads and has a reactance 


1 


Xe = 2xfC = 26.4 ohms. 
The current in the resistance is 
E 200 
I, = R= qq = 5 amperes, 


in phase with the impressed e.m.f.; the current in the inductive 
reactance is 


I, = > =s>— = 5.3 amperes, 


90 degrees behind the impressed e.m.f.; the current in the con- 
densive reactance is 


I; = = = =, = 7.6 amperes, 


90 degrees ahead of the impressed e.m.f. 


The main current is 


I = VIP + (2 — Is)? = V5? + (5.3 — 7.6)? = 5.5 amperes, 
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E.M.F. Consumed in the 
Inductive Reactance € 2 
Effective Value 


E.= 628 Volts 


E.M.F. Consumed in the 
Condensive Reactance €3 
Effective Value 


Es=628 Volts 


Impressed E.M.F, @ 
Effective Value 


E = 200 Volts 


Current 7 
Effective Value 


I= 20 Amperes 


Fic. 97. E.m_.f.’s and current in a resultant circuit. 


Tz == 2.6 Amperes 


y 
% : I [= 5.5 A 
I, I. 3 = 5.5 Amperes 

; L=0.1 He C= 10-4 Farads aan Gets 

E200 Volts _ E= 200 ¥e 

f= 60 Cycles Fig 40 Oums X=87.6 Ohms| Xe —24,6 Ohms T cet WRiapiets 

per Sec, 24°40! 

+ 


Fia. 98. 
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leading the impressed e.m.f. by an angle ¢, where 


and therefore 
go = 24° 42’, 

If the e.m.f. impressed on the circuit is maintained constant 
and the frequency is varied find the magnitude of the main cur- 
rent when it is in phase with the e.m.f. 

The current at any frequency is 


l=VIo4+ (=i? 


! 1 eae 
arf) fi 
atl; =) 


: Ey 2. mm (sa — 20) 5 


the angle of lag of the current behind the e.m.f. is 


4 1/X ape 1/Xe 
, vs: 4 


When the current is in phase with the e.m.f. 


I,—Ts_ 


@ = tan7! ta 


.h. 
@=0 and X = X, or 2afL ~ OafC’ 
the frequency is therefore 
: . = 50 cycles. 


I o5 VEG 2%314-/ ic 10 


The main current at a frequency of 50 cycles is 


[=h=A= q@ — 5 amperes; 


the current in the inductive reactance is 


E 200 
b= ¥ -ZXgiex oo KOOL OP 


the current in the condensive reactance is 


E - 200 
X = i = 6.36 amperes; 
2 X 3.14 X 50 X 10% 
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and the current in the lead between the first and second branches 
is zero. 

(3) If an alternating e.m.f. EZ of the wave shape shown in Fig. 
99 (a) is impressed on the terminals of the circuit AB find the 
currents in the various branches. 

The e.m.f. wave consists of a fundamental sine wave of effective 
value 100 volts at 50 cycles and a fifth harmonic of effective © 
value 10 volts. 


Impressed E,M.F, 
Fundamental A I ( 1 ) ( 2 ) ( 3) 
?: I I I,| XC= 10 Ohms at 
: Pe 2LX=10 Ohms at 60 Cycles 
Fifth Harmonic E <+R=10 at 50 Cycl 
S Ohms §X=500hms | Xc= 2 Ohms 
at 260 Cycles at 250 Cycles 
oS $ 
(a) B (b) 
Line Current gls 
Fundamental I; 
10 . ‘I=4.8 
Fifth Harmonic 0 Oe Oger A I, Gs 
Ba’ 10 Fifth Harmonic 
td Current and E.M,F, 
1, (d) 
: Fundamental Currents 
(¢) and E.M.F, 
Fia. 99. 


The resistance of branch (1) is 10 ohms; the reactance of 
branch (2) is 10 ohms at 50 cycles and 50 ohms at 250 cycles; 
the condensive reactance of branch (8) is 10 ohms at 50 cycles 
and 2 ohms at 250 cycles. 

The current J; in (1) consists of a fundamental of 4°° = 10 
amperes and a fifth harmonic of +8 = 1 ampere in phase with 
their respective e.m.f.’s. 

The wave shape of the current in the resistance is the same as 
that of the impressed e.m.f. 

The current J, in (2) consists of a fundamental of 4%° = 10 
amperes and a fifth harmonic of 48 = 0.2 ampere in usados 
behind ‘the e.m.f.’s producing them. The fifth harmonic is not 
nearly so prominent as in the resistance circuit and thus react- 
ance tends to smooth out irregular waves and make them more 
nearly approximate to sine waves. 

The current J; in (3) consists of a fundamental of 19,2 = 10 
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amperes and a fifth harmonic of 1 = 5 amperes in quadrature 
ahead of the e.m.f.’s producing them. The fifth harmonic is 
much more prominent in the capacity circuit than in either of 
the others and thus the capacity tends to exaggerate the harmonics 
in a peaked wave. 

~The main current J consists of a fundamental and a fifth har- 
monic. The fundamental is the resultant of the fundamental 
currents in the three branches and from Fig. 99 (d) is found to be 
10 amperes in phase with fundamental e.m.f. 

The fifth harmonic is the resultant of the fifth harmonic cur- 
rents in the three branches and from Fig. 99 (e) it is found to be 
4.8 amperes, leading the fifth harmonic e.m.f. by nearly a quarter 
of a cycle. The main current is shown in Fig. 99 (c). | 

(4) If the same e.m.f. is impressed on the terminals of the cir- 
cuit CD in Fig. 100 (a) determine the current flowing. The re- 


X = 2 Ohms at 60 Cycles Fifth Harmonic 
C R=10bm X= 10 Ohms at 250 Cycles Fundamental 


a ee ee 50 Ohms 
at 560 Cycles 
E 

| Xe—10 Ohms 
. at 260 Cycles 
TT 


D (a) 


(bd) 
Fria. 100. 
sistance of the circuit is 1 ohm, the reactance is 2 ohms at 50 


cycles and 10 ohms at 250 cycles and the condensive reactance is 
50 ohms at 50 cycles and 10 ohms at 250 cycles. 


The main current consists of a fundamental of ones 
V1-+ (50 — 2)? 
= = = 2.05 amperes leading the fundamental e.m.f. by nearly 


10 
V12+ (10 — 10)? 
The circuit is resonant for the fifth harmonic e.m.f. at 250 


cycles and so the fifth harmonic current is very much exagger- 
ated. The current is plotted in Fig. 100 (6). 


90 degrees and a fifth harmonic of = 10 amperes. 
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83. Circuit Constants. A continuous-current circuit has two 


constants, 
impressed e.m.f. 


current 


resistance R, r = 


current 
conductance G, g = : : 
impressed e.m.f. 


_ and the conductance is the reciprocal of the resistance or 


1 
G = Rp 
- Continuous-current circuits also have inductance and electro- 
static capacity, but these do not affect the flow of current except 
at the instant of opening or closing the circuit. 
An alternating-current circuit has six so-called constants, 

(1) resistance R, r, 

(2) reactance X, x, 

(3) impedance Z, z, 

(4) admittance Y, y, 

(5) conductance G, g, 

(6) susceptance B, b. 


(1) The resistance of a circuit consumes a component of e.m.f. 
in phase with the current and so consumes power. In circuits 
which are partially inclosed in iron an alternating magnetic flux 
is produced in the iron and a loss of power occurs due to hysteresis 
and eddy currents. These iron losses are sometimes included 
with the copper loss and charged against the resistance. This 
gives a value of resistance greater than the true ohmic resistance 
and is called the effective resistance of the circuit. Since the 
hysteresis and eddy current losses vary both with the frequency 
and the induction density in the iron, the effective resistance is 
not a constant quantity. 

The power component of the iapremsed e.m.f. or the component 
in phase with the current is 

E, = IR, 
and the resistance is 
B= E; _ power component of impressed e.m.f. 
me: current 


__ in-phase component of impressed e.m.f. 
current 


(178) 
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(2) The reactance of a circuit consumes a component of e.m.f. 


in quadrature with the current, leading in the case of circuits of 
large inductance and lagging in circuits of large electrostatic 
capacity, but it does not consume any power. 

The inductive reactance of a circuit is 


X = 2zfL ohms, 


where f is the frequency of the impressed e.m.f. and L is the in- 
ductance in henrys. Commercial circuits are operated at a fixed 
frequency and so\f is constant. 

The inductance of. a circuit in air or any non-magnetic material 
is constant but in an iron-clad circuit it varies with the current, 
decreasing as the current increases since the permeability of the 
iron decreases as the flux density in it increases. 

Since inductive reactance consumes a component of e.m.f. in 
quadrature ahead of the current it is taken as a positive reactance. 

The condensive reactance of a circuit is 

Xc= =—~ ohms, 
where C is the capacity of the circuit in farads. The capacity of 
a circuit does not vary with the current or e.m.f. and thus the 
condensive reactance is constant so long as the frequency is con- 
stant. 

Condensive reactance is taken as a negative reactance since it 
consumes a component of e.m.f. in quadrature behind the cur- 
rent. Thus when inductive reactance and condensive reactance 
are connected in series they oppose and the reactance of the 
circuit is 

X= Xz, — Xc= 27fL — 5 5c ohms, 

In series-parallel circuits the reactance is a complex function of 
the resistances and reactances of the various branches. 

The reactance of any circuit is 


wattless component of impressed e.m.f. 


xX = 
current 


_ quadrature component of impressed e.m.f, (179 
a current. pei 


| 
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(3) The impedance of a circuit includes both the resistance and 
the reactance; it is 


Z=VBLXi = impressed e.m.f. -. (180) 


current 


(4) The admittance of a circuit is 


current 
Bg a e.m.f.’ pica aie he, MBE) 


it is the reciprocal of the impedance and thus 


1 1 
—=—=—- = —_—_—_____——_ e 182 
¥ Z VR?+ X? 182) 
The admittance has two components, conductance and sus- 


ceptance. 
Fig. 101 shows a circuit of impedance Z = VR? + X? in 
which the current lags behind the impressed e.m.f. by an angle 


E EL. oe 
ey i o® 4) noe 
E Sing Ae AG 
x ia >I f 
K-Er=E Oos ¢*4 I 
Fie. 101. 


@. The current J can be resolved into two components in phase 
and in quadrature with the impressed e.m.f. H. The in-phase or 
power component of current is 


I, = Tcosg = Geos = EE = BG, hee EE RSY 
where 
R R 

C= Bye file 

is the conductance of the circuit. 

The quadrature or wattless component of current is 
, E.. xX 

I, =Isind = Zsing = HF, = BB, as) te = (185) 

xX xX 


is the susceptance of the circuit. 
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The total current 


I = VI? + 12 = VE@ + EB? = E VG? + B, 


but, by equation 181, J = EY, and therefore 
Y= VGH Be. 
(5) The conductance of a circuit is, from equation 184, 


(ies power component of current 
impressed e.m.f 


(6) The susceptance of a circuit is, from equation 185, 


is wattless component of current 


impressed e.m.f. 


(187) 


(188) 


(189) 


In the solution of series circuits it is not necessary to employ 
the terms admittance, ‘conductance and susceptance but the 
solution of series-parallel circuits is very much simplified by their 


use. 


84. Example. In the circuit in Fig. 102 determine the main 
current and the currents in the two branches in magnitude and 


phase relation with the impressed e.m.f. 


Sth O EF 


IisRi ISR, Te 


Xi zi I, 


Fia. 102. 


(1) Using the constants R and X: 


E Xi 
1 I = ————————— 9 t = a 5 
( ) ; VR2+ Xi? ia. 
(2) i= ee Xa. 


? tan =) 49 
V fe? + X2? ° Ke 


from the vector diagram 


(3) l= V1y? + I,? + 2 IIe cos ¢ 
and 
(4) rebagige I, sin ¢; + I sin 2 


I; COS dy + Ts sin dg 
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Substituting values obtained from (1) and (2) in the equations 
(3) and (4) the magnitude and phase relation of J can be obtained. 
(II) Using the constants G and B: 


(1) I, =EvG/? + B,?, tan ¢; = a 
1 
(2) IL=E V G2? + B,?, tan do = 72. 
2 


From the vector diagram 


I =EV (Gi + G2)? + (Bi + B)? 


By + Bo 
Gy + Ge 


and tan ¢ = 


85. Rectangular Codrdinates. The simplest method of deal- 
ing with alternating-current phenomena is to express the e.m.f.’s, 
currents, etc., as the sum of two components, one along a chosen 
axis and the other perpendicular to it. 

In Fig. 103 which represents the e.m.f. and current in a circuit 


of impedance z = V r? + 2? the axis is chosen in the direction of 


Wes 
E 0 41=1Cos $=Eg ~£ 
e1 ? 
E ex” leg Sin $=Tx iI Sin ¢ 
=Eb 
¢ O aie dn geir 
Fig. 103. 


the current and the e.m.f. is resolved into two components, e¢; in 
phase with the current and e2 in quadrature ahead of the current. 
The absolute value of the e.m-f. is 


and it leads the current which was chosen as axis by an angle ¢, 


€2 


where tan ¢ = 
€1 


Thus when the e.m-f. is expressed as the sum of two components 
at right angles both its magnitude and its phase are known. 


136 ELECTRICAL ENGINEERING 


To distinguish between horizontal and vertical components 
the prefix 7 = V—1 is added to all vertical components and 
the expression for the e.m.f. above is 

E = + jen. 3). 6 3 ee eee 


The dot is placed under the E to show that it is expressed in rec- 
tangular codrdinates and serves to distinguish it from its absolute 
value. 


Since e: = Ecos¢ = /r and e = Esing = Iz, 
E = Ecos¢+jE sing 
=Ir+ jx 


T(r fe 92) 5 ai ee le. ee ee 
and therefore the impedance in rectangular coérdinates is 
gf oe, ys in) aw ee eee 


In Fig. 103 the e.m.f. is chosen as axis and the current is behind 
it in phase by an angle ¢ and has two components 2; in phase with 
the e.m.f. and 7 in quadrature behind it. 

The current may be written 

Toms ty — Flaps 0 oe wd Ha 
and this equation indicates that the current has a value 

l= Vit +e 
and that it is behind the chosen axis (in this case the e.m.f.) in 
phase by an angle ¢, where 


tan @ = =“. 
YU 


Since 7; =I cos¢ = Eg and % = I sing = Eb, where y= 
Vg? +b? is the admittance of the circuit, equation 193 may 
be written 

I =Icos¢ —jl sing 
= Hg — jb 
= E'(g — j0),;- 3 Sl. oe eee 
and therefore the admittance in rectangular coérdinates is 
y = 9 9b. 
Admittance and impedance are not alternating quantities and 


their components are independent of the axis of reference but 
they can be represented in rectangular coérdinates as shown. 
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A current multiplied by an impedance gives an e.m.f. displaced 
from it in phase by an angle whose tangent is the ratio of the re- 
actance to the resistance. 

A current divided by an admittance gives an e.m.f. displaced 
in phase by an angle whose tangent is the ratio of the susceptance 
to the conductance. 

Similarly an e.m.f. divided by an impedance or multiplied by 
an admittance gives a current. 

By definition a vector multiplied by j is turned through 90 
degrees in the counter-clockwise direction; when multiplied by 
7? it is turned through 180 degrees and its sign is reversed. 


Therefore vf=-1 
and : Fe ea ae EOD 


Taking this value for 7 alternating quantities expressed in rect- 
angular codrdinates referred to a given axis can be added, sub- 
tracted, multiplied and divided and the results obtained are 
expressed in rectangular codrdinates referred to the same axis. 


I= 14572 


SN 3 
E=€\+je2 


wee 


p= fs 


(1 


Fie. 104. Power in rectangular codérdinates. 


It is not necessary to choose either the current in a circuit or 
the e.m.f. as axis and any other line may be taken as shown in 
Fig. 104, but the e.m.f must now be expressed as the sum of two 
components along and perpendicular to the new axis, 


E a | + Je2; 
and similarly the current is 
[=%4+ Jr. 
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The e.m.f. has an absolute value 
E =Ve? + e? 
and is ahead of the axis by an angle 
e 
gi = tant = cos! 7 
The current has an absolute value 
1=VIiFte 
and is ahead of the axis by an angle 
a 
2 = tan = = a 
The e.m.f. leads the current by an angle 
p = gi — $2. 
The impedance of the circuit in rectangular coérdinates is 
. gute tt ee 
" fat jn atjn t-—jmr 
=. €xt1 + Cote . Coty — exte 
ty? + %? ry? + %? 
=r-+ je, 


where the resistance of the circuit is 
25 €121 -}- €sl2 ie erty + Cote 
ty? +.%” rh 
and the reactance of the circuit is 
2 oly — erle €xt1 — exta 
Pre &P 
The admittance of the circuit is 
_f_utjn _utjey a—jer 
e HB atje atje  a—jer 
zs eli + Cote By €xt1 — Erte 
ettee 7 ette? 
= g — jb; 


the conductance is 
Ss ext, + Cre = ext: + erie 


oe? ee i? 
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and the susceptance is 
Zi 914 _ Erle eo Cnty Se exl2 
ex” + e2” i? 
The power factor of the circuit is 
cos d = cos (di — ¢2) 
= COS ¢1 COS dz + Sin G1 SIN de 
as Qt + Cola 


ee 


The power consumed in the circuit is 
P= EI cos¢ — 
~ ey, Ente 
= HI ro ems 
= Cyl1 a eole, Cee ee te be ee (196) 


and is the sum of the products of the components of the e.m.f. 
and current which are in phase. The products of the components 
of the e.m.f. and current which are in quadrature, namely, eyi2 
and é%;, do not represent power consumed. 
The power may also be represented as 

P = [*r = C11 oe C212, 
or 

P = Eg = E124 + 209. bil es ale eel a (197) 


Fic. 105. 


86. Examples in Rectangular Coordinates. (1) Find the cur- 
rent in the circuit in Fig. 105 in terms of the impressed e.m.f. and 
the constants of the circuit. 


By = 1 (r+ ja). - 


Ey = I (ro + jae). 
B=h,+ EB, =1 f(r +172) +7 (11 + 22)}. 
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The impedance of the circuit is 
Z= (rite) +7 (1 +m) 
and its absolute value is 
Z = V (ri + 12)? + (a1 + a), 
and the absolute value of the current is 


ee és : 
ZV (+ 12)? + (Gs + 2)? 


the power factor of the circuit is 


fr + Ye. 
Z 


cos ¢ = 


The vector diagram is drawn taking the current as the axis. 
(2) Solve the circuit in Fig. 106. 


= I 
ne Me" ae 
>E 
E Y= I-90, Y=9.—j 1 j 
vy re li 704 “tlh we 


I, 


Fig. 106. 


E 3 
fe eet joi) 


where © gi 


sa ss 2) = ES 
ry + ay? ‘igh ABE ry? + 2?’ 
E : 
I,= mae a = E (gz — jbs) 


the main current is 
L=1, +12 = E}{ (qi + ge) —j (hi + be)} 
and its absolute value is 
I= EV (gi + go)? + (b1 + be)* 
The admittance of the circuit is 
Y = (91 + gz) — Jj (br + be) 
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and its absolute value is 
Y = V (gi + go)? + (b1 + ba). 


The power factor of the circuit is 


gi + ge 
cos ¢ = — 
yikc tiles 
Is, 1 2 
. I; 
: ee ; 
$ AANA E = fe) Es j 
“e- L . 
SE amg | 
e San: 
Fic. 107. 


The vector diagram is drawn with the e.m.f. as axis. 
(3) Solve the circuit in Fig. 107. 


In = 7 = Ea (gn — js), 


as > ag, as — jbs), 
T= I,+ I3 = E2{ (ge + gs) — j (be + bs)}, 


and therefore 


I o- ; 
ea (g2 + gs) — j (bz + bs) ee 
where 
= g2 + gs us be + bs 
Gta + te * — Gt t+ 
Ey, = In 
and 


H=4,+8& =I (n+h+ 4X). 
The impedance of the circuit is 
Z=n+R+ 5X 
and its absolute value is 
Z=V(n+R)?+X2 
The absolute value of the current is 
E 


Z 
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The power factor of the circuit is 


nth. 
Z 


The vector diagram is drawn with E> as the axis. 

(4) If anemf. # = 14 +7 38 is impressed on a circuit and a 
current J = 6 +7 2 flows, find the impedance of the circuit. 

The impedance is 


cos ¢d = 


g 14 +538 

iy, Ege Oey ae 

ee Crk as ee 
~ 64+ 792 ~6-—j2 
_ 160+ 7200 | see 
= Say oa eae ae 


the resistance of the circuit is 4 ohms and the inductive reactance 
is 5 ohms. 

(5) In Fig. 108 a condensive reactance x, is connected across 
the terminals of a receiver circuit of variable impedance zg = r + 


Ti vy j I 
>-—H00000 
{ 
E, ——- : Zartia 
Ce=X | 


ao 


Fie. 108. Constant potential to constant current. 


jx. If an inductive reactance 2; = 2, is connected in the supply 
lines and a constant e.m.f. HE; is impressed on the terminals, show 
that the current in the receiver circuit is constant independent 
of the impedance and power factor. 


E = emf. at terminals of receiver, 


E ; F 
[= 2 = current in recelver, 


E ; ; 
I, = ——— = current in condensive reactance, 


I, = I+ I, = current in the line, 
E, = E+ jlia, = e.mf. impressed. 
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Substituting the values above 
Ey aie E + jar ( f+ I.) 


iS 3 
=E+in(2- 3) 
>. Py Fy) jai 
=E(1 Sa | 
EE ; 
= 7 5 ty since a = %, 
nae jin, 
or in absolute values ° 
FE, = Ia 
and I= oy; 
Zi 


Since E, is constant J is constant independent of the impedance 
and the power factor of the receiver circuit. This circuit there- 
fore transforms power from constant potential to constant cur- 
rent. 

87. Kirchoff’s Laws Applied to Alternating-current Circuits. 
Kirchoff’s two laws enunciated in Art. 60 apply directly to al- 
ternating-current circuits when dealing with instantaneous values 
of e.m.f.’s and currents; they also apply to the effective values of 
e.m.f.’s and currents when combined in their proper phase rela- 
tions. Thus the vector sum of all the e.mf.’s around a closed cir- 
cuit is zero if the e.m.f. consumed by resistance is considered as a 
counter e.m.f. in phase opposition to the current; and the vector 
sum of all currents at a distributing point is zero. 


CHAPTER IV 
DIRECT-CURRENT MACHINERY 


88. The Direct-current Dynamo. A direct-current dynamo 
consists of an electric circuit, connected to a commutator and 
tapped by brushes, revolving in a magnetic field which is produced 
by stationary electric circuits. 

Such a machine is illustrated in Fig. 109 and comprises the fol- 
lowing parts: 


Yoke 
Pole pieces Magnetic circuit 
Armature core 


Armature winding 


Crgninataor Revolving electric circuit. 


Brushes and brush holders. Collecting apparatus. 
Field winding. Stationary exciting circuit. 


Bills ON che one ket ag ag 


89. Yoke. The yoke serves mechanically as the frame of the 
machine and magnetically to carry the flux from pole to pole; it 
is usually made of cast iron but in machines where great weight 
is objectionable it is sometimes made of cast steel which has greater 
strength and permeability. - 

90. Pole Pieces. The pole pieces or pole cores are usually 
made of cast steel or sheet steel and are bolted to the yoke. For 
small machines the yoke and poles are sometimes cast in one piece. 
All solid poles must have laminated pole faces bolted to them in 
order to reduce the eddy current loss due to local variations of the 
magnetic density in the pole faces as the armature teeth move 
across them. 

The pole cores carry the field windings of the machine. Solid 
poles are made circular and so have the greatest section for a given 
perimeter and require the smallest length of field copper. Lam- 
inated poles must, however, be made rectangular. 

The section of the pole face is made much greater than that of 


the pole core in order to reduce the flux density in the air gap. 
144 


e 
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91. Armature Core. The armature core carries the rotating 
electric circuit in slots punched out on its periphery. It is built 
up of sheets of steel about 0.014 inch in thickness. Alternate 
sheets are coated with an insulating varnish to increase the re- 
sistance in the path of the induced eddy currents. Open spaces 
are left in the core, called vent ducts (v.v. Fig. 109), which allow 
air to circulate through the armature and carry off the heat gen- 
erated due to the iron and copper losses. The number of vent 
ducts required depends on the length of the armature. 

The armature punchings are carried on a spider s and are kept 
_ in place by heavy end plates which have projections on their outer 
edges to support the end connections of the armature coils. 

92. Armature Winding. The armature winding is the seat 
of the generated electromotive force. It must be tapped at cer- 
tain points by brushes, in order that the machine may supply 
power to an external receiver circuit. The winding consists of a 
number of coils of one or more turns, connected together to form 
a continuous winding; leads are run from their junctions to the 
commutator bars from which the current is collected by the 
brushes. The coils forming the winding must be so connected 
together that the e.m.f.’s generated in coils between brushes of 
opposite polarity will all act in the same direction. 

The earliest type of armature winding was the ring winding, 


Fic. 110. Bipolar ring winding. 


Figs. 110 and 111, but this has been replaced by the various forms 
of drum windings, a few of which are illustrated in Figs. 113 to 118. 

93. Ring Windings. In the bipolar ring winding, Fig. 110, 
all the conductors on each half of the armature are connected in 
series between the brushes. When the brushes are placed on the 
neutral line, that is, in such a position that the coil being com- 
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mutated is not generating any e.m.f., the e.m.f.’s generated in all 
conductors under one pole will act in the same direction and will 
combine to give the terminal e.m.f. of the generator. The e.m.f.’s 
generated under the other pole will be equal in magnitude but will 
act in the opposite direction. Thus, there is no e.m.f. tending to 
cause current to circulate through the winding at no load and 
there are two paths in multiple for the current flowing through 
the armature. 3 

The connection from one conductor to the next is run through 
inside the armature, where it cannot cut magnetic flux, and con- 
sequently one half of the winding is not effective in generating 
e.m.f. This extra wire increases the resistance of the armature 
and adds to the weight and cost of the machine. The ring wind- 
ing has the further disadvantage, that it is very difficult to replace — 
injured coils. On the other hand, the voltage between adjacent 
coils is so low that very little insulation is required between them. 
This type of winding is now obsolete. 

Fig. 111 shows a six-pole ring winding with 36 coils connected 
to a commutator with 36 bars. This winding must be tapped at 
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Fig. 111. Six-pole ring winding. 
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six equidistant points by brushes; there are six paths in parallel 
through the armature from positive to negative terminals and the 
voltage of the machine is that generated in one sixth of the winding. 

94. Drum Winding. In drum-wound machines the whole of 
_ the armature winding is carried in slots on the outside of the arma- 
ture core and both sides of any coil are effective in generating 
electromotive force. The single coils are of the shapes shown in 
Fig. 112 and may consist of one or more turns. 

The conductors forming the two sides of a coil must be situated 
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in fields of opposite polarity in order that the electromotive forces 
generated in them may act in the same direction. One side of 
a coil is placed in the top of a slot and the other side in the bottom 
of a slot in a similar position under the next pole. 

According to the way in which the end connections are brought 
out to the commutator bars and the coils are connected together, 
drum windings are divided into two classes, multiple or lap wind- 
ings, as illustrated by coils a and 6 in Fig. 112 and the windings in» 
Figs. 113 to 115, and series or two-circuit windings, as illustrated 
by the coils c and d in Fig. 112 and the windings in Figs. 116 and 
117. 


Coil Pite 


(c) fee (d) = 


Fig. 112. Armature coils. 


95. Multiple-drum Windings. In the multiple winding the 
two terminals of a coil are connected to adjacent commutator bars. 
Fig. 113 represents a multiple winding for a six-pole machine with 
72 conductors and 36 slots. The sides of a coil are placed in slots 
1 and 7 and the terminals are connected to bars 1 and 2. The 
same winding is shown in Fig. 114 and the directions of the cur- 
rents are shown by arrowheads. The brushes are placed on the 
no-load neutral points and therefore directly under the centres of 
the poles and as many sets of brushes are required as there are 
poles. 

Tracing through the winding from a positive to a negative brush 
only one sixth of the conductors are taken and there are therefore 
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six paths in multiple through the armature winding from the posi- 
tive to the negative terminal of the machine and each conductor 
carries only one sixth of the current passing through the armature. 


Generator 


~<__Motor Equalizer Rings 
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Fics. 113 and 114. Six-pole multiple drum winding. 


The number of paths is equal to the number of poles as in the ring 
winding. 

Generally in multiple windings the coil pitch is almost equal to 
the pole pitch and the windings are called full-pitch windings. 
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When the coil pitch is less by one or more teeth than the pole pitch 
the winding is called a fractional pitch or short-chord winding. 


Generator 
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Fig. 115. Six-pole multiple-drum winding. Fractional pitch. 


Fig. 115 shows a fractional pitch, multiple-drum winding. Frac- 
tional-pitch windings have shorter end connections than full-pitch 
windings and have a smaller inductive e.m.f. generated during 
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commutation since the two coils in one slot are not commutated 
at the same time and thus the inductive flux is that due to half 
the ampere turns acting in the case of a full-pitch winding. 

96. Equalizer Rings. In multiple-wound machines, if there 
is any irregularity in spacing the brushes or if the air gaps under 
all the poles are not of the same depth, the e.m.f.’s generated in the 
different sections of the winding will not be equal and the un- 
balanced e.m.f. will tend to cause current to circulate through the 
windings even when the machine is not carrying any load. To 
reduce the circulating currents similar points under the different 
pairs of poles which should normally be at the same potential are 
joined together by heavy copper connections called equalizer 
rings (Fig. 114) and these prevent the current from circulating 
through the windings. 

97. Series-drum Windings. In the series winding the ter- 
minals of a coil are connected to two commutator bars approxi- 
mately twice the pole pitch ‘apart. Fig. 116 represents a series or 
two-circuit winding for a six-pole machine with 44 conductors and 
- 22 slots. One side of a coil is placed in the top of slot 1 and the 
other side in the bottom of slot 5 and the terminals of the coil are 
connected to commutator bars 1 and 8. 

Tracing out the winding from the positive brush B, to the neg- 
ative brush By: one half of the armature conductors are taken in. 
There are therefore but two circuits in multiple between terminals 
independent of the number of poles and the winding is called a 
two-circuit or series winding. 

Only two sets of brushes are required to collect the current but 
when the current is large it is usual to employ other sets of brushes 
as shown at B;, By, B; and Bs and‘as many sets of brushes as there 
are poles may be used. 

Series windings are used in small high-voltage machines or where 
it is desirable to use only two sets of brushes, as in small railway 
motors; but in large multipolar machines with many sets of 
brushes the current does not divide equally between brushes of 
the same polarity and commutation is unsatisfactory. 

The number of coils in a series winding must be one more or one 
less than a multiple of the number of pairs of poles, or 


N=C5+1, 
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Fig. 116. Six-pole series drum winding, retrogressive. 


where N = number of armature coils, 

p/2 = numbers of pairs of poles, 
and C = a constant whole number. 
Each coil may have any number of turns. 
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Fig. 117. Six-pole series-drum winding, progressive. 


If 
NCS 1, . See... (198) 
the winding starting from bar 1 goes once around the armature and 


is connected to bar 2. It is therefore called a progressive winding. 
(Fig. 117.) 
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Fig. 118. Six-pole multiple-drum winding, duplex, doubly reéntrant. 


If 


(199) 


the winding starting from bar 1 and going once around the armature 


is connected to the bar before 1 and it is called a retrogressive 


winding. 


(Fig. 116.) 
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98. Double Windings. If space is left between adjacent 
coils of a multiple winding, a second winding may be placed on 
the same core. The second winding may be entirely separate 
from the first, that is, each of the two windings closed upon itself; 
or after passing through the first winding the circuit enters the 
second and after passing through the second reénters the first. 
In the first case the winding is duplex doubly reéntrant and in the 
second case duplex singly reéntrant. Duplex multiple windings 
have twice as many circuits in multiple between terminals as there 
are poles. Such windings are suitable for large low-voltage ma- 
chines used in electrolytic work. The brushes must be wide 
enough to collect current from both sections of the winding at the 
same time. Fig. 118 shows a duplex doubly reéntrant winding 
for a six-pole machine with 72 conductors and 36 slots. 

Similarly the series winding may be made double by placing a 
second winding in alternate slots and connecting it to alternate 
commutator bars. The second winding is in multiple with the 
first and there are four paths in multiple between terminals. 

99. Commutator. The commutator is one of the most im- 
portant parts of a direct-current machine. It consists of a number 


Commutator 
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Fig. 119. Commutator. 


of bars of hard-drawn copper, insulated from one another by thin 
sheets of mica or other insulating material, and built up into the 
form of a cylinder. (Fig. 119.) The bars are held together by a 
cast-iron spider from which they are insulated by micanite “ V” 
rings. The terminals of the coils forming the armature winding are | 
connected to the bars either directly by soldering them into slots in 
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the bars or by means of vertical connectors called commutator 
risers. In order that the brushes, which collect the current from 
the commutator, may run smoothly without vibrating or chat- 
tering the commutator surface must be perfectly round and 
smooth. 

The function of the commutator is illustrated in Fig. 120. The 
current from the machine is J amperes and the current in each 


conductor is I, = S amperes. During the time taken for the brush 


to move across the insulation between bars 2 and 3 the current 
in coil ¢ must change from J, in one direction to J, in the opposite 
b ad 
1s j 2 
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Fie. 120. Commutation. 


e 


direction. This reversal of the current is called commutation and to 
be satisfactory it must be effected without sparking. The brushes 
are shown placed on the neutral line and the coils short circuited 
are not cutting any flux and therefore have no e.m.f. generated in 
them due to rotation. If the short-circuited coil had no induct- 
ance the current would reverse completely due to the contact re- 
sistance between the brush and the commutator. 

In (1) the current in coil ¢ is J,; in (2) it is zero since current J, 
from bar 1 goes through one half of the brush-contact area and 
current J. from bar 2 goes through the other half, and the drop of 
voltage on both sides is the same and therefore there is no voltage 
available to drive the current through the resistance of the coil. 
Between (1) and (2) the resistance from bar 1 to the brush is greater 
than the resistance from bar 2 to the brush and so part of the cur- 
rent from 2 flows through the coil c. Between (2) and (3) the 
resistance from bar 2 to-the brush is less than from bar 1 and part 
of the current from 1 flaws through coil c. In (3) the current in 
c is J, but in the opposite direction from that in (1) and commu- 
tation is complete. 
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The self-inductance Z of the coil opposes any change of current 
by generating a back e. mf. Le 
and the time of commutation short this back e.m.f. is large and 
the current will not be reversed when the brush breaks contact 
with bar 1 and sparking will occur. 

To counteract the effect of self-inductance the brushes in a gen- 
erator are moved ahead of the neutral in the direction of rotation 
and back in a motor. The short-circuited coil is then in a field 
which generates in it an e.m.f. due to rotation which opposes the 
back e.m.f. of .self-inductance, or, as it is usually called, ‘the re- 
actance voltage of the coil,” and assists commutation. The prob- 
lem of commutation is discussed fully in Art. 110. ) 

100. Brushes and Brush Holders. The brushes collect the 
current from the moving commutator and from them it passes to 
the receiver circuit. 

Brushes were at first made of copper because it had a low re- 
sistance and large current-carrying capacity but commutation of 
large currents was not satisfactory. Carbon brushes were then 
introduced and commutation was greatly improved due to the 
action of the high-resistance contact film between the brush and 
commutator. A much better contact surface was also obtained 
and the wear on the commutator was reduced. But since carbon 
will only carry about 40 amperes per square inch while copper will 
carry 300 amperes per square inch a much larger brush area is 
required and a larger commutator. 

In order to maintain a good contact between the brush and 
commutator a spring is used exerting on the brush a pressure of 
about 25 pounds per square inch of contact area. 

The brush holders are made of brass and carry part of the cur- 
rent but leads are connected directly from the brushes to the main 
leads of the machine to prevent any drop of voltage which might 
occur due to poor contact between brushes and holders. 

101. Field Windings. The field winding is a stationary 
electric circuit consisting of one or more coils of wire placed on 
each of the field poles. They are supplied with current and pro- 
vide the magnetomotive force necessary to drive the magnetic 
flux through the machine. The method used in calculating the’ 
number of ampere turns required to produce the flux in a machine 
is worked out in Art. 107. 


volts; when the current is large 
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According to the manner of exciting the magnet fields, direct- 
current machines are divided into magneto machines in which the 
flux is produced by permanent magnets; separately excited ma- 
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Fig. 121. Shunt or self Fig. 122. Separate excitation. 
excitation. 
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chines (Fig. 121) in which the flux is produced by a winding sup- 


plied with current from some source outside the machine; shunt ° 


machines in which the field winding is connected across the arma- 
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Fig. 123. Series excitation. Fie. 124. Compound excitation. 


ture terminals and receives a small current at the full-machine 
voltage (Fig. 122); series machines in which the field winding is 
connected in series with the armature and carries the full arma- 


Way 
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ture current (Fig. 123); and compound machines in which the 
field has both a shunt and a series winding (Fig. 124). 

‘ According to the number of poles machines are divided into 
bipolar and multipolar machines but the bipolar type is only 
adapted for small sizes. 

102. Direction of Rotation of Generators and Motors. Fig. 

125 represents either a generator or motor. The directions of the 
currents in the armature are shown by the dots and crosses and 
the directions of rotation by arrows. 


Generator 
~~ 


Fig. 125. Direction of rotation. 


With currents as shown, the direction of rotation of a generator 
is counter-clockwise and of a motor is clockwise. 

The direction of the e.m.f. of a generator is the direction of the 
current but the generated e.m.f. in a motor is opposed to the 
current. 

These results are obtained by sa the fields produced by 
the armature currents. 

Take for example the conductor A. Its field combines with 
the main field and produces a: strong field below the conductor 
and a weak field above it. There is therefore a force f acting on 
the conductor tending to move it up. This is the force that must 
be overcome by the engine driving the generator in order to de- 
velop electric power and therefore the rotation of a generator is 
against this force and is counter-clockwise. 

In the case of the motor, the force f on the conductor is the me- 
chanical force developed and the rotation is in the direction of this 
force and is clockwise. 

To reverse the direction of rotation of a motor it is necessary to 
reverse either the armature current or the field current but not 


both. 
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103. Generation of Electromotive Force. The electromotive 
force generated in the armature of a direct-current generator or 
motor is 


ae Ln © 10-8 volts, 
1 


where Z = number of conductors on the armature, 
= speed of armature in r.p.s., 
® = flux crossing the air gap from one pole, 
p = number of poles, 
and p; = number of paths in multiple between terminals. 


In one second each conductor cuts np lines of force and thus 
the average e.m.f. generated in each of the Z conductors is 


e = n&p 10° volts. 


Between the terminals there are = conductors connected in series 
1 


and therefore the e.m.f. between terminals is 
oe Zn © 10-8 volts. . . . . « (200) 
1 


This is the electromotive force equation of a direct-current gener- 
ator. In a motor it is called a back electromotive force since it 
opposes the impressed e.m.f. and therefore the current in the 
motor armature. 

This equation may be written 


6=Krt, be.) eee 
1 


where K=2Z 7 10- is a constant of the machine. 


The electromotive force is therefore directly proportional to the 
speed and to the flux crossing the air gap. 
104. Effect of Moving the Brushes. The equation 


& = Zne2 102 
Pi 


only holds if the brushes are on the no-load neutral points. 
When the brushes are moved ahead of the neutral points or 


. 
Ken 
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behind them the e.m.f. between terminals is decreased. This 
may be seen by reference to Fig. 126. With the brushes on 
the neutral points the e.m.f.’s generated in all the conductors 
in series between terminals act in the same direction and com- 
bine to give the maximum e.m.f. When the brushes are moved 
ahead the e.m.f. between terminals is only that generated in 
conductors a—b or d—c since the resultant of the e:m.f.’s generated 
in conductors a—d and b-c is zero. Thus advancing the brushes 
corresponds to a decrease in the number of armature conductors. 


Maximum Voltage 
Generator Generator 
—— Os ee: 


otor 
Minimum Speed 


(a) 
Fie. 126. Effect of moving the brushes. 


105. Saturation Curve. The flux ® crossing the air gap can 
be varied by varying the current in the field winding. This is 
accomplished by connecting a field rheostat in series with the field 
winding. When the resistance is increased the current decreases 
and the flux decreases as shown in Fig. 127, which is the saturation 
curve of a machine plotted with flux per pole on a base of field 
current. 

At first the flux increases almost directly as the current, while 
the iron parts of the circuit are unsaturated, but as the flux den- 
sity increases the magnetic circuit becomes saturated and a greater 
increase of current is required to produce a given increase of flux 
than on the lower part of the curve. 

Since the e.m.f. generated varies directly with the flux, by mul- 
tiplying the ordinates of the curve (1) in Fig. 127 by the constant 
Kn, curve (2) is obtained of the same shape as before giving the 
generated e.m.f. or terminal e.m.f. at no load on a base of field 
current. 
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This curve is the no-load saturation curve or magnetization 
curve of the machine. 

Shunt-excited machines are operated at a point slightly above 
the knee of the saturation curve to secure stability, that is, in 
order to prevent large changes of e.m.f. being caused by slight 
changes of field current. 
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Fig. 127. No-load saturation curve. 


106. Magnetic Leakage. Since there is no material through 
which magnetic flux cannot pass, it is not possible to confine all 
the flux produced in a generator to the magnetic circuit. In prac- 
tice the main circuit is made of so low a reluctance that only a 
small portion of the flux leaves it. 

Fig. 128 shows the leakage flux about the magnetic circuit of a 
bipolar generator and Fig. 129 shows it in the case of a multipolar 
generator. 

The principal part of the leakage occurs between the pole tips 
because the m.m.f. consumed between these points is from 60 to 
80 per cent of the total m.m.f.; it includes the m.m.f. required to 
drive the flux across the two gaps and through the teeth and 
armature core. Asa result the flux passing through the field poles 
is greater than the flux crossing the gap into the armature by an 
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amount depending both on the mechanical construction of the 
machine and on the load. 

The dispersion coefficient or leakage factor is the ratio of the 
flux through the field poles to the flux crossing the gap into the 
armature, that is, the ratio of the total flux to the useful flux; thus 
the leakage factor is 3 

pas ¢ pole 
d gap 


vy varies from about 1.1 to 1.5 depending on the construction of 
the machine but usually has a value of from 1.15 to 1.2 at no load. 


hoa 


Fies. 128 and 129. Leakage flux. 


Under load the armature also exerts a m.m.f. which in part is 
demagnetizing and opposes the field m.m.f. and in part is cross 
magnetizing and increases the reluctance of the magnetic circuit. 
(See Art. 109.) Thus under load a greater proportion of the total 
m.m.f. of the field is required for the air gaps, teeth and armature 
than at no load and therefore the leakage flux is increased and at 
the same time the main flux is decreased. The leakage factor is 
therefore greater under load than at no load. 

107. Determination of the No-load Saturation Curve of a 
Dynamo. Fig. 130 shows the dimensions of the magnetic cir- 
cuit of a 6-pole, 150-kilowatt, 150-volt, 280 r.p.m. generator. The 
armature winding has 512 conductors and is multiple wound. 

The voltage generated in the armature between brushes is 


é= Ln 10-8 volts, 
1 
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where’ 7 is the speed in r.p.s. = 35°, 
Z is the number of armature conductors = 512, 
®, is the flux crossing the air gap, 
p is the number of poles = 6, 
pi is the number of paths in parallel through the arma- 
ture winding = 6, 
and & is the terminal voltage at no load; 


therefore, 
& = 512 X 48° X $ 10% 4, 


or 
b, = 42,000 &. 


Fia. 130. Magnetic circuit of a dynamo. 


To produce the rated voltage, 150 volts, a flux is required in the 
air gap of 42,000 < 150 = 6,300,000 lines. 

The leakage factor of this machine would be about 1.2, so that 
the flux required in the poles is 


®, = 1.26,= 1.2 X 6,300,000 = 7,560,000 lines. 


The following table (Fig. 131) gives the values &, and ®, for 
values of terminal voltage from 0 to 175 volts, assuming that the 
leakage factor is constant. 

The next step is to determine the lengths and sections of the 
various parts of the magnetic circuit and the ampere turns re- 
quired per pair of poles to drive the flux through them. 

The yoke is made of cast iron and has a section of 80 sq. ins.; the 
length of the magnetic path through it is taken as the estimated 
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length of the mean flux line through it and can best be obtained 
from the drawing; it is in this machine 30 ins. 


Voltage Flux in Pty pole, Flux wigs gap, 
0 : 0 0 
25 1,260,000 1,050,000 
50 2,520,000 2,100,000 
75 3,780,000 3,150,000 
100 5,040,000 4,200,000 
125 6,300,000 5,250,000 
150 7,560,000 6,300,000 
175 8,820,000 7,350,000 


The flux passing through the yoke is one half_of that in the pole 
and for a terminal voltage of 150 volts, it is 


the flux density in the yoke is 


, _ 3,780,000 


vs A, 80 


= 47,250 lines per square inch. 
From the permeability curve for cast iron (Fig. 59) it is found 
that 100 ampere turns are required to drive this flux density 
through one inch length of the yoke, therefore the number of am- 
pere turns required per pair of poles for the yoke is 30 X 100 = 
3000. | ; : 
The field poles are made of sheet steel and are of rectangular 
section, 11 ins. wide by 7.75 ins. deep along the shaft; the section is 
11 X 7.75 = 85.25 square inches; the length of the path through 
one pole is 9.3 ins. and per pair of poles is 18.6 ins. 
ot ae . 7,560,000 
The flux density in the pole for 150 volts is “8595 
lines per square inch; from the curve for sheet steel (Fig. 59) it is 
found that 28 ampere turns per inch are required and 18.6 X 28 
= 520 ampere turns per pair of poles. 

The increased section of the pole face is neglected. 

The air gap is the most important section in the magnetic cir- 
cuit because the largest part of the field magnetomotive force is 


= 88,800 
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consumed in driving the flux across it, and its section and length 
must be calculated very carefully. 

The section of the air gap can be taken as the area of the pole 
face; from the drawing it is found to be 100 sq. ins. 

If the length of the air gap is taken as the radial length from 
pole face to armature a large error will result because the average 
length of the lines crossing the gap from pole to armature is greater 
than the radial length as seen in Fig. 132. 


Pole 


\ WU WL (MUL LZ X 


Armature 
Fic. 132. Flux in the air gap. 


The radial length must be multiplied by a constant greater than 
unity in order to give the correct length. Carter has derived 
values for this constant depending on the ratios of tooth width 
to slot width and slot width to gap length. For machines of or- 
dinary design the constant ranges from 1.1 to 1.2 and a value of 
1.17 has been taken in the present case. Therefore the corrected 
length of the air gap is 0.188 X 1.17 = 0.2014 in. under each pole 
and for a pair of poles is 0.4028 in. 

The flux crossing the gap corresponding to 150 volts is 6,300,000 
lines and the flux density is se = 63,000 lines per square inch. 

The number of ampere turns required to drive a flux density 
of B lines per square inch through a length of one inch in air is 
found as follows: 

If 93 = lines per square centimeter, / cm. = the length of the 
path and nI = the ampere turns required, then 


3 0.4 sla Py 
but  gingehcckb l= 1in. = 2.54 cm. and p = 1; 
(2.54)? , 
therefore, 
B_ O0Annl 
(2.54)? 2.54 


\ 


\ 


\ 
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and the number of ampere turns required is 


= GepiX BNE as O.3188 B: '. < (202) 


ei 0.4 xX 3.14 


Thus the ampere turns required per pair of poles for a density of 
63,000 lines per square inch for the two air gaps is 0.4028 X 0.3133 
x 63,000 = 7968. 

The teeth form the next section; they are projections of the 
armature core and are made of sheet steel. 

The length of the path through the teeth per pair of poles is 
twice the depth of a slot = 2 X 1.75 = 3.5 ins. 

The section of the path through the teeth is taken as the mean 
iron section of one tooth multiplied by the number of teeth under 
one pole; the mean width of a tooth is 0.62 :in.; the over-all length 
of the armature core is 8 ins. but from this must be subtracted 3 
vent spaces 7°, in. in width and an allowance of 10 per cent must 
be made as a stacking factor, since the armature is built up of thin 
sheets insulated with varnish; thus, the length of iron in the tooth 
is (8 — 3 X +) X 0.9; the number of teeth under one pole 
allowing for fringing is 11; therefore the iron section of the path 
through the teeth is 


11 X 0.62 x (8 —3 X 7) X 0.9 = 43.4 sq. ins. 


The flux passing through the teeth is the same as that through 
the air gap = 6,300,000 lines, and the flux density in the teeth is 


a = 145,200 lines per square inch; this requires 1500 am- 


pere turns per inch length and a total of 1500 X 3.5 = 5250 ampere 
turns per pair of poles. | 

If the flux density in the teeth is above 100,000 lines per square 
inch it is necessary.to take account of the fact that the path through 
the teeth is paralleled by an air path consisting of the slots, the 
vent ducts and the insulation between punchings; this path has 
usually a larger section than the path through the teeth and 
consequently at high densities, where the permeability of the 
iron is low, a considerable amount of the flux will follow this 
path. | 

In this case the area of the parallel air path is 58 sq. ins. and 
from Fig. 59 the permeability of the iron for a flux density of 
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145,200 lines per square inch is found to be 30; the permeance of 
the path through the teeth is 
| _ Ayn _ 43.4 X (2.54)? X 30 _ 


a gS 3.5 & 2.54 = ORs; 


and the permeance of the air path is 


Ay 58°X (2.54)? 
eins Nas Sas PAN ne 


the flux of 6)800,000 crossing the gap divides between the two 
paths in proportion to their permeances, and therefore the actual 
flux passing through the teeth is 


as 942 _ 6 040,000; 


6,300,000 4 2, = 6,300,000 942 + 42 
and the corrected density in the teeth is eT = 139,300; 


the number of ampere turns per inch corresponding to this is 1200 
and the number per pair of poles is 1200 X 3.5 = 4200. The 
error introduced in this case by considering that the teeth carried 
the whole flux would be 5250 — 4200 = 1050 ampere turns which 
is an error of 25 per cent. 

The last section is the armature core below the slots; its section 
is the product of the net length of iron in the armature by the 
depth of iron below the slots; it is (8 — 3 X 7%) X 0.9 X 5 = 31.5 
sq. ins.; the length of the path through the armature is estimated 
from the drawing to be 12.3 ins. 

The flux carried by the armature section is © 

©, 6,300,000 


> 5} = 3,150,000 lines, 


and the flux density is 


3,150,000 


a5 100,000 lines per square inch. 


The number of ampere turns per inch required is 75 and the num- 
ber per pair of poles is 12.3 & 75 = 860. 

The results of the calculations above are tabulated in Fig. 133; 
the total number of ampere turns required per pair of poles to pro- 
duce a flux across the air gap of 6,300,000 lines and a voltage of 
150 volts is 16,548. 
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Mag- Flux Ampere 
Part of Material netic |Section, Flux density, Ampere turns | turns 
machine - length, | sq. in. lines per per inch per pair 
inches sq. in. of poles 
Yoke.......} Cast iron...| 30.0 80.0 3.78106 47,250 100 3000 
Poles (2)...| Sheet steel.| 18.6 85.25 | 7.56106 88,800 28 520 
Gaps (2).ccs) Alri. sce 0.403 | 100.0 6.30108 63,000 63,000 x 0.3133 7968 
Teeth (2)...| Sheet steel..| 3.5 43.4 6.04105 139,300 1200 4200 
Armature..| Sheet steel..| 12.3 31.5 3.15106 100,000 75 860 


Total ampere turns per pair of poles = 16,548, 
Fia. 133. 


Similar calculations have been made for voltages from 25 to 175 
volts and the results are tabulated in Fig. 134. 

The curve in Fig. 135 is plotted with the voltages as ordinates 
and the ampere turns per pair of poles as abscisse; it is the sat- 
uration or magnetization curve of the machine when running 
without load. 


Ampere Ampere Ampere Ampere Ampere Ampere 

Volts turns for turns for turns for turns for turns for turns per pair 
yoke poles air gaps teeth armature of poles 
25 90. [2 higa 1328 7 18 1,466 
50 210 52 2656 18 37 2,973 
75 450 84 3984 42 67 4,627 
100 990 139 5312 185 123 6,749 
125 2100 260 6640 1275 258 10,483 
150 3000 520 7968 4200 860 16,548 
175 5400 2046 9296 7430 2760 26,932 

Fig. 134. 


108. Building up of E. M. F. in a Self-excited Generator. In 
a self-excited generator at rest there is no flux crossing the gap 
except the residual magnetism. When the armature is rotated 
only a small e.m.f. is generated in it and a very small current is 
produced in the field winding. If the magnetomotive force of 
this current is in the direction of the residual magnetism, it will 
increase the flux and the e.m-f. will increase and gradually build 
up to its full value. 

If, however, the current opposes the residual magnetism, it will 
cause it to decrease and the e.m.f. will not build up until the field 
winding is reversed. 
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If there is no residual magnetism, the e.m.f. cannot build up 
until power is supplied to the winding from some outside source to 
start the flux. 
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Fic. 135. No-load saturation curve. 


109. Distribution of Magnetic Flux. Fig. 136 shows approx- 
imately the distribution of flux in a two-pole machine with the 
fields excited but without current in the armature winding. Curve 
1 shows the m.m.f. acting at each point of the armature circum- 
ference; under the north pole it is positive and has a constant 
value; under the south pole it is negative but of the same mag- 
nitude; beyond the pole tips its value may be represented by the 
straight line which passes through zero midway between the poles. 
The m.m.f. is expressed in ampere turns and is denoted by M;. 

The flux density produced by this m.m.f. is at every point di- 
rectly proportional to tre m.m.f. and is inversely proportional to 
the reluctance of the pat. It is of constant value over the pole 
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face if the air gap is uniform but falls off rapidly beyond the pole 
tips due to the increased reluctance of the air path and to the 
decrease in the m.m/f. acting. Midway between the poles it is 
zero. It is represented by B and its values are plotted in curve 
2. The total flux entering the armature is represented by the 
area under curve 2 and this is the value of & which appears in the 
e.m.f. equation. 
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(a) 
Fig. 136. Distribution of flux and m.m.f. at no load. 


When, however, the armature is carrying current it exerts a 
magnetomotive force, called armature reaction, which combines 
with the magnetomotive force of the field winding and changes 
both the distribution and the total value of the flux entering the 
armature. 

Fig. 137 (a) shows the distribution of flux produced by the 
armature m.m.f. acting alone, and the values of the m.m.f. of the 
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Fic. 137. Armature m.m.f. and flux. 


armature at all points around the circumference are plotted in 
curve 1, Fig. 1387 (6). The brushes are placed on the no-load 
neutral points, The armature m.m.f. M, is a maximum in line 
with the brushes and falls off as a linear function to zero under 
the centre of the poles. The distribution of the flux produced by 
the armature m.m.f. is shown in curve 2, Fig. 137 (0). 

Fig. 138 (a) represents the conditions when the m.m.f.’s of field 
and armature are acting together and with the brushes still on the 
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no-load neutral points. Curve 1, Fig. 138 (6), shows the resultant 
m.m.f. acting at each point. Its ordinates are represented by M 
and they are the sum of the corresponding ordinates M; and M.,. 

The m.m.f. across the pole face is no longer constant but is de- 
creased over one half and increased over the other half by the 
same amount. The flux density B (curve 2) at each point is still 
proportional to the m.m.f. and inversely proportional to the 


(db) 


Fic. 138. Distribution of flux and m.m.f. under load, with the brushes on 
the no-load neutral points. 


reluctance of the path, but, since part of the path is made up of 
a magnetic maserial, due to the effect of saturation, the increase 
of flux in one half of the pole is less than the decrease in the other 
half and consequently the total flux is decreased. 

If it were not for the effect of saturation the ordinates of curve 
2, Fig. 138 (6), could be obtained by adding the corresponding or- 
dinates of Fig. 136 (b) and Fig. 137 (0). 

The neutral points are no longer midway between the poles but 
have been shifted in the counter-clockwise direction in Fig. 138 (a) 
and to the right in Fig. 138 (6). To prevent sparking the brushes 
must be moved up to or a little beyond the load neutral points. 
In a generator the brushes must be moved forward in the direction 
of rotation and in a motor must be moved backward against the 
direction of rotation as indicated in Fig. 138. . 

With the brushes midway between the poles the direction of 
the armature m.m.f. is at right angles to the field m.m.f. ang it 
therefore does not weaken it but only causes a distortion of the 
flux and a slight decrease due to saturation. In this case the 
m.m.f. of the armature is cross magnetizing. 

When, however, the brushes are moved into the fringe of lines 
at the pole tips, as in Fig. 139 (a), the two m.m.f.’s are no longer at 
right angles and as seen in Fig. 139 (6) the part of the armature 
m.m.f. which is subtracted from the field m.m.f. is much greater 
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than the part which is added to it and therefore the resultant 
m.m.f. is reduced and the flux is both distorted and decreased. 
Referring to Fig. 189 (a) the armature conductors may be sep- 
arated into two groups; namely those between a and d included in 
the double angle of advance a with their return conductors from ¢ 
to 6 and those under the pole between 6 and a with their return con- 
ductors betweendandc. The first group acts in direct opposition 


Fic. 139. Distribution of flux and m.m.f. under load, with the brushes under 
the pole tips. 


to the field m.m.f. and decreases the flux crossing the air gap. 
They are therefore called the demagnetizing ampere turns of the 
armature. This demagnetizing m.m.f. increases as the shift of the 
brushes is increased and it also increases directly with the armature 
current. 

The second group exerts a m.m.f. at right angles to the field 
m.m.f. and distorts the flux as in Fig. 137 (a) but only causes a 
slight decrease due to saturation. They are called the cross-mag- 
netizing ampere turns of the armature. 

For sparkless commutation without the use of interpoles the 
brushes must be moved ahead of the neutral points in order that 
the coils short circuited by them may be cutting the fringe of flux 
at the pole tips. E.m.f.’s are thus generated in the coils opposing 
the back e.m.f.’s due to inductance, and they aid in reversing the 
current. As the armature current is increased a point is finally 
reached where the armature m.m.f. is so strong that it over- 
balances the field m.m.f. at the pole tips and therefore no reversing 
field is left and commutation is not possible without interpoles. 
It is of no use to move the brushes further ahead because that only 
increases the demagnetizing component of armature m.m.f. and 
decreases the flux more. In direct-current machines without 
interpoles the armature ampere turns per pair of poles at full load 


/ 
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should not exceed 80 per cent of the field ampere turns per pair of 
poles. BS, 

Fig. 140 shows the effect of moving the brushes to the centre 
of the poles. The whole armature m.m.f. is demagnetizing and 
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Fig. 140. Distribution of flux and m.m.f. with the brushes under the centres 
of the poles. / 


the flux is reduced toa small value. There is no difference of 
potential between the brushes since the sum of the e.mf.’s gen- 
erated in one half of the conductors in series between the brushes 
is exactly equal and opposite to that generated in the other half. 


Rotation 


Fie. 141. Commutation. 


110. Commutation. Commutation is the most important 
problem in direct-current machinery. 

Fig. 141 represents the armature winding of a bipolar gen- 
erator. The current entering by the brush B, divides into two 
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equal parts J, which follow the two paths through the winding 
and unite again at the brush B,. Any coil ¢ while moving from 
B, to B, carries a current J,. After passing B, it carries an equal 
current J, but in the opposite direction and, therefore, while pass- 
ing under the brush B, the current changes from I, to —J,, that 
is, it is commutated or reversed. 

The factors which affect commutation are, J, the intensity of 
‘the current to be commutated, 7 the time of commutation, r, the 
resistance of the contact of the brush with the commutator, r the 
resistance of the armature coil short circuited, Z the self-induct- 
ance of the coil, and finally the direction and intensity of flux cut 
by the coil during commutation. 
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Fic. 142. 


The current to be commutated is that carried by each con- 
ductor of the armature winding. If J is the load current of the 
machine and p; is the number of paths in parallel through the 
winding, the current per conductor is 


mcs 
—r 
and increases directly as the load current. 
The time of commutation is the time during which two adjacent 


commutator bars are short circuited by the brush. In Fig. 142 
commutation of the current in coil ¢ begins as soon as the brush 


I, 
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touches bar 2 and must be completed when the brush breaks con- 
tact’ with bar 1. If the width of the brush is d ins., the thickness 
of insulation between bars is 6 ins., and the peripheral speed of the 
commutator is V ins. per sec., the time of commutation is 


Since 6 is very small, the time of commutation varies directly as 
the width of the brush and inversely as the speed of the 
machine. | 

The resistance of the brush contact plays a very important part 
in commutation; it tends to reduce the current in the short-cir- 
cuited coil to zero and then to build it up in the opposite direction. 
It would produce complete commutation if it were not opposed 
by the effects of the resistance and self-induction of the coil. Its 
function is illustrated in Fig. 143. If the resistance of the total 


Fig. 143. 


brush contact is r,, then in Fig. 142 the drop of potential between 
the brush B,; and bar 1 is 2J.r,. As soon as the brush touches bar 
2 commutation begins and the brush-contact resistance must be 
separated into two parts, 7; the resistance from the brush to bar 1 
and rz the resistance from the brush to bar 2. If at the instant 
represented in Fig. 143 the current in the coil is 7, then the current 
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flowing from bar 1 to the brush is J, + 7 and the drop of potential 
is (I, + 7%) 71; the current from bar 2 to the brush is J, — 7 and 
the drop of potential is (J, — 7)re. Since the resistance r; is in- 
creasing while 72 is decreasing, the current from bar 2 will increase 
while that from bar 1 will decrease and the current in the coil will 
decrease. Neglecting the resistance and self-induction of the coil 
the current flowing in the coil will be zero when 1; and 72 are equal 
and when therefore half of the time of commutation has passed. 
Any further increase in the resistance 7; will cause part of the 
current from coil b to flow through coil c in order to reach the 
brush B, by the path of least resistance. As the resistance 7; 
still increases, more and more current flows through ¢ until 1 
becomes infinite as the brush breaks contact with bar 1 and the 
total current J, from 6 flows through c. Commutation is then 
complete. : 

In Fig. 145, curve (1), the current in coil c is plotted on a time 
base for half of one revolution; it is reversed in the time 7’, rep- 
resented by OT, during which the coil moves across the brush A,, 
‘and it must vary according to a straight line law. This can be 
proved as follows: 

If Fig. 143 represents the condition ¢ seconds after the beginning 
of commutation, neglecting the resistance and self-inductance of 
the coil, the drop of potential from the commutator to the brush 
must be the same at both sides, or 


CF, =r 1) i; = (I. Oi 1) 2; 


but 
fh 
r= Te] and = = Te? 
therefore, ; 
1.) ne aa 4 
(I. + 7) om } = (I. — 1) a he PF Le (203) 
Solving for 7 this gives 
cc ; aaele (204) 


which is the equation of a straight line. 


When t = 5, 4 = 0, and when t= T,7 = — I. 
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If the resistance of the coil is taken into account, the drop 
of potential across r, (Fig. 144) must be greater than the drop 


i) Gite 
: He ht ie YIe h 


Fia. 144, 


across 7; by the amount required to maintain the current 7 through 
the resistance r; therefore, 

; <p rae 

(I. + 1) Vem + wr = (I, =< 1) rog2 


and 
r, (T? — 2Tt) 
“7 (Tt-—#) +7,T?° 


When t = 5, i = 0, and when t = 7, i = — I,. 


=I 


(205) 


The current therefore passes through zero at the same instant 
as before and is completely reversed in the same time, but the 
variation does not follow a straight line law but a curve as shown 
in curve (2), Fig. 145. The effect of the coil resistance is very 
small and may be neglected. 

The effect of the self-inductance of the armature coil must next 
be considered. Armature coils are partially surrounded by iron | 
and therefore have a large self-inductance, which is proportional 
to the square of the number of turns in the coil. With full-pitch 
drum windings both the coils in one slot will be short circuited at 
one time and the inductive flux linking with each of them will be 
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almost twice as large as in the case of fractional pitch windings. 


This is partly a mutual inductance effect but may all be included 
under self-inductance. (See Fig. 146.) 


Te Time of Commutation 

oO 
A Curve (2) 
a Curve (3) 
oO 
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=] 
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O ri } Time 

a1 
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ie 
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( 1) Commutation by contact resistance only 
(2) Effect of the resistance of the coil 
(3) Effect of the inductance of the coil 


Fig. 145. 


When the current in a coil of self-inductance Z henrys is changing 


at the rate . amperes per second, an e.m.f. L ea volts is gen- 


erated in a direction opposing the change of current. 


i | ae es 
L_IBe L_|Be- 
Fic. 146. Inductive flux in a full-pitch drum winding. 


In Fig. 144 the drop of potential from bar 2 to the brush is the 
same by the two paths, one through the resistance 72 and the other 
through the coil in series with the resistance 7;; and thus 


(et)n+ni+Lo = (I. — 2) Ye, - 
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or, substituting the values of r; and rz found above, 

G+ ing i titLG=@-p5 
and 


WES Tok? Tol el (28 = T)” = 
Lay ibe hae nyt iT — 6 =. . (206) 


This equation cannot be solved easily. Due to the effect of 
self-inductance the current 7 does not decrease so quickly: as in 
curve (1) but follows curve (3), shown in Fig. 145. It will not 
have fallen to zero at time ¢ = 5 and will have grown to a value 
2, less than J, at time t = 7. Commutation will therefore not be 
complete and when the brush breaks contact with bar 1 the current 
I, — % from coil 6 will try to jump across to the brush and will 
cause a spark. 

In order to reverse the current completely in the time T' it is 
necessary to have an e.m.f. generated in the coil to assist com- 
mutation. The brushes of a generator are therefore moved ahead 
in the direction of rotation so that the coil when short circuited 
is cutting the fringe of lines from the pole tip. 

The intensity of this field is not constant but increases as the 
conductor approaches the pole tip; therefore, the e.m.f. produced 
by it also varies. 

If at the time represented in Fig. 144 there is an e.m.f. e gen- 
erated in the coil assisting commutation, equation 206 can be 
written 


rT? \ rT (2t—T) _ 
e+ LG +i(r+ pi —y)t+ Sqr =o - on) 


This equation cannot be solved in general but it is possible to de- 

termine the value of e required at any instant to cause the current 

to vary as a linear function of time from J, to — J, in the time T. 
On this assumption 


and 
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Substituting these values in equation gives 


2L ! 
e— Leper (1-25) f= 0, 


e= 1.) —r(1-2a)f, Rar at dene hee) 


or 


which gives at the beginning of commutation t = 0, 


21 
c= 1“) - oO ae eat | 5 


and at the end of commutation ¢ = T, 


er = I. (“7 + r) Aen Fed uP MOTT ak Sot oe Sm (210) 


This e.m.f. is proportional to the current I, but is independent 
of the brush resistance r,. 

If the e.m.f. generated in the coil is less than that required to 
reverse the current completely in time 7’, commutation is imperfect 
and there is a tendency to spark, and if the e.m.f. is so large that 
the current is more than reversed there is a tendency to spark due 
to overcommutation. 

The contact resistance helps to prevent sparking when the 
e.m.f. generated in the coil by rotation is either too great or too 
small to produce perfect commutation. | 

When commutation is produced by the high-resistance brush 
contact without the aid of any e.m.f. generated in the coil, it is 
called ‘‘natural”’ or “resistance ’’ commutation; when it is as- 
sisted by an e.m.f. generated in the coil, it is called “forced ” or 
“voltage ’ commutation. — 

Resistance commutation can never be perfect unless the self- 
inductance of the coil is negligible, but at light loads it will reverse 
the current without injurious sparking. Assume that the brushes 
of a generator delivering half load are set on the corresponding 
neutral line and that commutation is satisfactory. If the load 
is increased the increased m.m.f. of the armature causes the neutral 
line to move ahead so that the coil short circuited is cutting a 
field of such a direction as to tend to maintain the current or even 
to increase it. The reversal of the current is therefore retarded 
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and there is a greater tendency to spark than before. If the 
load is reduced the neutral line falls behind the brushes and a 
voltage assisting commutation is generated in the coil. 

If the load is all removed from a generator when the brushes 
are not on the no-load neutral there will be sparking due to the 
fact that the short-circuited coil has an e.m.f. generated in it which 

2 
builds up a current 7 and stores energy L 5 in the field. This 
energy appears as a spark. 

Voltage commutation is also limited in its application and as 
the current in the armature is increased a point is reached (usually 
about twenty-five per cent overload) beyond which sparkless com- 
mutation is impossible, since when the current is increased a 
stronger field is required to reverse it, but the stronger current in 
the armature increases the m.m.f. of the armature and moves the 
neutral line ahead of the brushes and at the same time decreases 
the flux. The brushes have to be advanced further and the de- 
magnetizing effect is increased. When the armature m.m-f. is 
large enough to overbalance the field m.m.f. the flux at the pole 
tip is wiped out and voltage commutation is impossible. Moving 
the brushes further ahead only decreases the flux. 

To take full advantage of voltage commutation it would be 
necessary to vary the position of the brushes with varying load 
but this is not practicable, and therefore the brushes must be set 
to give good commutation at some intermediate load and the 
resistance of the brush contact must be relied on to prevent spark- 
ing above and below this point. Modern machines are designed 
to give good commutation at all loads from no load to twenty- 
five per cent overload with fixed brush position. 

111. Interpoles. Interpoles are small poles placed midway 
between the main poles of either motors or generators. They are 
magnetized by a winding connected in series with the armature 
and carrying the load current. It has been seen that the brushes 
of motors must be moved back under load to obtain satisfactory 
commutation. This is possible with motors which run only in one 
direction, but with all reversible motors the brushes must be fixed 
on the no-load neutral points. Perfect commutation under these 
conditions was not possible until the introduction of the interpole 
or commutating pole. Fig. 147 shows an interpole motor or 
generator. The brushes are fixed on the no-load neutral points. 
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The interpoles have the same effect as moving the brushes since 
they move the poles magnetically. 
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Fie. 147. Interpole generator or motor. 


The m.m.f. of the interpole winding must oppose the m.m.f. of 
the armature and must be strong enough to overbalance it and 
produce a field under the interpole of the proper intensity to reverse 
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Fie. 148. Flux distribution in interpole generator or motor. 


the current in the short-circuited coil. Since the interpole wind- 
ing is in series with the armature the commutating field increases 
with load and satisfactory commutation up to and beyond the 
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overload limits of output set by armature heating can be ob- 
tained. 

Interpoles are not so necessary on generators as on motors but 
they are very useful in the case of a generator which supplies a 
rapidly fluctuating load since the interpole m.m.f. follows exactly 
the fluctuations of the armature m.m.f. and so prevents sparking. 
Fig. 148 shows approximately the flux distribution in an interpole 
generator or motor. 

112. Sparking. When a current 7 amperes flows in a coil of 
inductance L\henrys, energy is stored in the magnetic field sur- 
rounding the coil of value . 


2 
w= LL 5 watt-seconds. 


At the beginning of commutation the current in coil c is J, and 

2 
the energy stored in its field is L “© watt-seconds. While the cur- 
rent is falling to zero this amount of energy must either be given 
back to the electric circuit as useful work or wasted as heat in the 
resistance of the short-circuited coil. At the end of commutation — 


2 . 
the same amount of energy L ze must be stored in the field by a 


current J, flowing in the opposite direction in order that the cur- 
rent from coil b may flow freely through coil c, and that there may 


be no tendency to spark. 
If when the brush B, (Fig. 144) breaks contact with bar 1 the 


‘2 
current has only decreased to a value 7, the energy Ls stored in 


the field of the coil will appear as a spark and the current J, from 
the coil 6, since it cannot immediately flow through the coil c 
against the inertia of its magnetic field, will try to follow the brush 
and will produce an are which will increase the sparking. . Behind 
this are is the energy stored in the magnetic field of all the coils 
on one side of the armature, since any decrease in the current in 
coil b is accompanied by a decrease in all the coils in series with it. 
This energy is not, however, available instantaneously due to the 
inertia of the magnetic field, and commutation is complete before 
the current has time to decrease appreciably. At the instant of 
breaking contact with bar 1 the current density in the brush tip 
and in the edge of the bar is very high and a very high temper- 
ature will be produced locally. which may volatilize a small amount 
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of copper. If this condition is allowed to continue the commu- 
tator will become roughened and the brushes will be gradually 
destroyed. 

If the current in coil c has just reached zero when the brush 
breaks contact, there will be no spark due to energy stored in the 
field of c but that due to the current from 6 will remain. 

If an e.m.f. had been present in the coil in the direction neces- 
sary to reverse the current and of such strength that the current 
had reached a value 7 greater than J,, then at the instant of break- 


‘2 2 
ing contact the excess energy Ls — “ would tend to produce a 


spark. 

(113. Voltage Characteristic or Regulation Curve. The voltage 
characteristic of a direct-current generator is the relation between 
the terminal e.m.f. and the current output. 

The e.m.f. generated in the armature is 


& = Zn 10-° = Kn®@ volts. (Art. 103.) 
1 


Take the case of a separately excited generator where the speed 
n and the field current J; are both kept constant. 
At no load the flux crossing the air gap under each pole is @p) and 
the e.m.f. generated is 


Poy = K NBD; ; 


this is also the terminal e.m.f. at no load. 

As the generator is loaded the terminal e.m.f. decreases due to 
two causes, (a) armature reaction and (b) armature resistance. 

(a) When current flows in the armature, the armature m.m.f. 
decreases the flux crossing the air gap and therefore RECHOnSER the 
generated e.m.f. 

This has been shown in Art. 109. If the brushes are moved 
ahead in a generator or back in a motor in order to obtain satis- 
factory commutation, the m.m.f. of the armature turns between 
the poles opposes the field m.m.f. and therefore decreases the flux. 
These are the demagnetizing ampere turns. The m.m-f. of the 
turns under the poles distorts the flux and causes a slight de- 
crease due to the high saturation of one half of the pole tips. They 
are called the cross-magnetizing ampere turns. These two effects 
are combined under the term armature reaction. 
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Thus armature reaction is due to the m.m.f. of the armature 
currents and causes a decrease of the flux crossing the air gap and 
therefore a decrease in the generated e.m.f. The armature m.m.f. 
and the drop in e.m.f. caused by it increase as the load current 
increases. 
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Fig. 149.- Voltage characteristics of a separately excited generator. 


(b) It is necessary to distinguish between the e.m.f. & gen- 
erated in the armature and the terminal e.m.f. ZH. At no load 
they are the same but when current flows in the armature part of 
the generated e.m.f. is consumed in driving the armature current 
I through the resistance of the armature winding and brushes r. 


This resistance drop is Zr and increases directly with the current. 


The terminale.mf.isH=@6@-—-—TJIr. . . (211) 
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In Fig. 149 ac shows the relation between the generated e m.f. 
& and the armature current J. It is called the internal charac- 
teristic of the generator. bc is the drop in generated e.m.f. at full 
load due to armature reaction. The ordinates of of represent the 
e.m.f. consumed by the armature resistance. The ordinates of ag 
are the differences between the corresponding ordinates of ac and of. 
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Fie. 150. Voltage characteristic of a shunt generator. 


ag therefore shows the relation between the terminal e.m.f. H and 
the armature current and is called the external voltage character- 
istic or regulation curve of the generator. 

114. Regulation. The regulation of a generator is defined as 
the rise in voltage when full load is thrown off expressed as ®-ver 
cent of full-load voltage. 
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If od represents full-load current, gd is the termiral voltage at 
full load and bg is the rise in voltage that would occur if the load 
were removed; therefore the regulation is -f 7 

So far only the separately excited generator has been considered. - 

In the shunt generator, armature reaction and armature resist- 
ance cause a decrease in terminal e.m.f. under load, but a third 
condition must also be taken into account. _The field circuit is 
connected _ACTOSS the armature terminals and ‘the current in it is 
proportional to the terminal e.m/. Thus, when the terminal 
e.m.f. decreases due ue to armature react reaction and. armature resistance, _ 
the field current also ‘decreases and causes a further decrease in 
the flux and therefore the terminal e.m.f. of a shunt-excited gen- 
erator is less than it would be if the machine were separately ex- 
cited. (Fig. 150.) 

The load current can be increased by dadreasing the resistance 
in the load circuit up to the point M in Fig. 151 which is the com- 
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Fig. 151. Voltage characteristic of a shunt generator. 


plete voltage characteristic of a shunt generator. om is the max- 
imum current output. If the load resistance is decreased further, 
the armature current increases for an instant and then decreases 
as its m.m.f. wipes out part of the flux and causes the generated 
e.m.f. to decrease. Finally when the load resistance is zero and 
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the generator is short circuited, the flux is reduced to such a value 
that the generated e.m.f. is only large enough to supply the re- 
sistance drop in the armature. The armature current is then os 
and the terminal e.m.f. is zero. Ye mg 

The maximum current om is many times full-load current and 
can only be reached with small machines of bad regulation. 

115. Field Characteristic. The field characteristic of a gen- 
erator is the curve showing the variation of field current with load 
current to maintain a constant terminal voltage at constant speed. 

In a self-excited generator, Fig. 152, the terminal voltage can 
be maintained constant as the load current increases if the field 
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Fig. 152. Shunt generator. 


current is increased to such a value that the increase in’ field 
m.m.f. will not only overcome the effect of armature m.m.f. but 
will produce an increase in flux to provide the extra e.m.f. to sup- 
ply the armature resistance drop. 

In Fig. 153 ad is the field characteristic of the generator, Fig. 
152, oa is the field current required to produce the rated terminal 


voltage H at no load. When a load current og is supplied by the - 


generator a larger field current oc is required. The increase in field 
current, 2 = ac exerts a m.m.f. which overcomes the effect of the 
armature m.m.f. and produces an increase in the flux to provide 
for the armature resistance drop Ir. The generated voltage is 


a OS CaS | eT 


Fig. 154 shows the saturation curve of the generator. od is the 
e.m.f. generated at no wad by the field current J; = oa and it is 
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= EF. of is the voltage which must be generated in the armature 
when supplying full-load current J = og. df is the increase in 
generated e.m.f. required to overcome the armature resistance 
drop Jr; this requires an increase in field current ab=x. The other 
component of field current bc = y is required to overcome the 
effect of the armature m.m.f. 

The total increase in field current required to maintain constant 
terminal voltage is 


ac=x+y=v2. (Figs. 153 and 154.) 


If N is the number of turns on the field winding the increase in 
field m.m.f. is Nz ampere turns. 

The increase of field current under load is obtained by gradually 
cutting out resistance from the field rheostat R, in series with the 
field winding: 

This regulation must be done by hand and cannot take care of 
sudden changes in load. 

116. Compound Generator. Increase of field m. m. f. under — 
load can be obtained automatically by placing a series winding on 
the field poles in addition to the shunt winding. The series wind- 
ing carries the load current and so the field m.m.f. increases under 
load. 

Such a generator is called a compound-wound generator. If 
the series winding is designed so that the terminal voltage is the 
same at full load as at no load the generator is flat-compounded; 
if the terminal voltage at full load is higher than at no load the 
generator is over-compounded. 

In Fig. 155 are shown the regulation curves or voltage charac- 
teristics of a machine (1) self-excited, (2) separately excited, (3) 
flat-compounded and (4) over-compounded. If a generator is flat- 
compounded so that it gives the same terminal voltage at full load 
as at no load it will be slightly over-compounded below full load. 

If the field characteristic of a self-excited generator is known 
(Fig. 153) and the number of turns on the field winding is N, the 
number of turns required on the series field to produce flat-com- 
pounding can easily be calculated. The increase in field m.m-f. 
at full load is Ni ampere turns where 7 is the increase in field cur- 
- rent from no load to full load. Since this m.m-f. is to be produced 
by the load current J, the number of turns required is N, = te 
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The compounding of a machine can be varied by connecting a 
resistance in shunt to the series winding as shown at S in Figs. 
156 and 157. | 
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Fie, 155. Voltage characteristics. 
In a generator supplying a rapidly fluctuating load the shunt 


to the series winding must be designed with its inductance in the 
same ratio to the inductance of the series winding as its resistance 
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Fig. 156. Compound gen- Fic. 157. Compound generator 
erator (short shunt). (long shunt). 


is to the resistance of the series winding in order that the variable 
current may divide up in the correct proportions to give the re- 
quired compounding. 
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In compound-wound machines the shunt winding may be con- 
nected across the armature terminals, Fig. 156, called short shunt, 
or outside of the series winding, Fig. 157, called long shunt. The 
characteristic curves are not affected to a great extent by the dif- 
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Fia. 158. Series generator. 


ference in connection since with the short shunt the voltage across 
the shunt winding is higher than with the long shunt by the re- 
sistance drop in.the series winding and the current in the series 
winding is less by the amount supplied to the shunt winding. 
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Fia. 159. Voltage characteristics of a series generator. 


117. Series Generator. The series generator, Fig. 158, is 
excited by a series winding carrying the load current and has no 
shunt winding. 

Its voltage characteristics are shown in Fig. 159. At no load 
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there is no current in the field winding and the only voltage gen- 
erated is that due to the residual magnetism. It is shown as ok. 
As the load current increases the flux increases and the generated 
e.m.f. increases until the magnetic circuit becomes saturated and 
the decreasing permeability and increasing leakage flux cause the 
generated e.m.f. to fall off. This is shown in curve (1) which is 
the internal characteristic. The ordinates of the external charac- 
teristic or regulation curve (2) are less than those of (1) by the 
resistance drop in the armature and series field. 

The terminal voltage of a series generator can be varied by con- 
necting a resistance in shunt to the field winding. 

118. Parallel Operation. In power houses in which the load 
varies at different hours of the day a number of generators are 
usually installed. When the load is light one generator is operated 
and supplies the demand and when the load increases a second ma- 
chine is started up and connected in parallel with the first and its 
excitation is adjusted until it takes its proper share of the load. 


Load 


Fia. 160. Parallel operation of shunt generators. 


Fig. 160 shows two shunt generators (1) supplying power and 
(2) ready to be connected in parallel with it. Before closing the 
switches S; and S. which connect the second machine to the load 
it is necessary that its polarity be correct and that its terminal 
voltage be the same or a little higher than that of (1). 

If the field rheostat of (2) is so adjusted that the voltage of (2) 
is the same as the voltage of (1) and switch S, is closed, then, if 
there is no voltage across Se, it may be closed. But if the voltage 
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across S; is found to be about double the terminal voltage, the 
field of (2) must be reversed before closing switch S,. After 
closing S2 the field rheostat of (2) must be adjusted until (2) takes 
its proper share of the load. If the voltage of (2) is the same 
as the voltage of (1) when the switch is closed, (2) will not take 
any load but will run idle. If the voltage of (2) is less than the 
voltage of (1), machine (2) will run as a motor driving its prime 
mover and will draw power from (1). If, however, the terminal 
voltage of (2) is higher than that of (1), machine (2) will supply 
part of the load and will relieve (1) until the voltages of the two 
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are the same. Fig. 161 represents the voltage characteristics of 
the two machines plotted on the same base. If the terminal 
voltage is E (1) supplies a current J; and (2) a current Jz and the 
total current supplied by the station is J = J, + Iz. The machine 
with the flatter characteristic will supply the greater amount of 
power. If the two machines are rated at the same current out- 
put, (2) can be made to take its share of the load by cutting out 
resistance from its field rheostat and so raising its voltage char- 
acteristic and inserting resistance in the field circuit of (1) and 
lowering its characteristic as shown in Fig. 162. 

Shunt generators will operate in parallel and divide up the load 
in proportion to their capacities if their voltage characteristics 
are similar, that is, if their terminal voltage falls from no load to 
full load by the same amount and in the same manner. If the 
characteristics are different a proper division of load can be ob- 
tained by regulating the field rheostats. 

119. Parallel Operation of Compound Generators. Fig. 163 
shows two compound-wound generators connected in parallel and 
supplying power to a load circuit. Their voltage characteristics 
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are shown in Fig. 164. Assume that the prime mover of (1) runs 
for an instant at a slightly increased speed; the voltage of (1) 
rises and it takes more than its share of the load; the voltage of 
(2) falls because its load is decreased and its series excitation is 
decreased. Machine (1) therefore takes more of the total load 
and its voltage rises higher until it supplies all the load and in 
addition drives (2) as a motor. Since the current in (2) is re- 
versed the m.m.f. of its series winding is also reversed and it runs 


Load 
ae @| | @| | 
—— 
n 
(2) 2 
$1 > (1) Generator (1) 
(2) Generator (2)/-— 
(3) Station 
Peleg 
Amperes 
Fia. 163. Fia. 164. Voltage characteristics. 


as a differential motor driving its prime mover at a high speed 
until the load on (1) becomes so great that the protective appa- 
ratus opens the circuit and shuts down the system. 

To get over this difficulty the equalizer connection ee, Fig. 165, 
is used. It is a conductor of low resistance connecting in multiple 
the series windings of the two machines. Now if the prime mover 
of (1) runs above normal speed the voltage of (1) rises and it takes 
an increased load. The increase of current does not all go through 
the series winding of (1) but divides between the windings of (1) 
and (2) in inverse proportion to their resistances and so prevents 
any decrease of the voltage of (2). Thus with an equalizer con- 
nection (2) will still hold its load. The resistances of the series 
windings must be adjusted so that the load current will divide 
between them in such proportion that each machine will supply 
its proper share of the load. 

Before connecting machine (2) in haiitiel with (1) which is 
delivering power, first close switches S, and Ss, Fig. 165, and 
adjust the shunt field of (2) until its terminal voltage is the same as 
that of (1). The excitation of (2) is now provided partly by its 
shunt field and partly by its series field carrying part of the load 
current. After checking the polarity to see that it is correct close 
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switch S; and adjust the shunt field of (2) until the machines di- 
vide the load in proportion to their capacities. 

From the above discussion it is seen that two compound-wound 
generators connected in parallel form an unstable system unless 
an equalizer connection is placed between their series windings. 


‘Load 


in. 


Fig. 165. Parallel operation of compound generators. 


120. Tirrill Regulator. The Tirrill regulator is an automatic 
voltage regulator designed to maintain a steady voltage at the 
terminals of a direct-current generator irrespective of ordinary | 
load fluctuations or changes in generator speed. It can also be 
made to compensate for line drop by increasing the generator 
voltage as the load increases. 

The regulator controls the voltage by rapidly opening and 
closing a shunt circuit across the field rheostat of the generator. 
The rheostat is so adjusted that when in circuit it tends to reduce 
the voltage considerably below normal and when short circuited the 
voltage tends to rise above normal. The relative lengths of 
time during which the short circuit is closed or opened determines 
the average value of the field current and therefore the value of 
the terminal voltage. 

The method of operation of the regulator is illustrated in Fig. 
166. The regulator consists essentially of two magnets con- 
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trolling two sets of contacts. The main control magnet has two 
independent windings, one, the potential winding, connected across 
the generator terminals and the other across a shunt in the load 
circuit. The latter is the compensating winding and is only used 
when a rise of voltage with load is required. The relay magnet 


Compensating Resistance Shunt Potential Winding 
ons Main Contacts 
| Slide | Y Relay Contacts 
| Condenser 
| Spring ‘ | | 1 
To| Line Ra = eaten Field 
Compensating Winding SS Rheostat 
Relay Magnet Shunt or Compound 
Wound 
a External < 
Resistance S 
\ 


Fic. 166. Automatic voltage regulator. 


is differentially wound and controls the circuit shunting the field 
rheostat. The operation is as follows: When the short circuit 
across the field rheostat is opened the voltage tends to fall below 
normal. The main control magnet is weakened and allows the 
spring to pull out the movable core until the main contacts are 
closed. This closes the second circuit of the differential relay 
and demagnetizes it. The relay spring then lifts the armature 
and closes the relay contacts. The field rheostat is short cir- 
cuited and the field current and terminal voltage tend to rise. 
The main control magnet is strengthened and opens the main 
contacts allowing the differential relay to open the short cir- 
cuit across the field rheostat. The terminal voltage falls again 
and this cycle of operations is repeated at a very rapid rate main- 
taining a steady voltage at the generator terminals. When the 
compensating winding is not used the terminal voltage 3 is main- 
tained constant. 

When it is necessary to compensate for lme drop and maintain 
a constant voltage at the receiver end of the line, the compensating 
winding is connected across a shunt in the load circuit. The 
resistance of the shunt is adjusted to give the required compound- 
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ing. The compensating winding opposes the action of the po- 
tential winding on the main control magnet so that as load 
increases a higher potential is necessary at the generator terminals 
in order to close the main contacts and open the shunt across the 
field rheostat. Thus the generator voltage rises with load. The 
condenser connected across the relay contacts serves to reduce 
the sparking when the circuit is opened. 
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fi _eBhoostat : wt, Bheostat 
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Fia. 167. Shunt Fria. 168. Series motor. Fia. 169. Compound 
motor. motor. 


121. Electric Motors. In generators mechanical power is 
supplied and electrical power is generated. The speed is fixed by 
the prime mover and is constant. The terminal voltage is ap- 
proximately constant in the shunt generator and flat-compound 
generator and increases with load in the over-compound generator 
and the series generator. The generated voltage is always greater 
than the terminal voltage by the drop in the armature resistance; 
it is 

&=E+Ir. 

In motors electrical power is supplied and mechanical power 
is generated. The impressed e.m.f. is fixed by the supply circuit 
and is constant. The speed is either approximately constant as 
in the shunt motor or decreases with load as in the compound motor 
and series motor. The voltage generated in the armature has 
the same equation as the voltage in a generator, but it is a back 
voltage and opposes the current; the impressed voltage EF is greater - 
than the back-generated voltage by the armature resistance 
drop; thus, | 


Pee Me AER tL penis, oo) CEES) 
or ee em YS) Same CDT) 


122. Types of Motors. There are three types of direct-cur- 
rent motors corresponding to the three types of generators, shunt, 
compound and series. The shunt motor has its field circuit con- 
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nected across the line in shunt with the armature and therefore 
has a constant excitation. (Fig. 167.) The compound motor 
has a series winding carrying the load current in addition to its 
shunt winding. The excitation therefore increases with load. 
(Fig. 169.) 

The series motor has its field circuit in series with the armature 
and has no shunt winding. Its excitation is zero at no load and 
increases directly with the load current. (Fig. 168.) 

123. Speed Equation of a Motor. The impressed voltage is 


E=6+1Ir, 
and . 
& = Zn © 10° = Kn® volts; 
1 
therefore 
E = Kn@+/Ir 
and 
EK —TIr 


this is the speed equation. 

The term Jr is small in comparison to HZ and can be neglected 
except at heavy loads. 

The speed equation can therefore be written 


E 
thus, the speed of a motor is directly proportional to the impressed 
voltage and is inversely proportional to the flux crossing the air 
gap. , 

124. Methods of Varying Speed. The speed can be varied in 
three ways, (1) by varying the impressed voltage EZ, (2) by varying 
the flux @ by reducing the field current, (3) by shifting the brushes. 

(1) The voltage impressed on the armature can be varied by 
introducing a resistance R, Fig. 170, in series with the armature. 


If E, is the supply voltage, the voltage impressed on the motor is 
E = EH, — IR. 


By increasing R, E can be reduced to any required value and 
any speed from standstill to normal speed can be attained but no 
increase of speed above normal. 
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Fig. 171 shows n as a function of H; the locus is a straight line 
passing through the origin. 
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Impressed Voltage E 
Fig. 170. Fig. 171. Variation of speed 
with impressed voltage. 


This method of varying speed is uneconomical as a large amount 
of power is lost in the control resistance; it is the product of the 
current input and the voltage consumed in the resistance and is 


=Ix IR.= F°R watts. 


Flux ¢ 
ig 


Field Current I ¢ 
Fic. 172. 


The resistance R must not be connected in series with the field 
winding as it would then decrease the field current and therefore 
the flux and tend to cause an increase in speed. 
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(2) When varying the speed by field control the full line voltage 
is impressed on the armature and a resistance FR is connected in 
series with the field winding, Fig. 167. As the resistance FR is 
increased the field current I; decreases according to equation 


E 


Bae, «gare 


and the flux @ decreases with the field current as shown by the 
saturation curve of the machine in Fig. 172. Since the speed 
varies inversely, as ®, Fig. 173, the variation of speed with field 
current will be represented by a curve of the shape shown in 
Fig. 174. ; : 


ee es ES 


=a 


Speed 7 


Flux ¢ 
Fig. 173. 


By this method the speed can be increased to any required 
value, and it tends to approach infinity when the field current is 
Zero. 

In machines of ordinary design the speed can be increased sat- 
isfactorily only about .70 per cent above normal speed by field 
weakening. Beyond this point it is not possible to get sparkless 
commutation of full-load current, since the armature m.mf. is 
strong enough to overcome the weak field m.m.f. and wipe out 
the commutating field and at the same time the time of commuta- 
tion is decreased. 

By using interpoles which neutralize the effect of armature 
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m.m.f. and provide a commutating field, the speed can be increased 
to four times normal by field weakening without injurious sparking. 

The loss in power in the resistance controlling the field current 
is very small since the power used for field excitation is only 1 or 2 
per cent of the rated output. 
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Fig. 174. Variation of speed with field current. 


(83) At no load with the brushes on the neutral line, all the con- 
ductors on each half of the armature are effective in generating 
the back e.m.f. and this is therefore the position of minimum 
speed. (Fig. 126 (a).) 

When the brushes are moved back against the direction of ro- 
tation, Fig. 126 (b), only the belts of conductors under the poles 
are effective in generating the back e.m.f. and the result is the 
same as though the flux had been a The speed is there- 
fore increased. 

Under load, when current is flowing in the armature, the con- 
_ ductors between the poles exert a demagnetizing m.m.f. and cause 
a decrease in the flux; the pred therefore rises more than at no 
load. 

This method of speed variation is not used to any extent since 
it interferes with commutation and causes injurious sparking. 

125. Speed Characteristics of Motors. The speed charac- 
teristic is the curve showing the variation of speed with armature 


\ 
\ 
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current. The speed equation was found to be 
Me et 4s 
KG 


Shunt Motor. As the motor is loaded and J increases the speed 
is affected in two ways, (1) the resistance drop Jr increases and 
tends to cause a proportionate decrease in speed; (2) the flux ¢ 
is decreased by the armature demagnetizing and cross-magnet- 
izing m.m.f.; the demagnetizing effect increases directly with the 
current but the cross-magnetizing effect increases at a slower rate 
due to the saturation of the path; therefore the armature reaction 
tends to increase the speed. If the motor is operated at a point 
just above the knee of the saturation curve the drop in speed due 
to the armature resistance will be greater than the rise due to 
armature reaction and the speed characteristic will fall as shown 
in Fig. 175, curve 1. 


n r.p.s. (Art. 123.) 
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Fie. 175. Motor speed characteristics. 


The speed regulation of a motor is the rise in speed when full 
load is thrown off expressed as a per cent of full-load speed. 

The speed regulation of shunt motors of large size is from 2 to 
5 per cent. 
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Compound Motor. In the compound-wound motor the arma- 
ture resistance causes a drop in speed and the m.m.f. of the 
‘series winding overcomes the effect of the armature m.m.f. and 
increases the flux and thus decreases the speed more than in the 
shunt motor. <A typical speed characteristic of a compound motor 
is shown in curve 2, Fig. 175. 

If the series winding is reversed, its m.m.f. opposes the field 
m.m.f. and thus decreases the flux and causes the speed to increase 
with load as shown in curve 8, Fig. 175. 

The motor is then called a “differential compound ”’ motor and 
may be designed to give constant speed under all loads. If the 
series-field winding is strong the motor is unstable and tends to 
run at excessive speed. 

Series Motor. At no load the series motor tends to run at a 
very high speed: limited only by the residual magnetism or the 
torque required to overcome the losses. As load is applied the 
current and flux increase and the speed falls rapidly till the mag- 
netic circuit of the machine becomes saturated; the speed charac- 
teristic then becomes almost horizontal. (Fig. 175, curve 4.) 

126. Torque Equation. The torque of a motor is propor- 
tional to the product of the flux crossing the air gaps and the cur- 
rent in the armature. Its equation is derived as follows: . 

The e.m.f. impressed on the armature is 


E=6-+1I, 
where 
& = Zno"”.10° 
P 
is the back voltage generated in the armature and Ir is the voltage 


consumed by the armature resistance. 
The power input to the armature is 


EI = 61 + I’r watts. . ... . . (217) 


The power lost in the armature is J’r watts, and thus the elec- 
tric power transformed into mechanical power is 


&I = ZneI 2-10; 
P1 


this is the power output in watts neglecting the friction losses.~ 
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The motor output in horse power is 


rd 


P1093 
1 _ Znebl a 10 
746 746 


If the torque developed is 7’ ft. Ibs., then the output in horse 
power is 


Znel ©. 10-8 
Pi 


QnnT _ 
550 746 
and the torque is _ 
Znol 2 10-8 
_ 800, Cameos Pigs 
=3— 74g = O-LLTT Z4I 510 ft. Ibs. (218) 


This is the torque equation of a direct-current motor, 


T = 0.1177 X 108 x (z x) X (pb) ft. Ibs, . (219) 
F 1 


where Z is the sum of all the currents in the armature conductors 
1 


and p® is the sum of the fluxes crossing the air gaps under all the 
poles. 
The torque equation may be written 


T = Kel tt. the, = 0s. oe 


where K =0.1177 4s P 10% is a constant. 


The torque of a aa is therefore directly proportional to the 
armature current and to the flux in the air gap. 

This is the torque developed at the shaft of the motor. The 
torque output is less due to the iron and friction losses. 

127. Torque Characteristics of Motors. The torque char- 
acteristic is a curve showing the relation between the torque and 
the armature current. 

The torque equation is 


T = Kel. (Art. 126.) 


Shunt Motor. In the shunt motor ¢ is almost constant under 
load, decreasing only by a small percentage due to armature re- 
action. The torque therefore varies almost directly with the 
current. (Curve 1, Fig. 176.) 
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Series Motor. In the series motor the flux increases almost in 
direct proportion to the current, while the magnetic circuit is un- 
saturated, and therefore the torque is proportional to the square 
of the current; at heavy load, when the magnetic circuit becomes 
saturated, the flux becomes almost constant and the torque then 
increases in direct proportion to the current.. Curve 2, Fig. 176, 
is a typical torque-current curve for a series motor. | 
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Fig. 176. Motor torque characteristics. 


Compound Motor. In the compound motor the flux increases 
with load but not in direct proportion to the current; thus, the 
torque-current curve (curve 3) lies between those of the shunt and 
the series motor. 

If the series winding is reversed, as in the differential compound 
motor, the flux decreases with load and the torque-current curve 
falls below that of the shunt motor. (Curve 4.) 

128. Starting of Motors. Fig. 177 shows the proper con- 
nection for starting a shunt motor. Two conditions must be ful- . 
filled. First, the field current must be as large as possible and 
therefore there must be no resistance in series with the field wind- 
ing. This gives a large flux and therefore the required starting 
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torque can be obtained without excessive current in the armature. 
Second, resistance must be connected in series with the armature 
to limit the current and this resistance must be cut out gradually 
as the motor speeds up and generates a back voltage. If the re- 
sistance is cut out too quickly the motor draws a very large cur- 
rent and accelerates too rapidly. When all the resistance is out 
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Fie. 177. Starting a shunt motor. 


the motor runs at full speed and generates a back voltage almost 
equal to the applied voltage. If full voltage is applied to the 
armature at rest the current is limited by the armature resistance 
only, which is very small. Assume that the armature resistance of 
a 110-volt motor is 0.01 ohm. If 110 volts is applied the current 
tends to rise to a value J = rot = 11,000 amperes and will im- 
mediately operate any protective devices on the system. 

129. Applications of Motors. There are three types of direct- 
current motors, (1) shunt, (2) series and (3) compound. 

(1) The characteristics of a shunt motor are (a) constant speed 
and (b) torque proportional to current. 

Shunt motors are used for lathes, boring mills and all constant- 
speed machine tools, for driving line shafting when the starting 
load is not too heavy, for fans, centrifugal pumps, ete. 

The starting torque is not large and when the motor has to start 
under load it draws an excessive current. 

The speed of shunt motors can be increased by field weakening 
about 70 per cent above normal without injurious sparking if the 
output remains constant, or 100 per cent if the output is decreased 
to 80 per cent of full load. 

For lathes speed ranges of 4:1 are necessary since the cutting 
speed must remain approximately constant although the diameter 
of the material changes. Field control must be used and in order 
to get the required range a multiple-wire supply system is often 
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employed. Fig. 178 shows such a system. ‘Two generators, one 
giving 90 volts and the other 160 volts, are connected in series 
and three wires are run from them to the machine shop. The 
motor field is connected across 250 volts from a to b and a rheostat 
is placed in series with it. For low speeds the armature is con- 
nected across 90 volts from a to c and an increase in speed of 70 
per cent can be obtained by the field rheostat. For medium 
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Fig. 178. Three-wire system. 


speeds the armature is connected across 160 volts from c to b and 
the speed can again be increased 70 per cent. Finally for high 
speeds the armature is connected across 250 volts from a to b and 
the speed can be increased again by the field rheostat. In this 
way a range of 4:1 can easily be obtained. 

With interpoles a speed range of 4:1 can be obtained by field 
weakening without using a three-wire system. 

(2) The characteristics of a series motor are (a) variable speed 
and (b) torque proportional to the square of the current below 
saturation. 

When a load comes on a series motor it responds by decreasing 
its speed and supplying the increased torque with a small increase 
of current, thus preventing a sudden shock on the supply system. 
A shunt motor under the same conditions would hold its speed 
nearly constant and would supply the required torque with a 
large increase of current and would thus make a heavy demand on 
the system. 

Series motors must not be used for belt drives or in any case 
where the load may be removed suddenly since they run at ex- 
cessive speed at light load. 

Series motors are used in railway work and for cranes, hoists, 
etc., where very large starting torque is necessary. © 
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(3) The characteristics of a compound motor are (a) variable 
speed and (b) torque greater than in the shunt motor but less 
than in the series motor. 

At light loads compound motors approach a limiting speed 
which is fixed by their shunt excitation. 

They are used for elevators and in classes of work where the 
load is variable and constant speed is not necessary and where a 
fairly large starting torque is required, except in those cases where 
series motors are necessary on account of their very large starting 
torque. 

In rolling mills where the load fluctuates very rapidly a com- 
pound-wound motor is used with a heavy flywheel attached to it. 
When a heavy load comes on the speed falls and the flywheel 
gives up part of its energy. A similar motor with a flywheel is 
used to drive shears, punches, ete. 

130. Power Losses in Dynamos. The power losses occurring 
in dynamos may be divided into copper losses, iron losses and fric- 
tion losses, and these may again be subdivided as follows: 


Copper losses. 
(a) Shunt-field copper loss. 
(b) Series-field copper loss. 
_(c) Armature copper loss. 


Tron losses. 
(d) Hysteresis loss. 
(e) Eddy current loss. 
Friction losses. 
(f) Brush friction loss. 
(gz) Journal friction loss. 
(h) Windage loss. 


(a) The shunt-field copper loss is J;? r; watts, where I; is the 
current in the shunt-field winding and 7; is the resistance of the 
winding at the running temperature of the machine. This loss 
can be represented by E,I;, where E; = Ir; is the voltage im- 
pressed on the winding. Thus all the energy supplied to the field 
winding is transformed into heat and is wasted, since no energy 
is required to maintain the magnetic flux after it is once established. 

The shunt-field loss is constant under all conditions of load and 
it ranges from 1 per cent of full-load output in large high-speed 
machines to 5 per cent in small low-speed machines. 
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If there is a rheostat connected in series with the shunt-field 
winding the power wasted in it should be included in the field 
copper loss. 

~ (b) The series-field copper loss is J,?r, watts, where I, is the 
current in the series winding and r, is its resistance. This loss 
increases as the square of the load current of the machine. In 
interpole machines the resistance r, will include the resistance of 
the interpole winding. The power loss in the shunts to the series 
winding or in the series-field rheostat must be included in the 
series-field loss. 
~ (ce) The armature copper loss may be divided into three parts, 
first, the loss due to the current J, flowing through the resistance r, 
of the armature winding, not including the resistance of the brush 
contacts. This part of the loss is J,?r, watts and increases as the 
square of the load current. Second, there is a loss of power where 
the current passes from the commutator to the brushes or vice 
versa. It is el, watts, where e is the drop of voltage at the brush 
contacts. The voltage e varies directly as the current at light 
loads when the current density is low but above a density of about 
30 amperes per square inch of brush contact it remains nearly con- 
stant at a value of approximately 2 volts for ordinary carbon 
brushes. Above this point therefore the loss at the brush contacts 
increases as the first power of the current. This loss is negligible in 
high-voltage machines but is quite large in low-voltage machines. 
The third part of the armature copper loss is that caused by short- 
circuit currents in'coils undergoing commutation or by circulating 
currents in the machine windings which may be produced by im- 
proper spacing of the brushes or by any variation in the depth of 
the air gaps under different poles in multipolar machines. These 
losses cannot be calculated. | 

(d) The hysteresis loss is due to the reversal of the magnetism 
in the armature iron as it moves across a pair of poles. Steinmetz 
found that the loss per cycle of magnetism varies as the 1.6th power 
of the induction density; it is 


wp, = 40018 ergs, 


where 9 is the maximum induction in lines per square centimeter 
and 7 is the hysteretic constant for the iron and w, is the loss in 
ergs per cubic centimeter per cycle. The value of y for armature 
iron is about 0.003. 
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If the induction density B is expressed in lines per square inch 
and f is the number of cycles of magnetism per second, then the 
hysteresis loss per cubic inch of iron per second is 


1.6 
Wi= 1 (emi) (2.54)%f ergs per second; 


but 1 erg per second = 10~7 watts, 


therefore, the loss in watts per cubic inch for a frequency of f 
cycles per second is . 


W,= 0.83 nB* f 10-7 watts. . . . . (221) 


In transformers where the induction density is nearly uniform 
throughout the volume of the iron this value multiplied by the 
volume of iron in cubic inches would give the hysteresis loss very 
closely; but, in the case of dynamos the induction density is not 
uniform, but varies from a maximum at the roots of the teeth 
to almost zero near the shaft, as shown in Fig. 179 and, therefore, 
the hysteresis loss cannot be calculated accurately but must be 
estimated from experience with similar machines. 


Fic. 179. Flux distribution in the armature core. 


The hysteresis loss varies directly as the speed of the dynamo 
which is proportional to the frequency of the reversals of mag- 
netism and it increases to a slight degree under load due to the ° 
distortion of the flux. In the regions where the density is in- 
creased the loss is increased more than it is decreased in the regions 
where the density is decreased. 

(e) The eddy current loss is due to electric currents set up in 
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the armature iron by the e.m.f.’s generated in it as it cuts across 
the flux. 
In Fig. 180 abcd represents a section of an armature punching 
of thickness ¢ in. If the flux density in the gap is B lines per square 
G 


Fie. 180. Eddy current loss in the armature core. 


inch and the edge ab is moving with a velocity of S ins. per second 
across the flux, then, the e.m.f. generated in the length ab is 


e = BtS 10° volts. 


This e.m.f. will cause a current to circulate through the iron as 
indicated by the arrow; the value of the current will be 


i=—= eee amperes 
és G peres, 
where p is the specific resistance of the iron and & is a constant 
depending on the dimensions of the section. 
The loss in the section will be 
BS" 10 kp _ hes BS? 
Pp 


kp? watts, 3 (222) 


Pp = kp = 


where k,, is a constant. 

The eddy current loss, therefore, varies as the square of the in- 
duction density, the square of the thickness of the punchings and 
the square of the speed; it also depends on the specific resistance 
of the iron used but it cannot be calculated accurately in the case 
of a rotating armature, where the induction density varies through- 
out the section. It increases under load due to field distortion but 
tends to decrease as the temperature rises and increases the spe- 
cific resistance of the iron. 

Eddy currents are also produced in the pole faces due to local 
variations of the induction density as the armature teeth move 
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across them. This loss cannot be calculated but its presence is 
shown by the heating of solid pole faces. To reduce it the pole 
faces in direct-current machines should always be laminated. 

(f) The brush friction loss in foot: pounds rer second is equal to 
the product of the total brush pressure in pounds, the peripheral 
speed of the commutator in feet per second and the coefficient of 
friction between the brush and the commutator. With carbon 
brushes the pressure should be from 1.5 to 2 lbs. per square inch; 
this value multiplied by the area of all the brushes gives the total 
brush pressure in pounds. In railway motors, where there is a 
great deal of vibration, pressures up to 5 lbs. per square inch are 
used in order to insure good contact. The coefficient of friction 
between a carbon brush and the commutator is about 0.3. The 
brush friction loss varies directly as the speed but is independent 
_of the load. 

(g) The journal friction loss increases as the (speed)? but is 
independent of the load. 

(h) The windage loss depends on the shapes of the rotating 
parts of the machine and cannot be accurately determined. It 
varies almost as the cube of the speed but is usually very small. 

The losses may be divided into two groups, the constant losses 
and the variable losses. i 

The constant losses are those which do not vary to any great 
extent under load and include the shunt-field copper loss, the iron 
losses and the friction and windage losses. 

The variable losses are those which increase with load, namely, 
the armature copper loss and the series-field copper loss. | 

All the losses in a machine appear as heat and raise the tem- 
perature of the various parts. . 

131. Efficiency. The efficiency of a machine may be va- 
riously expressed as, 

_ output 
~ Input 


100 per cent 


4 output 
~ output + losses 


100 per cent 


_ input — losses 
input 


100 per cent. . . . (223) 


The efficiency varies with the output; at light loads it is low on 
account of the constant losses; between ? load and full load it is 
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maximum and the constant losses and variable losses are nearly 
equal; above full load it decreases again due to the rapid increase 
of the variable losses. The limit of the efficiency which can be 
reached commercially depends on the output, the voltage and the 
speed. A higher efficiency can be obtained with large machines 
than with small machines. A higher efficiency can be obtained 
with high-voltage or high-speed machines than with low-voltage 
or low-speed machines. 
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Fia. 181. Characteristic curves of a 200-kw. compound-wound 
generator. 


For 220-volt direct-current motors the full-load efficiency ranges 
from about 85 per cent for small sizes to 93 per cent for large 
sizes. 

For 550-volt direct-current generators the full-load efficiency 
ranges from about 90 per cent for small sizes to 95 per cent for 
large sizes. 

Fig. 181 shows the characteristic curves of a 200-kw. compound- 
wound generator, 550 to 625 volts. 
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Fig. 182 shows the characteristic curves of a 75-h. p., 600-volt 
railway motor built by the General Electric Co. 

Fig. 183 shows the characteristic curves of a 500-volt crane 
motor built by the Crocker Wheeler Co. Its rated output is 65 
h. p. for } hour with a temperature rise of 40° C. 

Fig. 184 shows the characteristic curves of a 25 h. p., 500-volt 
compound-wound motor of the Westinghouse Co. 
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Fia. 182. Characteristic curves of a 75-h. p. railway motor. 
132. Limits of Output of Electric Machines. The factors 
which limit the output of electric machines are 


(1) regulation, 
(2) efficiency, 
(3) heating, 
(4) sparking. 


(1) In motors the regulation is a speed regulation. With in- 
crease of load the speed falls off and the increased torque is ob- 
tained at a decreased speed. In constant-speed work the shunt 
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motor is used but if it is overloaded its speed falls to a value too 
low for satisfactory operation. 

In generators the regulation is a voltage regulation. As the 
load is increased the voltage falls off and a point is soon reached 
where any increase of load will cause so great a decrease in voltage 
that the power supplied is unsatisfactory. 

(2) The efficiency of a machine increases with increasing lsat 
to the point where the variable copper losses are equal to the con- 
stant losses. Above this point the efficiency decreases due to the 
rapid increase of the variable losses. 

With properly designed machines the output is limited by either 
heating or sparking before the regulation or efficiency become too 
bad. 

(3) All the losses of power in a machine are converted into heat 
and raise the temperature of the various parts until the point is 
reached where the rate at which heat is being radiated or carried 
off by the ventilating apparatus is equal to the rate at which heat 
is being generated. The temperature will then remain constant. 
When a machine is overloaded its losses increase and consequently 
its temperature rises above normal. 

If a machine operates at a high temperature for any length of 
time permanent injury to the insulating materials will result. 

(4) Sparking will occur in a machine when the field cut by the 
coil which is being commutated is not strong enough to reverse 
the current in the time of commutation. Sparking will therefore 
occur in generators or motors at heavy load when the armature 
m.m.f. is so great that it wipes out the field under the pole tip or 
weakens it to such an extent that it cannot produce the required 
commutating e.m.f. Motors will also spark at high speed since 
the time of commutation is reduced, especially when the high speed 
is produced by field weakening. ‘Take for example a shunt motor 
rated at normal speed as 10 h. p., 110 volts, 80 amperes, 400 
r.p.m. and suppose the temperature rise to be 50°C. above 
standard room temperature of 25°C. If the motor is operated 
at half speed of 200 r. p.m. by reducing the impressed voltage 
to half, the rating may be taken as 10 h. p., 55 volts, 80 amperes 
but the temperature rise will be greater than before because 
the armature copper loss is the same, the field copper loss is the 
same and the iron and friction losses are less due to the low speed, 
but the ventilation is only about half as good as before. 
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When operated at twice full speed produced by field weaken- 
ing, the rating may be taken as 10 h. p., 110 volts, 80 amperes 
but the temperature rise will be less than before, because the 
armature copper loss is the same, the field copper loss is reduced 
to about one quarter of its normal value and the iron and friction 
losses are increased but the ventilation is very much improved. 
The rated output of the machine for normal temperature rise 
might be increased but due to the higher speed and consequent 
reduced time of commutation sparking would occur. 

133. Storage Batteries. A storage battery is an apparatus 
in which electrical energy can be stored to be used at some later 
time. 

Batteries are made up of a number of cells connected in series 
multiple according to the voltage and current required. 

Each eell is composed of two plates or electrodes of suitable 
materials immersed in an electrolyte. The most commonly used 
storage battery has a positive plate of lead peroxide PbO: and a 
negative plate of sponge lead Pb immersed in dilute sulphuric acid 
HSO.. 

When the battery is discharging the electrolyte combines with 
the active materials of the electrodes and when it is being charged 
the electrodes are reduced to their original condition and the 
materials taken from the electrolyte are returned to it. 

The main chemical changes taking place are represented by the 
following formula: 


charge 


PhO. + Pb + 2H.80, = 2PbSO,+2H,0. . (224) 


7 


discharge 


Capacity. The unit of capacity of a storage cell is the ampere 
hour and it is generally based on the eight-hour discharge rate. 
An 800-ampere-hour battery will give a continuous discharge 
of 100 amperes for eight hours. If, however, the rate of discharge 
is increased the ampere-hour capacity of the battery decreases. 
At a six-hour discharge rate the capacity is only about 95 per cent, 
at a four discharge rate it is about 80 per cent and at a one-hour 
rate it is only 50 per cent of its eight-hour rating. Thus the bat- 
tery mentioned above would give a continuous discharge of 400 
amperes for only one hour. 
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The capacity of a cell is proportional to the area of the plates 
exposed to the electrolyte and for an eight-hour discharge rate a 
current density of from 40 to 60 amperes per square foot of 
positive plate is common practice. 

Voltage. The voltage of a cell depends on the character of the 
electrodes, the density of the electrolyte and the condition of the 
cell but is independent of the size. The variation of the terminal 
voltage of a cell during charge and discharge is shown by the 
curves in Fig. 185. On charge the voltage begins about 2 volts 
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Fic. 185. Voltage characteristics of a storage cell. 


and rises to 2.5 volts or a little above. When the charging cir- 
cuit is opened the voltage falls to 2.1 volts and during discharge 
falls off gradually to about 1.9 volts. Beyond this point the fall 
of voltage is very rapid and discharge should not be continued 
after the voltage has fallen to 1.7 volts. 

The required battery voltage is obtained by connecting a num- 
ber of cells in series and the required current is obtained by con- 
necting a number of plates or cells in multiple. 

134. Applications. Batteries are installed in direct-current 
power stations to store energy during periods of light load and to 
deliver energy in parallel with the generators during periods of 
heavy load. When the load is light the generators charge the 
battery and when the load is heavy the charge is given up and so 
the load on the generators is maintained nearly constant and they 
can be operated at maximum efficiency. The result is that the 
voltage regulation of the system is improved. 
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Batteries are also installed in electric railway substations to 
prevent large variations of the load on the feeders supplying them 
and so regulate the substation voltage. 

A third very important application of storage batteries is in 
alternating-current power stations where they provide an auxiliary 
supply of direct current in case of a breakdown of the exciters and 
may thus prevent a shutdown of the whole system. 

Fig. 186 shows a battery connected across the terminals of a 
shunt generator. At normal load the battery voltage and the gen- 
erator voltage are equal and the battery floats on the line neither 
giving nor receiving power. If, however, the load increases the 
generator voltage falls and the battery discharges and supplies 
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_ Fie. 186. Battery with shunt generator. 


part of the extra load and so relieves the generator and prevents 
any large drop in its terminal voltage. The battery in this way 
takes care both of sudden overloads and continuous overloads. 
During periods of light load the generator voltage rises above the 
battery voltage and the battery charges. 

135. Boosters. Boosters are direct-current generators con- 
nected in series with the line to raise or lower the voltage; they 
are used very extensively to regulate the charge and discharge of 
storage batteries without changing the generator voltage. They 
may be either shunt, series or compound wound. 

The shunt booster, Fig. 187, is an ordinary generator with its 
field connected across the station bus bars and its armature con- 
nected in series with the main generator. Its function is to raise 
the voltage impressed on the battery in order to send current into 
it to charge it. The voltage of the booster is controlled by a field 
rheostat. 

Compound boosters are automatic in their action and are di- 
vided into two classes, non-reversible and reversible, depending 
on the relative strengths of their shunt and series windings. 
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Fig. 188 shows a non-reversible automatic booster. The shunt 
field f is connected across the station bus bars. The series field s 
carries the load current of the generator and it opposes the shunt 
field but has at all times a smaller m.m.f. and thus the booster 
voltage is always in the direction of the generator voltage. 
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Fic. 187. Shunt booster. 
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When the load current increases an increase of current through 
s decreases the booster voltage and allows the battery to discharge; 
when the load decreases the booster voltage rises and causes the 
battery to charge. The current from the generator remains prac- 
tically constant regardless of the fluctuations of load. 
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Fig. 188. Compound booster. 


The reversible booster is similar in construction to the non- 
reversible booster but has a stronger series field. At normal load 
the shunt and series fields are of equal strength and the booster © 
voltage is zero. The battery then floats on the line and neither 
charges nor discharges. An increase of load above normal in- 
creases the strength of s and overpowers f and so discharges the 
battery. When the load decreases f becomes stronger than s and 
causes the battery to charge. 
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Thus by installing an automatic booster the battery is made 
more sensitive to variations of load and a better regulation of the 
generator load and voltage is obtained. 

Series boosters are used in electric railway engineering and in 
general power distribution to raise the voltage on certain sections 
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Fic. 189. Series booster. 


of the line as in the case of a long feeder supplying power to an out- 
lying section, as shown in Fig. 189. The booster field is connected 
in series with the line and it produces an increase of the im- 
pressed voltage to take care of the line drop. 


CHAPTER V 
SYNCHRONOUS MACHINERY 


136. Alternator. An alternator consists essentially of an 
open coil of wire revolving at uniform speed in the magnetic 
field between a pair of unlike poles. (Fig. 190.) The field m.m.f. 
is produced by windings excited by direct current. 

Between the slip rings a and 6b an alternating e.m.f. is gener- 
ated of instantaneous value 


e =n 10- volts, . Vb ae eee 


where n is the number of turns in the coil and “ is the rate of 
change of the flux interlinking with the coil or the rate at which 
the coil is cutting the flux. The result is the same if the coil is 
stationary and the field revolves. 

137. Types of Alternators. There are three principal types 
of alternators, 


(a) revolving armature, 
(b) revolving field, 
(c) inductor. 


Type (a) is illustrated in Fig. 190. The field poles are sta- 
tionary and the armature revolves between them. The ends of 
the winding are brought out to two slip rings in single-phase 
machines and to three or more slip rings in polyphase machines 
and the current is collected by copper or carbon brushes. 

The armature is necessarily of small size since the peripheral 
speed is limited and there is very little space for insulation. The 
armature conductors are also acted upon by centritugal forces 
which tend to throw them out of the slots. The revolving arma- 
ture is therefore only suitable for machines of small size and low 
voltage. It is, however, necessary in the ease of rotary converters — 
where the same armature winding carries both alternating and 
direct currents. 

224 
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(b) The revolving field type illustrated in Fig. 191 and Fig. 
192, is almost universal for all sizes and voltages. The armature 
is the stationary part and the field poles revolve. This type has 
many advantages over the revolving armature type. (1) It only 
requires two slip rings even for polyphase machines and these 


Generator 


Fia. 190. Single-phase alternator, revolving armature type. 


slip rings carry only the small current supplied to the field wind- 
ing, while the load current is taken off from stationary terminals. 
(2) There is much more space for the armature windings and 
they are relieved from all centrifugal strains. They can, there- 
fore, be much better insulated and ventilated. The field wind- 
ings are made of copper strap and the revolving member is very 
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Fic. 191. Single-phase alternator, revolving field type. 


rugged and is not affected by strains due to rotation; thus, much 
higher peripheral speeds may be used than with type (a), with 
consequent increase in economy of material. 

(ec) The inductor alternator is almost obsolete. In these 
machines the field and armature windings are both stationary 
and a part of the iron of the magnetic circuit revolves, producing 
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a periodic pulsation of the reluctance of the magnetic circuit and 
consequently a variation of the flux linking with the armature 
winding. Fig. 193 represents one type of inductor alternator. 


Fic. 193. Inductor alternator. 


ff is the stationary field winding which produces the magnetic 
flux ¢,¢, in the direction indicated. a,b, a,b, are the armature 
coils which may be connected either in series or in multiple. J 
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is the revolving part of the magnetic circuit and is called the in- 
ductor. The polar projections on it are all north poles but the 
amount of flux issuing from J and linking with the armature 
coils a,a, b,b, depends on the relative position of the inductor 
projections and the projections carrying the armature coils. 

In Fig. 194, curve 1 represents the variation of the flux d¢, 
interlinking with one armature coil a starting from the position 
when this flux is maximum, Fig. 193. Curve 2 represents the 
e.m.f. generated in coil a by the varying flux. As ¢. decreases 
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Fia. 194. Fluxes and e.m.f.’s in an inductor alternator. 


an e.m.f. is generated in the positive direction and as it increases 
again an e.m.f. is generated in the negative direction. Thus al- 
though the flux does not reverse its direction and never reaches 
zero, an alternating e.m.f. is generated in the armature coil. 
If the pole pieces are properly shaped a sine wave of e.m.f. will 
be produced. Curves 3 and 4 represent the variation of flux 
and e.m.f. in coil b. The e.m-.f. in coil b is displaced 180 degrees 
from that in a and before the two are connected in series the 
terminals of one must be reversed. 

Inductor alternators were very heavy and erenenre and have 
been superseded by the other types. 

Any one of these three types may be wound as single-phase or 
polyphase machines. ~ 
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138. Electromotive Force Equation. Fig. 190 represents a 
two-pole, single-phase alternator. The armature winding is a 
single coil of turns revolving at a constant speed of N r.p.s. 
The magnetic field is assumed to be uniform. 

The e.m.f. generated in the winding goes through one com- 
plete cycle during each revolution, and thus the frequency in 
cycles per second is equal to the speed in revolutions per second 
orf=N. 

The angular velocity of the coil is w radians per second, and 
therefore : 
w= 2aN =2af. . . 2s 2 « (226) 


If & is the maximum flux inclosed by the coil, that is, the flux 
inclosed when the coil is vertical, as shown, and time is measured 
from this instant, then at time ¢, after the coil has turned through 
an angle 0, the flux inclosed is ¢ = cos 0, and the e.m.f. gener- 
ated in the coil is 


_— 7% 19-8 
e= n=, 10 


i ee wi 
im ee (® cos 8) 1g, 


but = 2xft, and thus 


S 
] 
& 
I 


e=— nF cos 2 xft) 10 


= 2nfn@10%sin2aft volts . . (227) 
= Ep sin 6. 


This is a sine wave of maximum value 


Eo = 2nfn®10-* volts . . . . . (228) 
and effective value , 
Eo 
E = — =4.44fn@10 volts. . . . (229 
a f (229) 
This is the electromotive force equation for an alternator 
which produces a sine wave of e.m.f. and has a concentrated 
winding, that is, all the turns wound in a single coil. 
This result may also be obtained as follows. The flux cut per 
second by each turn of the coil is 4f@ lines, and therefore the 
average e.m.f. generated in the coil is 


. Bag = 4frBi16F volts; 3. OS 
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but for a sine wave the ratio of the maximum to the average 


ordinate is 3 and therefore the maximum e.m.f. is 
Ey = 5 Lang = 2xfn 10-, 
and the effective value is as before 
Eo 
= —— = 4,44 fn@ 10-%. 
= ie 


The e.m.f. generated in an alternator is directly proportional 
to the frequency f, to the number of turns in series n and to the 
flux under each pole ®. 

In a two-pole machine one revolution or 360 mechanical de- 
grees corresponds to one cycle or 360 electrical degrees and the 
frequency is equal to the number of revolutions per second; in a 
p-pole machine the e.m.f. goes through a complete tycle when 


the coil moves across a pair of poles and thus through 5 cycles 


in one revolution. In this case 360 mechanical degrees = 5 x 360 


P 
2 
The frequency in a p-pole alternator revolving at N r.p.s. is 


electrical degrees or one mechanical degree = < electrical degrees. 


f= BN cycles per second. .. . . (281) 


139. Form Factor. If the flux in the air gap is not so distrib- 
uted as to give a sine wave of e.m.f., the average value of the 
generated e.m.f. is still given by equation 230, 


Eavy = 4fn® 10-8, 


but the ratio of maximum to average value is not 5 and the ratio 


of effective to maximum value is not iE 
The effective value of the general alternating wave can be ex- 
pressed as . 
E = 4/-7fn®10- volts, °° 3 ..~ (232) 


where y is called the form factor of the wave and is defined as 
the ratio of the effective value to the average value of the ordi- 
nate of the wave. 
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The form factor of a rectangular wave is 1.00 and for all other 
waves is greater than 1.00. For a sine wave the form factor is 
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140. Two-phase or Quarter-phase Alternator. When two 
similar single-phase windings are placed on an armature spaced 
at 90 electrical degrees to one another the winding is called a 
two-phase winding and two e.m.f.’s are generated displaced in 
phase by 90 degrees. Fig. 195 shows a two-phase winding. 
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Fic. 195. Two-phase alternator winding. 


Phase 1 starts at s; and ends at f; and phase 2 starts at se and 
ends at fo. 
The e.m.f. generated in phase 1 is 


é: = Ey sin 8, effective value EH = 4h 


V2 


the e.m.f. generated in phase 2 is 


Ey . 
é = Ey sin (0 — 90), effective value H = ——; 
_ &2 0 ( }e /2 
and they are represented by the two waves or the two vectors in 
Fig. 196. 


The two windings are usually entirely separate and their ends 
are brought out to four terminals A, b, C, D. 
If any two terminals as B and C are joined the e.m.f. between 
A and D is 
€aD = &) — €2 = Eysin@ — Eysin (6 — 90) 


= Ky (sin @ + cos 6) 
= V2 Eysin (04+ 45), . ie. sw 
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it leads ¢; in phase by 45 degrees, its maximum value is V2 Ey and 
V2 Ey 

V2. 
also. be obtained by subtracting the two vectors as shown in 
Fig. 197. 


= E,= V2E. This value can 


its effective value is H4p = 
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Fie. 196. E.m.f. waves of a two-phase alternator. Fig. 197. 


The middle points mm, and m, of the two windings are some- 
times connected together and a fifth terminal F used as shown 
in Fig. 198. The common terminal F is called the neutral point 
of the winding and may be connected to earth. The e.m.f. from 
each of the other terminals to F is the same. 
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Fia. 198. 


The four e.m.f.’s E4c, Ecg, Epp and Epa are equal, since each is the 


vector difference of two e.m.f.’s of effective value 5 at right angles 


to one another, and these four e.m.f.’s are also at right angles to 
one another and form a four-phase or quarter-phase system. 


> 2 


\ 
232 ELECTRICAL ENGINEERING 


The effective value of each of the four e.m.f.’s is 


V(G)+@) = 


141. Three-phase Alternator. If three similar windings are 
placed on the same alternator armature displaced 120 electrical 
degrees from one another, Fig. 199, and the ends of the windings 
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Fic, 199, Three-phase alternator winding. 


are brought out to terminals, the machine is a three-phase alter- 
nator. The e.m.f.’s generated in the three windings are dis- 
placed 120 degrees. 

By. 
/2’ 


Ko 


the e.m.f. in phase 2 is ¢2= Ep sin (@ — 120), effective value EH = V5 ; 


The e.m.f. in phase 1 is e; = Ey sin 0, effective value H = 


and a e.m.f. in phase 3 is es = Hy sin (@ — 240), effective value 

E=—.. 
V2 

The windings may be interconnected in two ways. (1) Join 

fi to 82, fe to ss and fs to s;, and connect the three junctions to 


Cc E® 


Fia. 200. Delta connection. 


the terminals A, B and C. (Fig. 200.) This is called the “delta” 
connection or ring connection and is represented by A. 
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‘The resultant e.m.f. around the closed circuit at any instant is 
e: + e + 3 = Eosind + Epsin (6 — 120) + Eysin (9 — 240) 
= FE, (sin @ + sin @ cos 120 — cos @ sin 120 
. + sin 6 cos 240 — cos @ sin 240) 


= Ky (sino - 5 sin 0 ~~ cos — 4sin0d 


+3 cos s) = Q, 


and therefore if the three windings are exactly similar and are 
displaced exactly 120 degrees there will be no resultant e.m.f. 
acting around the winding and no circulating current will flow. 
This result has been derived on the assumption that the e.m.f. 
wave is a true sine wave. If the e.m.f. wave is made up of a 
fundamental and a third harmonic, the third harmonics in the 
three phases will be displaced by 3 X 120° = 360° and will there- 
fore be in phase and will combine to a resultant third harmonic 
of three times the magnitude of that in one phase and this will 
cause a third harmonic of current to circulate through the closed 
winding. This current may be of the order of full-load current 
in the case of alternators of low reactance. The reactance of the 
alternator winding to the triple frequency current is three times 
that offered to the current of fundamental frequency but only 
the true reactance and not the synchronous reactance of the 
winding is effective in limiting the circulating current. The third 
harmonic of e.m.f. does not appear at the terminals since it is con- 
sumed in producing the circulating current. 

(2) If the ends s, s2 and s3 are connected together and the ends 
fi, fe and f; are joined to the three terminals A, B and C, Fig. 201, 
the windings are connected ‘Y” or “‘star.” 

The e.m.f. between A and B is 


Cap = 41 — & = Ey sind — Ey sin (6 - 120) 
= KE, (sin 6 — sin 6 - cos 120° + cos 6- sin 120) 
= 8, (sin +3 sino + ~ 3 os 0) 


=m V3 Ey(%3 sin + $ 0088) 


= V3 Ey sin (6 + 30); Zs Far eee (234) 
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its maximum value is V3 Ep and its effective value is 
_ Bo ve 
V3 iy V3 E. 


Similarly the e.m.f. between B and C is 
€pc = 2 — €3 = Ey {sin (@ — 120) — sin (6 — 240)? 


= V3 By sin 090) +2 oe. ee eee (235) 
of maximum value V3 E, and effective value V3 E. 
A ec 


fi 


Fig. 201. Star or “‘Y”’ connection. 


The e.m.f. between C and A is 
COA = B—- F1 = Ep sin (0 ya 240) = sin 0; 
= V3 E,sin (0+ 150) . . . . « «+ (286) 

of maximum value V3 Ep and effective value V3 E. 

Thus the three e.m.f.’s between terminals are equal to one 
another and are displaced in phase by 120 degrees. 

A fourth terminal is usually connected to the neutral point 0 
and it may be grounded. 

If a third harmonic exists in the e.m.f. wave of each phase it 
will not appear in the e.m.f. between terminals in the “Y” con- 


Load 


Fic. 202. Grounded neutrals. 


nection since this e.m.f. is the difference of two e.m.f.’s at 120 
degrees to one another or the sum of two e.m.f.’s at 60 degrees, 
the third harmonics will be combined at 3 X 60° = 180° and will 
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therefore neutralize one another. If, however, the neutral is 
connected to ground at both the generator and receiver end, as 
shown in Fig. 202, a third harmonic of current may flow in the 
neutral supplied from the three phases. 

Alternators should, whenever possible, be connected in “Y”’ 
instead of ‘“‘A” to reduce the danger of circulating currents. 

142. E.M.F.’s, Currents and Power in Three-phase Circuits. 
Fig. 203 shows a “‘A’’-connected three-phase system. 


y orig 
&f 
@1 8,f. B ts 
a1 
8 fy] S tc 
Fig. 203. 
The e.m.f. in phase 1 is 
é; = Ky sin 0, effective value EL, = hi 
the e.m.f. in phase 2 is 
é. = Ey sin (@ — 120), effective value E, = Oe 
the e.m.f. in phase 3 is 
; ‘ E 
e; = Ey sin (6 — 240), effective value Z; = 3 


The effective values of the e.m.f.’s in the three phases are equal 
and are the terminal e.m.fs. of the alternator or the e.m.fs. between 
lines, 3 


Eo 
E,= EF, = BE, = BE; = —: 
t A 2 3 /2 
The current in phase | is 
, = I) sin (6 — $), effective value J; = oi 
the current in phase 2 is 
| 1g = Ip sin (0 — @ — 120), effective value I, = a 
the current in phase 3 is 
Io 


ig = Ip sin (0 — ¢ — 240), effective value I; = ae 
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The effective value of the currents in the three phases is the same 
Io : 
V2 
¢ is the angle of lag of the current in each phase behind the e.m.f. 
generated in that phase. , 
The current in line A is 


14 = — 2 = Ino sin 6 — ¢) — Ip sin (0 — ¢ — 120) 
= V3 Ipxin (0 — + 30); >. oe ae) 


and its effective.value is 


I, = v3 = V3 1. 


E® 


I, A 


E® I, 


The current in line B is 
ip =k — 1g = Iosin (6 — ¢ — 120) — Jp sin 8 — ¢ — 240) 
= V3Ipsin(@—¢@—90), . . . . . (288) 
and its effective value is 
Ip = V8 1. 
The current in line C is 
te = 13 — ty = In sin (06 — d — 240) — Ip sin (6 — ¢) 
= V3Iosin(@—¢—210), . . . . (289) 
and its effective value is 


I, = V3 1. 


Thus the currents in the three lines are equal in magnitude and 
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are 120 degrees out of phase with one another. If the effective 
value of the current in each of the lines is represented by J; then 


Ips bi =dy = I= 434. 
The effective values of all these quantities are shown in the vector 
diagram in Fig. 204. 
The power supplied by the alternator is 
P= E,I, cos¢+ Eelz cos + E313 cos 
SR TE CORO ee aa ao) Lace ca 
= V3 E,I, cos ¢ Bee oe = a es 


and is equal to V3 times the product of the terminal e.m.f., the 
line current and the power factor. 


A in 
43 
e3 
Sf; B ap 
Fia. 205. 


If the system is not balanced, that is, if either the currents or 
the power factors in the three phases differ from one another the 
line currents will not be equal and they will not be displaced in 
phase by 120 degrees. 

If the current in phase 1 is 

t, = Io, sin (0 — 1) 


and the current in phase 2 is 
| dg = Ig, sin (6 — dz — 120) 
the current in line A is 
14 =U — te 
= Ip, sin(@ — $1) — Ip, sin (0 — de — 120). . (242) 
Fig. 205 shows a “‘ Y’’-connected three-phase system. 


Using the same notation as before and taking the results ob- 
tained in Art. 141, 


238 ELECTRICAL ENGINEERING 


the e.m.f. between lines A and B is 

eap=e1 —@=V3 Eysin (¢+ 30), effective value H4z= V3E=E;; 
the e.m.f. between lines B and C is : 

Cpo= 2 — €3= V3 Ey sin (0— 90), effective value Egco= V3E=E,; 
the e.m.f. between lines C and A is 

€o4 =63 —G1= V3 Ey sin (6 — 210), effective value Eco4= V3E=E,; 


Eas 
E 
@ 
Igl, 
Om -E@ 
-E@ 
Esc 
Ig@lc @ 
E@ lets “YS 
; | 
-E@ 
Eca 
Fie. 206. 


the current in line A is 
1A = 1 = Ip sin (6 — 9), effective value J4 = a = Ti; 


the current in line B is 


ip = 2 =I) sin (6 — ¢ — 120), effective value iG = a3 = Jy: 


V2 
the current in line C is 
ic = is = In sin (0 — ¢ — 240), effective value Ic = o = Ih. 


The effective values of these quantities are all shown in the vector 
diagram in Fig, 206. 
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The power supplied by the alternator is as before 
P=3 EI cos¢ 
= V3 E,I, cos ¢. 
There are a great many special 


143. Alternator Windings. 
alternator windings but the majority of them come under the two 


classes of chain windings and double-layer windings. 
Fishes py im o. 


eh ROR 


4 os 
Four Pole, Single Phase, 
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Chain Winding 


pS, @Se2 afi he 


Four Pole, Two Phase, Chain Winding 
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Four Pole, Three Phase, Chain Winding 


Fig. 207. Concentrated chain windings. 


Fig. 207 shows four-pole single-, two- and three-phase chain 
windings for armatures with one slot per phase per pole. These 
windings are all concentrated windings. 

Fig. 208 shows the corresponding double-layer windings. 

Fig. 209 shows a four-pole single-phase chain winding distributed 


240 ELECTRICAL ENGINEERING 


in six slots per pole. Fig. 210 shows a winding for the same 
machine using only four of the six slots per pole as explained in 
Art. 144. 

Fig. 211 sbows a two-phase chain winding for the armature in 
Fig. 209. The windings are distributed in three slots per phase 


per pole. 


s 
Four Pole, Single Phase, Double Layer Winding 


81 *S | if l 


Four Pole, Two Phase, Double Layer Winding 


$51 Se Ss J. ef, 


2 
Four Pole, Three Phase, Double Layer Winding 
Fic. 208. Concentrated double-layer windings. 


Fig. 212 shows a three-phase chain winding for the same arma- 
ture, distributed in two slots per phase per pole. 

Figs. 213 to 216 show the double-layer windings corresponding 
to Figs. 209 to 212. 
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Fig. 209. Four-pole, single-phase, chain winding distributed in six slots 
per pole. 
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Fie. 210. Four-pole, single-phase, chain winding using only four of the six 
slots per pole. 
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Fig. 211. Four-pole, two-phase chain winding distributed in three slots 
per phase per pole. 
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Fia. 212. Four-pole, three-phase, chain winding distributed in two slots 
per phase per pole. 
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slots per pole. 


the six slots per pole. 


slots per phase per pole. 


u 
2 


| 
| 
S 
Fia. 215. Four-pole, two-phase, double-layer winding distributed in, three 


Four-pole, single-phase, double-layer winding distributed in six 


Fic. 214. Four-pole, single-phase, double-layer winding using only four of 


Fig. 213. 


Fic. 216. Four-pole, three-phase, double-layer winding distributed in two 
slots per phase per pole. 
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144. Distribution Factors. The windings in Figs. 207 and 
208 are all concentrated windings, that is, they are placed in one 
slot per phase per pole. 

When a winding is made up of a number of coils placed in sep- 
arate slots the e.m.f.’s generated in the various coils are displaced 
in phase and the terminal e.m.f. is less than if the winding had been 
concentrated. The factor by which the e.m.f. of a concentrated 
winding must be multiplied to give the e.mf. of a distributed 
winding of the same number of turns is called the distribution 
factor for the winding and it is always less than unity. 

When a single-phase winding is distributed in two slots per 
pole spaced at 90 degrees the e.m.f.’s in the two coils are 90 degrees 
out of phase. If the effective value of the e.m.f. generated in 


each coil is e, then the terminal e.m.f. is e; = V2e, Fig. 217, and 
the distribution factor is 


tab: Pe 
When a single-phase winding is distributed in three slots per pole 
spaced at 60 degrees the terminal e.m.f. is the sum of three e.m.f.’s 


€,—2e 
AC 
6 wee 0.666 


O 
Fie. 217. Fic. 218. 


e at 60 degrees to one another. It is e, = 2e, Fig. 218, and the 
distribution factor is 


When a single-phase winding is distributed in six or more slots 
per pole the distribution factor may be taken as 


§ = a 0.637. 


us 
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In Fig. 219 the semi-circumference represents the e.m.f. of the 
concentrated winding and the diameter represents the e.m.f. of 
the distributed winding. 


Fie. 219. 


Fic. 220. Fig. 221. 
j 


The e.m.f.’s in the coils from b —c add very little to the terminal 
e.m.f. and this part of the winding is usually omitted and the 


terminal e.m.f. is decreased in the ratio * = cos 30° = 0.866, or 


is decreased 13.4 per cent while the resistance and reactance of the 
winding are decreased 333 per cent. 
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Figs. 210 and 214 show four-pole single-phase windings with 
only four of the six slots per pole used. | 

The terminal e.m.f. of a two-phase winding distributed in two 
slots per phase per pole is made up of two e.m.f.’s of value e 
displaced 45 degrees from one another. It is e, = 1.848 e, Fig. 
220, and the distribution factor is 


For a two-phase winding with three slots per phase per pole, 
Figs. 211 and 215, the terminal e.m.f. is made up of three e.m.f.’s 
displaced 30 degrees from one another. It is e; = 2.733 e, Fig. 221, 
and the distribution factor is 


oat 2.733 e 
CR Faeratan wi 
= 1,931¢ 
1.9812 
ila, 0.966 
Fig. 222. Fig. 223. 


The terminal e.m.f. of a three-phase winding distributed in 
two slots per phase per pole, Figs. 212 and 216, is made up of two 
e.m.f.’s of value e displaced 30 degrees from one another. It is 

= 1.931 e, Fig. 222, and the distribution factor is 
é& _ 1.981e 


a We 2e 


= 0.966. 
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With three slots per phase per pole the factor is 
5 = 0.96, Fig. 223. 


The following table gives the distribution factors for single-, 
two- and three-phase windings. 


Distribution factor 
Slots per phase 
per pole 
Single-phase Two-phase Three-phase 

1 1.0 1.0 1.0 

2 0.705 0.924 0.966 
3 0.666 0.911 0.96 

4 0.653 0.906 0.958 
6 0.637 0.903 0.956 


If only two thirds of the slots are used for the single-phase 
windings their distribution factors must be reduced by multiply- 
ing them by the constant 0.866. 

145. Short-pitch Windings. The pitch of a winding is the 
distance between the two sides of one of the coils forming the 


E.M.F, between Terminals 


E.M.F, in g ork 


Fig. 224. Full-pitch coil. 


winding. When the coil pitch is equal to the pole pitch or the dis- 
tance between the centres of adjacent poles, the winding is full 
pitch. When the coil pitch is less than the pole pitch the winding 
is fractional pitch or short pitch. 

In Fig. 224 abcdf shows the distribution of flux under two 
adjacent poles of an alternator. The area under the section of 
the curve abc or cdf multiplied by the length of the pole parallel 
to the shaft gives the flux ® crossing the air gap under each pole. 

As the side g of the coil cuts across the flux in the gap an e.m.f,. 
is generated in it of the same wave shape as the flux distribution. 
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If gh is a full-pitch coil the side h will occupy a position under the 
adjacent pole similar to that of g and the e.m.f.’s generated in the 
' two sides will be of the same value and wave shape but displaced 
180 degrees in phase; they therefore act in the same direction 
around the coil and add directly to give the terminal e.m.f. If e 
is the effective value of the e.m.f. generated in one side of the 
coil the terminal e.m.f.is H = 2e. With a full-pitch concentrated 
winding the wave form of the generated e.m.f. is the same as the 
wave of flux distribution under the poles. 

If the coil pitch is less than the pole pitch by an angle a, the 
e.m.f. wave generated in the side h leads the e.m.f. in g by an 


E.M.F. between 
Terminals 


E.M.F, ing 


E.M.F, inh 
E=2e Cos x 
en) 
Zz Ve 
err] (9) 


Fic. 225. Short-pitch coil. 


angle a, Fig. 225, and the terminal e.m.f. is the vector sum of two 
e.m.f.’s of effective value e displaced in phase by an angle a. It is 


oe (243) 


ozs 


and is less than the e.m.f. generated in the full-pitch winding in 


E = 2ecos 


the ratio cos 5 ag. 


Fractional-pitch windings are sometimes used in order to elimi- 
nate certain harmonics from the e.m.f. wave of the generator. 
Take the case of a machine with the wave of flux distribution, 
shown in Fig. 226, consisting of a fundamental and a fifth har- 
monic. With a full-pitch winding the e.m.f. wave would consist 
of a fundamental and the prominent fifth harmonic. If, how- 
ever, the coil pitch is made only 80 per cent of the pole pitch the 
e.m.f. in one side of the coil will lead that in the other by 36 
degrees and the fifth harmonics in the two sides will be in direct 
opposition and will disappear. (Fig. 227.) The terminal e.m.f. will 
consist only of the fundamental and it will be decreased in ratio 
cos 18°:1. To eliminate an nth harmonic the coil pitch must be 


248 ELECTRICAL ENGINEERING 


either lengthened or shortened by * th of the pole pitch. Thus 


the wave form of the e.m.f. generated in a short-pitch winding is 
not the same as the wave of the flux distribution in the air gap. 

Similarly the wave form of any distributed winding differs 
from the wave of flux distribution, since the terminal e.m.f. is 
the sum of a number of waves displaced from one another. A 
fully distributed winding gives an e.m.f. wave of approximately 
sine form at no load regardless of the flux distribution. 


E.M.F. between 
Terminals 


Curve of Flux Distribution 


AON as 


Fia. 226. Flux wave with fifth Fic. 227. Elimination of fifth harmonic. 
harmonic. : 


146. Effects of Distributing the Winding. (1) Thecoreisused 
to better advantage since a number of small slots evenly spaced 
are used instead of a few large ones. (2) The copper is evenly 
distributed over the armature surface and thus the copper loss is 
also distributed and the heat developed by it can more easily be 
dissipated. A higher current density in the copper can, therefore, 
be used. (8) The self-inductive reactance is very largely de- 
creased by distributing the winding in a large number of slots, 
since the coefficient of inductance of a coil is proportional to the 
square of the number of turns. (4) The terminal e.m.f. is de- 
creased as shown in Art. 144 but the wave form is made more 
nearly sinusoidal. 

147. Multiple-circuit Windings. The windings already dis- 
cussed are all single circuit, that is, all the turns of one phase are 
connected in series. In low-voltage machines with a large current 
output it is necessary to connect the coils forming each phase in 
multiple circuit. When connected two-circuit the terminal e.m.f. is 
reduced to one half and the current output is doubled; the power 
output, therefore, remains the same. 

The e.m.f.’s generated in the sections of the windings which are 
connected in multiple must be of the same value and must be in 
phase or circulating currents will flow. It is also necessary that 
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the resistances and reactances of the sections be of the same value 
or one part of the winding will supply more current than the other. 
Fig. 228 shows a four-pole three-phase double-layer winding 
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Fia., 228. Four-pole, three-phase multiple-circuit windings. 


with two slots per phase per pole connected “Y” and ‘‘A”’ single 
circuit and two circuit. A winding may be connected with as 
many circuits in multiple as there are pairs of poles. 
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148. General E.M.F. Equation. The electromotive force equa- 
tion, derived in Art. 139, 


E = 4 yfn® 10° volts 


which applies only to concentrated windings may be extended to 
include all windings by introducing the distribution factor 6. 

Thus the general equation for the effective value of the e.m.f. 
between terminals of an alternator is 


EK = 46yfn®@ 10 volts, . . . . . (244) 
where | 
a x frequency in cycles per second, 
n = number of turns in series between terminals, 
® = flux from one pole, 
y = form factor of the e.m.f. wave, 
6 = distribution factor of the winding. 


This equation holds both for the single-phase alternator and for 
any phase of a polyphase alternator with m turns in series per phase. 
If the winding is short pitch the e.m.f. is reduced in the ratio 
cos 5 : 1 where the coil pitch is 180 — a electrical degrees. 
149. Rating of Alternators. Alternators are designed to give 
a certain terminal voltage and to supply any current up to a 
certain maximum or full-load current. : 
The output is 


P = nEI cos 0 watts, 
where 
E is the voltage per phase, 


I is the full-load current per phase, 
cos @ is the power factor of the load, and 
n is the number of phases. 


The power output, therefore, depends on the voltage which is a 
fixed quantity, the current which is variable and is limited by the 
allowable temperature rise caused by the copper losses and other 
losses in the machine, and the power factor of the load over which 
the designer has no control. 

Alternators should, therefore, be rated not in watts or kilowatts 
which depend on the power factor but in volt amperes or kilovolt 
amperes. 

A machine rated at 1000-kilovolt amperes can supply 1000 kilo- 
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watts to a non-inductive load at unity power factor or it can supply 
1000 < 0.80 = 800 kilowatts to an inductive load of 80 per cent 
power factor. . | 

150. Comparative Ratings of an Alternator Wound Single-, 
Two- and Three-Phase. Take the case of a machine with six 
slots per pole. Let e be the effective value of the e.m.f. generated 
in each coil of the winding and J be the current per conductor. 
The current will be the same in the three cases for the same tem- 
perature rise. 

When wound single-phase using all the slots the distribution 
factor is 0.64 and the terminal e.m.f. is 


E = 6e X 0.64 
and the output is 


Py = EI cos ¢ = 3.84 el cos 9, 


where cos ¢ is the power factor of the load. 
When wound single-phase using only four slots per pole the 
terminal e.m.f. is 


E = 6e X 0.64 X 0.866 (Art. 144) 


and the output is 
Py = EI cos ¢ = 3.82 el cos ¢. 


When wound two-phase with three slots per phase per pole the 
distribution factor is 0.91, the e.m.f. per phase is 


E=3eX0.91 
and the output is 


P, = 2 EI cos ¢ = 5.46 el cos ¢. 


When wound three-phase with two slots per phase per pole the 
distribution factor is 0.96, the e.m.f. per phase is 


E =2e X 0.96 
and the output is 


P; = 3 EI cos ¢ = 5.76 el cos ¢. 


Taking the three-phase rating as 100 the comparative ratings 
are as given below. 


Number of Phases. Rating. 
Three-phase 100 
Two-phase 95 
Single-phase using all the slots 67 


Single-phase using only four slots per pole 5¢.7 
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In practice an alternator is given the same rating two- and three- 
phase and 65 per cent of that rating single-phase. 

151. Armature Reaction. The flux distribution in the air gap 
of an alternator at no load is symmetrical about the centre line of 
the pole and usually follows approximately a sine wave. The 
e.m.f. generated in the armature is also a sine wave. (See Fig. 
224.) 

When current flows in the armature winding, the m.m.f. of the 
armature combines with the m.m.f. of the field and changes both 
the magnitude and distribution of the flux crossing the air gap 
and cut by the armature conductors. It thus changes both the 
magnitude and the wave form of the emf. generated. These 
results are termed the armature reaction. 

Armature reaction depends not only on the intensity of the 
current in the armature but also on its phase relation with the 
generated emf. Fig. 229 illustrates armature reaction in a 
machine with a single-phase concentrated winding. 

In (a) the armature coil is shown in the position of zero e.m.f.; 
if the current is in phase it is also zero. 

In (6b) the e.m.f. is maximum and the current is maximum. 
The m.m.f. of the armature is cross magnetizing, that is, it de- 
creases the flux over one half of the pole and increases it over the 
other half. The useful flux is only decreased by the small amount 
lost due to the higher saturation, and, therefore, decreased perme- 
ability over the half of the pole where the density is increased. 
The flux distribution no longer follows a sine wave and the e.m.f. 
will not be a sine wave. 

In (c) the current is maximum but lags 90 degrees behind the 
generated e.m.f. The m.m.f. of the armature acts directly against 
the m.m.f. of the field. It is, therefore, demagnetizing and 
decreases the flux but does not distort it. 

In (d) the current is maximum and leads the e.m.f. by 90 degrees. 
The m.m.f. of the armature acts directly with the field and mag- 
netizes it. The useful flux is increased and is not distorted. 

The following results have been, obtained: 

(1) A current in phase with the generated e.mf. is cross 
magnetizing and only decreases the flux to a very slight extent. 

(2) A current lagging 90 degrees behind the generated e.m.f. 
demagnetizes the field and decreases the flux and decreases the 
generated e.m.f. 
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(3) A current leading the generated e.m.f. by 90 degrees 
magnetizes the field, increases the flux and increases the generated 
e.m.f. 

If the current lags behind the e.m.f. by angle ¢, it may be 
resolved into two components, J cos ¢ in phase with the e.m.f. 
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Fic. 229. Armature reaction. 


and, therefore, cross magnetizing and J sin ¢ lagging 90 degrees 
behind the e.m.f. and demagnetizing. 

The effect of armature reaction increases almost directly with 
the current. When the magnetic circuit, or that part of it in- 
cluding the pole tips, air gaps and teeth, becomes saturated the 
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cross-magnetizing effect is decreased since a large m.m.f. is re- 
quired to produce a small change in flux. The demagnetizing 
m.m.f. increases directly with the current and the leakage factor 
of the machine also increases and causes a further decrease of the 
useful flux. 

152. Armature Reactance. The flux produced by the cur- 
rent in the armature coil in Fig. 229 may be separated into two 
parts as shown. 

Part (1) is the flux of armature reaction which crosses the gap 
and interferes with the flux threading the field circuit. Its effect 
is either cross magnetizing, demagnetizing or magnetizing. 

Part (2) is the flux which only interlinks with the coil itself and 
does not interfere with the flux produced by the field m.m.f. It. 
is the self-inductive flux of the coil and generates in the coil an 
e.m.f. of self-inductance, which consumes a component of the e.m.f. 
generated by rotation. This e.m.f. called the armature reactance 
drop is equal to the product of the armature current J and the 
armature reactance x and leads the current by 90 degrees. 

The reactance is x = 22fL, where L is the inductance of the 
armature. JZ and x both decrease as the armature current in- 
creases due to the increased saturation and, therefore, decreased 
permeability of the leakage path surrounding the armature con- 
ductors. They also vary as the armature is rotated; when the 
conductor is under the pole the reluctance of its local leakage 
path is minimum and L and z are large; when between the poles 
the reluctance is maximum and J and # are reduced. An aver- 
age value of x is chosen to represent the armature reactance. At 
light loads when the current is small the reactance drop will be 
greater than the value corresponding to the average reactance 
and when the current is large it will be smaller. 

153. Polyphase Armature Reaction. If » is the number of 
turns per phase per pair of poles on a two-phase alternator and 
t, = I) cos 6 is the current in phase 1 and 72 = Jp cos (@ — 90°) = 
I) sin @ is the current in phase 2, the m.m.f.’s of the two phases are 
m, = nt = nIo cos 6 and mz = nig = nIpsin 6. These two m.mf.’s 
are in quadrature in time and space but combine to give a con- 
stant m.m.f. nJo fixed in position relative to the field m.m.f. 
and revolving synchronously backwards relative to the armature. 
This can be seen by reference to Fig. 230. AB is the winding 
of phase 1 and the current is assumed to lag behind the e.m.f. by 
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angle ¢. At the instant represented the current is maximum and 
the m.m.f. of the coil is maximum and acts in direction OY. The 
current in phase 2 is now zero. The m.m.f.’s acting are shown in 


Fig. 231. 
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In Fig. 232 the coil AB has moved through angle 6 and its current 
has decreased to J) cos 6 and its m.m.f. to nIy) cos 6. The current 
in coil CD has a value Jy sin 6 and its m.m.f. is nJp sin 0. 
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Fic. 232. Fig. 233. 


The component of the m.m.f. of phase 1 in direction OY is 
nIo cos 8+ cos 8 = nIo cos? 6 and the component in direction OX is 
—nIy cos 6+ sin 6. 

The component of the m.m.f. of phase 2 in direction OY is 
nly sin 8+ sin @ = nIy sin? @ and the component in direction OX is 
+nIosin@+cosé. |The resultant m.m.f. of the two phases in direc- 
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tion OY is nIp cos? 6 + nly sin? 6 = nJy and in the direction OX 
is nIp cos 8+ sin 8 — nIy cos 0+siné@ = 0. 

Thus the resultant armature m.m.f. is nJo in fixed direction 
relative to the field m.m.f. and, therefore, revolving synchronously 
relative to the armature. (Fig. 233.) — 

The direction of the resultant armature m.m.f. relative to the 
field m.m.f. is determined by the angle of phase difference between 
the current and the e.m.f. generated at no load. 

If the current is in phase with the e.m.f., the armature m.m.f. 
acts at right angles to the field m.m.f. and is, therefore, cross 
magnetizing only;. if the current lags by angle ¢, the armature 
m.m.f. can be separated into two components nJo sin ¢ which is de- 
magnetizing and nJIo cos ¢ which is cross magnetizing. (Fig. 231.) 

If the two-phase winding, Fig. 232, is replaced by a three-phase 
winding, Fig. 234, with the first phase AB in the same position as 
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before and the other phases CD and EF displaced 120 degrees and 
240 degrees from it, the m.m.f.’s of the three phases will be respec- 
tively nIo cos 0, nIo cos (0 — 120) and nJy cos (@ — 240) and will 
act in the directions represented. As before @ is measured from 
the instant of maximum current and the currents in the three 
phases are assumed to lag behind the e.m-.f.’s by angle ¢. 

The sum of the components of m.m.f. in direction OY is 


nIy cos? 8 + nIo cos? (@ — 120) + nlp cos? (9 — 240) = 3 nIo, 
and the sum of the components in the direction OX is 


nIo cos 6 sin 6 + nIy cos (@ — 120) sin (6 — 120) 
+ nIy cos (@ — 240) sin (6 — 240) = 0. 
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Thus, the resultant m.m.f. of the armature of a three-phase alter- 


nator is 
M, = 3 nl, Soh tee « AAR ie ee (246) 


where n is the number of turns in series per phase and J is the 
maximum value of the armature current. 

The armature m.m<f. is fixed in direction relative to the fields 
and revolves synchronously relative to the armature. (Fig. 235.) 

154. Single-phase Armature Reaction. If n is the number 
of turns per pair of poles on the armature of a single-phase alter- 
nator and 7 = Iy)sin (@ — ¢) is the in- | S 
stantaneous value of the armature cur- ma=nIo Sin(0-9) 
rent at time ¢ and angle @ after the 
position of zero e.m.f., the m.m.f. of 
the armature is m, = nly sin (9 — 9). 
(Fig. 236.) It does not revolve rela- 
tive to the armature and remain fixed 
relative to the field.as in the polyphase 
machine but revolves with the arma- 
ture and pulsates between zero and 
a maximum value nJo, producing a 
double-frequency pulsation of the field 
and a third harmonic of e.m.f. in the armature. 

The armature m.m.f. may be resolved into two components, one 
at right angles to the field m.m.f. and the other in line with it. 

The first component is m,sin @ = nJy sin (@ — ¢) sin@ and is 
cross magnetizing only. It does not act directly on the magnetic 
circuit and only decreases the useful flux due to increased satura- 
tion. Its effect will be neglected in the following discussion: 

The second component m, cos@ = nIy sin (0 — $) cos@ is di- 
rectly in line with the field m.m.f. and produces a double-frequency 
pulsation of the flux linking the magnetic circuit. 

The total m.m.f. acting on the magnetic circuit at time ¢ and 
angle @ is 


Fia. 236. 


m= M;+m,cosé@ 
M,; + nIo sin (6 — ¢) cos 9 


ae a mo ssin (20 — o) — sin 8} 


Ps ng + sin (26 — $). ~ - (247) 
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The second term represents a constant demagnetizing effect and 
the last term is a double-frequency quantity. 

If the air-gap length is so adjusted that its permeance varies 
according to a sine law from a maximum % under the centre of a 
pole to zero, midway between poles, Fig. 237, its equation is 

2 =F sin Os 2...) os) se eee 
The flux density in the gap at any angle @ is 
nly 
2 
lines pe? aq: 0M... a ie, 9 ee 


88 = m2 = %} (My — sin 4) sind +5?sin 20 ~ 9) sin 6 


Fic. 237. 


5 


The flux cut per second by the two sides of the coil is 2 93lv lines, 
where | is the length of conductor under the pole in cm. and v is 
the velocity in cm. per sec. 

Thus the e.m.f. generated in the coil of n turns is 


e = 2 Blvn 10 = K&S volts, 


where K = 2 lvn10- is a constant, 
or substituting for % 


€ = K%}(M, — "sin 6) sino +" sin (260 — ¢) sin 0 
= KX (ar, — mo sin 6)sind + "72.08 (9 — 6) — cos (8 0— 61] 
= K%, (am, — %*sin 6) sin 9+" jsin 0 sin 0 


+ cos 6 cos ¢ — cos (3 6 — 6] 


K2 (m,—"Psin 6) sin 8 + "eos 4 cos 6— ™eos(3 7] -6) 


= {Asné@+Bcosd—Ccos(80—@¢)} . . .. . « (250) 
where A, B and C are constants. 
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This may be further simplified by combining the first two terms 
and becomes 


pease aden) Ccos(36—¢), . (251) 


where y = cos"! Seance 
VA? + B? 
Thus the generated e.m.f. consists of a sine wave of funda- 
mental frequency and a third harmonic. 
When ¢ = 90 degrees, as on short circuit, the third harmonic is 
és = — Ccos (3 8 — 90) 
= — Csin 30; 
when @ = 90, 
és = — Csin 270° = C; 


therefore, at short circuit, the generated e.m.f. contains a third 
harmonic, which passes through zero at the same instant as the 
fundamental wave, and the wave of e.m.f. is symmetrical, with a 
peak at the centre. 

Thus single-phase armature reaction produces a doubler 
quency pulsation of the field and a third harmonic of e.m.f. 

Since the magnetic circuit is surrounded by a field winding, 
consisting of a large number of turns, the pulsations will be less 
than the above results indicate. The variation of the flux linking 
with the field winding induces in it e.m.fs. and currents which 
oppose the variation and limit it to a small value. 

In a machine with a large number of field turns the pulsation 
produced by armature reaction up to full-load current is very small 
and the armature reaction may be considered as constant in value 
with reference to the fields and demagnetizing. 

In the case of a short circuit, however, where from three to five 
times full-load current flows in the armature, a large pulsation of 
flux is produced in the magnetic circuit and very large e.m.fs. 
and currents may be induced in the field windings. 

If a short circuit occurs on one phase only of a three-phase 
alternator, the armature reaction can be separated into the 
ordinary three-phase armature reaction with equal currents and 
a single-phase armature reaction due to the excess of the short- 
circuit current over normal current acting in the turns of one phase. 
This single-phase armature reaction produces a double-frequency 
pulsation of the field and a third harmonic of e.m.f. in all the 
phases. 
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The effects of single-phase armature reaction are relatively 
greater in machines with a small number of turns on the fields, as 
turbo alternators. 

155. Electromotive Forces in the Alternator. In studying 
the performance of an alternator it is necessary to determine the 

relation between the terminal e.m.f. H, the e.m.f. EZ; generated by 
rotation and the e.m.f. Hy generated at no load. 

E, is the e.m.f. generated in the armature by the rotation of the 
flux produced in the air gap by the resultant of the magneto- 
motive forces of the field and armature. It is the vector sum of 
the terminal e.m.f. H and the e.m.f. consumed by the impedance 
of the armature. The armature impedance is z = Vr?+2?, or 
expressed in rectangular codrdinates z = r + jz, where r is the 
resistance of the armature and consumes a component of e.m.f. 
Ir in phase with the current J, and 2 is the true self-inductive 
reactance of the armature and consumes a component of e.m.f. 
Iz in quadrature ahead of the current. 

The generated e.m.f. thus is 

f,=H+ Iz 
= E+ 1 (r+ 92), . 0, es ae 
and the terminal e.m.f. is the vector difference between the e.m.f. 
generated in the armature by rotation and the impedance drop 
E= ky — I(r +352). a ee a) 

E, is the e.m.f. generated at no load due to cutting the flux pro- 
duced by the field m.m.f. M; acting alone. Under load current flows 
in the armature and exerts a m.m.f. M,, which is either cross mag- 
netizing, demagnetizing or magnetizing depending on the phase 
relation of the current and the terminal e.m.f. This armature 
m.m.f. combines with the field m.m.f. and changes both the intensity 
and the distribution of the flux in the gap, so that under load the 
e.m.f. generated in the armature is not the same as at no load. 

The difference between the two is the e.m.f. consumed or the 
e.m.f. not generated due to the presence of the armature reactance. 
This e.m.f. is proportional to the current and can be expressed as 
the product of the current J and a component of reactance x’. It 
is Jz’ and is in quadrature ahead of the current. Thus 

Ey = Hy +912’ 
=H+I1(r+jz)+jle’ 
=B+Tirtj@tz2)} 
= B+ 1 (yr 4-yaeen. sf eo 
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The total reactance of the armature 2 is called the synchronous 
reactance and consists of two components, x which represents the 
effect of the armature leakage flux and which has been called the 
armature reactance and x’ which represents the effect of armature 
reaction. : 

The quantity z = r + jx is the synchronous impedance of the 
armature and consumes a component of the no-load e.m.f. Iz = 
I (r +320) which is the synchronous impedance drop in the 
armature. 

Thus the e.m.f. generated at no load is the vector sum of the 
terminal e.m.f. and the synchronous impedance drop 


kyo = H+ 1 (r + ja). 


156. Vector Diagram of E.M.F.’s and M.M.F.’s. In Fig. 
238 is drawn the vector diagram of an alternator supplying an 
inductive load. 


Fia. 238. 
OE = = terminal e.m.f. 
OF = = armature current lagging behind EF by angle ¢. 


r in phase with I. 


E 

sy | 
OH,’ = HE,’ = Ir = em. consumed by the armature resistance 
H’ =E + Ir = resultant of all the e.m.f.’s generated 


OH’ = 
in the armature. : 

Of, =H, = —jIlx=em4. generated in the armature by the 
leakage flux @z, produced by the armature current. 
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OL" = Ey" = — , = jl“ = emf. consumed by the armature | 
reactance x in quadrature ahead of J. 

OF, =E, =E+T1 (r+jx) = em. generated by rotation, 
that is, the e.m.f. generated by cutting the flux 
produced by the resultant of the m.m.f.’s of field 
and armature. 

OM, = M, = m.mf. of the armature current. 

OM =M = resultant of field m.mf. and armature m.m.f. in 
quadrature ahead of the e.m.f. ZH; produced by it. 

OM; = Ms = field m.m.f. 

OE, = Ey = e.m.f. generated in the armature at no load, in | 

| quadrature behind the field m.m.f. 


The no-load e.m.f. can be separated into two components OF, 
and OF». 


OF, = HE, =jI2z’ = e.m.f. consumed by armature reaction, in 
quadrature ahead of J. 


If the two reactance drops Ja and Iz’ are combined the diagram 
may be simplified as shown in Fig. 239. 


Fig. 239. 


OE =E£ .= terminal e.mf. 

OI =I  =armature current lagging by angle ¢. 

OE, =F) = Ir = armature resistance drop in phase with I. 

OE)” = Ey” =j1 (x +2’) =j1m = synchronous reactance drop 
in quadrature ahead of I. 

OE)’ = E,'’’ = Iz = synchronous impedance drop. 

OK) =E, =E,+ Im = emf. generated at no load. 

OM; = M; = field m.mf. in quadrature ahead of EZ and pro- 
portional to it, neglecting the effect of saturation. 
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In Figs. 240, 241 and 242 are drawn the diagrams for the three 
cases (1) ¢ = 0, or non-inductive load, (2) ¢ = 60° lag, or induc- 
tive load with a power factor of cos 60° = 50 per cent, and (3) 
¢ = 60° lead, or capacity load with a power factor of 50 per cent, 

ea Pk Ey 


\ 


Oa ‘Tare 
Fic. 240. 


Fig. 241. 


The relation between Ey), EH and J can be expressed in the form 
of an equation by reference to Fig. 248, which is a reproduction of 
Fig. 239. 


Ey? = ae + Fk 
= 0g + gk? +fl + lk? 
= (Ecos ¢+ Ir)? + (E sin 6 + Iam)? 

or Ey = V(E cos ¢ + Ir)? + (LE sind + Im). . (255) 
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The same result can be obtained by using rectangular co- 


ordinates. 
If J is taken as real axis, then the terminal e.m.f. # leading it 


by angle ¢ is 


E = Eecos¢+ JE sin ¢. 


Fig. 242. 
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The synchronous impedance drop is 
Ey!” = I (r + ja) 
and the no-load e.m.f. is 
fy = E+E," = (Ecos ¢ + Ir) +7 (Esin ¢ + Ia), 
or its absolute value is 
Ey, = V(E cos ¢ + Ir)? + (E sin ¢ + Ia). 


By reference to these figures it is seen that for the same terminal 
e.m.f. H, and the same current J, a much larger value of Ep is 
required for inductive loads than for non-inductive loads and a 
much smaller value for capacity loads than for non-inductive 
loads. 
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While: the magnetic circuit of the machine is unsaturated the 
field excitation required to produce the e.m.f. Hy is approximately 
proportional to it, but higher up on the saturation curve the 
excitation increases faster than the e.m.f. The relation between 
field-exciting current and no-load e.m.f. can be obtained by refer- 
ence to Fig. 244 which is the saturation curve of the alternator at 
no load. 7 

157. Determination of the Synchronous Impedance. In order 
to predetermine the characteristic curves of an alternator it is 
necessary to know the relation between the field-exciting current 
and the terminal e.m.f. at no load, given by the saturation curve 
in Fig. 244, and also to know the components of the synchronous 
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impedance of the armature. To obtain these a short-circuit test 
is made on the alternator as follows: Short circuit the armature 
through an ammeter and run the alternator at rated frequency 
but with very low excitation. Gradually increase the excitation 
until about twice full-load current flows in the armature. Plot 
the values of short-circuit current J,, on a base of field current I;, 
curve (2), Fig. 244. The locus will be a straight line passing 
through the origin and can be produced beyond the range obtained 
in the test. 
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At any value of field current oa, the no-load voltage is ab and 
the short-circuit current is ac. Since the terminal e.m.f. is zero 
the e.m.f. ab must represent the synchronous impedance drop due 
to the current ac. The synchronous impedance is, therefore, 


_ Bo _ ad 

yin, Sheree: 
The ordinates of curve (3), Fig. 244, are obtained as the quotients 
of the corresponding ordinates of curve (1) and curve (2). The 


13 


aed YY m 
12 6000 Rey 
[ @, 
11 Ne : Se el 
NS AO 
10°. -soee Rated Voltage a 
Pile 
/ by 
8 4000 / DS 
X 
1% ¥ 
gq. 3 & 
46 & 3000 = 600 
ha A 
® > 
Bs = 500 
3 od ; 
a Py 5 
4 2000 / & 7 400 < 
3 / ye 4 300 2 
° 
Oe es : 
2 1000 200 g 
a 
/ 4 
1 100 
0 
: 0 50 100 150 x0 ° 


Amperes Field Current 
Fig. 245. Characteristic curves of a 2500-ky.a., 5000-volt, 
three-phase alternator. 


ordinates of curve (8), therefore, represent the synchronous im- 
pedance of the armature. It is not constant but is high when the 
magnetic circuit of the alternator is unsaturated and decreases 
as the excitation is increased and the magnetic circuit becomes 
saturated. 

If the power required to operate the machine is measured and 
the excitation loss, iron losses and friction losses are subtracted, 
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the remainder Pp is the loss in the armature due to the current 
I... The effective resistance of the armature is 


Po 


aa (256) 


T= 


It is greater than the true ohmic resistance as measured with 
direct current since some extra losses called load losses occur in the 
copper due to eddy currents set up by the unequal distribution 
of flux throughout the volume of the conductor. 

The values of the synchronous reactance can be obtained by 
separating the resistance from the synchronous impedance accord- 
ing to the equation 


Big Bae eee ol a i NR a 


The resistance r is, however, very small in comparison to the 
synchronous reactance 2% and the ordinates of curve (3), Fig. 244, 
may be taken to represent either 2 or 2%. For purposes of calcu- 
lation an average value of % is taken and it is assumed to remain 
constant. 

Fig. 245 shows the results of a test on a 2500-kv.a., 5000-volt, 
three-phase alternator. 

158. Voltage Characteristics. The relation between the ter- 
minal e.m.f. and armature current of an alternator, with a fixed 
value of field current and a given load power factor, is called 
the “regulation curve” or ‘‘voltage characteristic ” for the given 
power factor. 

When the power factor is unity and the current is in phase with 
the terminal e.m.f. EL, it lags by an angle dp (Fig. 240) behind the 
no-load e.m.f. Ho and there is thus a small demagnetizing effect 
proportional to J sin ¢, which decreases the flux and a large cross- 
magnetizing effect proportional to I cos¢) which changes the 
distribution of the flux but only decreases it slightly due to satura- 
tion. Thus even with non-inductive load the armature reaction 
causes a decrease in the flux crossing the air gap, and the e.m.f. E, 
generated by rotation is less than the no-load e.m.f. Hy. In 
addition, the armature reactance x and the resistance r both con- 
sume components of e.m.f. proportional to the current. 

Therefore, at non-inductive load the terminal e.m.f. falls with 
increasing current as shown in curve (1), Fig. 246, which is the 
voltage characteristic for unity power factor. 
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With inductive load the demagnetizing effect is increased and 
the terminal e.m.f. falls off more, curve (2). With a capacity 
load in which the current leads the terminal e.m.f. the armature 
m.m.f. is magnetizing and so raises the terminal e.m-f., curve (38). 

These voltage characteristics are calculated from equation 255 
on page 263. The value of field current J; is chosen and the cor- 
responding value of Hy obtained from Fig. 248. Any required 
power factor cos ¢ is taken, the current J is varied and the values 
of E obtained and plotted as ordinates. 
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Fic. 246. Voltage characteristics of an alternator. 


159. Compounding Curves. The “compounding curves” or 
“field characteristics ”’ show the relation between the field current 
and armature current for a constant terminal e.m.f. at any re- 
quired power factor. 

Fig. 247 shows the compounding curves for unity power factor, 
curve (1), 80 per cent power factor lagging, curve (2), and 80 per 
cent power factor leading, curve (3). 

At non-inductive load an increase of field current is required as 
the load current increases to maintain a constant terminal e.m.f. 
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With inductive load a much larger increase of field current is 
required to counteract the effect of the lagging current. 

With capacity load the field current must be decreased in order 
to maintain a constant terminal e.m.f. 

The same results are shown in the diagrams, Figs. 240, 241 and 
242. 


150 
140 sed 
Fa 
130 Pe cal ok 
305) 
ee a 4or | 
al oh powst SE 
== 
Se ee 
‘100 
90 Ras 0 Perce, = 
—~oWer p 
pS Factor Leaq 
80 en 


for) 
—) 


Amperes'Exciting Ourrent If 
oJ 
s 


100 200 300 400 500 600 700 800 900 1000 
Amperes Load Ourrent I 


Fig. 247. Compounding curves of an alternator. 


These compounding curves can also be calculated from equation 
= V(Ecos¢+ Ir)? + (E sin ¢ + Im). 


255, H remains constant, a certain value of cos ¢ is chosen, J is 
varied and the value of EF is calculated. The corresponding value 
of I is obtained from the saturation curve, Fig. 248, and is plotted 
on the armature-current base. 
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Fic. 248. Saturation curve of an alternator. 
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160. Short-circuit Currents of Alternators. If an alternator 
is short circuited, when operating with full-field excitation, the 
current is limited only by the synchronous impedance of the 
armature; it is 

Tec = Elo Eo . ee 
& Ve+G+2) ; 
and will usually be from 3 to 6 times the normal full-load current. 

At the instant of short circuit the current will be much larger 
than the value given by equation 258, because the component 2’ of 
the synchronous reactance, which represents the effect of armature 
reaction, does not act instantaneously to limit the current. It 
represents a change in the flux which interlinks with the field 
circuit of the machine and on account of the self-inductance of the 
field winding with its large number of turns, this change of flux 
cannot take place instantaneously but may take several seconds 
to become complete. During this time the short-circuit current 
is limited only by the true impedance of the armature, and is 


ones Ko 
I rey = Vet oe * (259) 


It may reach 8 or 10 times full-load current. 
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The instantaneous short-circuit current is further increased due 
to the fact that with very heavy armature currents, the path of 
the true armature-reactance flux becomes very highly saturated 
and its permeability is therefore decreased. This results in a de- 
crease of the reactance 2. 

161. Single-phase Short Circuits. In studying armature 
reaction in single-phase alternators it was shown that a double- 
frequency pulsation of the field is produced and a third harmonic 
of e.m.f. generated in the armature. Due to the high self-induc- 
tance of the field coils these effects are not very marked up to 
full load. At short circuit, however, the armature m.mf. is very 
strong and produces a very large pulsation of the field. As 
a result large currents and e.m.f.’s are induced in the field 
winding. | 

The same effects are produced in the case of a short circuit of 
only one phase of a three-phase alternator; the armature reaction 
consists of a normal three-phase armature reaction with a single- 
phase reaction superimposed, of intensity corresponding to the 
increase of the short-circuit current over the normal current. A 
double-frequency pulsation of the field is produced and a large 
third harmonic of e.m.f. is generated in the two phases which are 
not short circuited. 

162. Synchronous Motor. A synchronous motor is exactly 
the same as an alternator in construction and may be either single 
phase or polyphase. The single-phase motor is not self-starting 
and must be brought up to synchronous speed before being con- 
nected to the supply. It is, therefore, not used except in special 
cases. The polyphase motor when connected to the supply will 
accelerate and run up to synchronous speed but only a low voltage 
should be impressed on it at start or very large lagging currents 
will be drawn from the supply lines. 

Fig. 249 (a) represents a two-phase, two-pole motor. The 
armature is stationary and is supplied with two-phase alternating 
currents, Fig. 249 (6). The armature m.m.f. is constant in value 
as in the alternator and revolves at synchronous speed in the anti- 
clockwise direction and produces a revolving field of constant 
value. Figs. 249 (a), (c) and (d) represent the armature m.m.f. at 
the instants (1), (2) and (3). | 

The speed of the field is directly proportional to the frequency 
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of the impressed e.m.f. and inversely proportional to the number 
of pairs of poles; it is 
fioay 
n= =-—>-—Ir.ps. . . e . . . 260 
he Saal (260) 


2 
This is the speed at which the motor operates and it is constant 
independent of the impressed e.m.f. of the field excitation and of 
the load. 


Direction of Revolving Field and Torque 


Ip 


(¢)) 


Fic. 249. Two-pole, two-phase synchronous motor. 


163. Vector Diagrams. If an alternating e.m.f. H is im- 
pressed on the terminals of a synchronous motor of resistance r 
and synchronous reactance 2» and a current J flows in the armature, 
the phase relation of the current and the impressed e.m.f. depends 
on the field excitation. In Fig. 250 

OF = impressed e.m.f., which remains constant. 

OI = I = armature current in phase with EZ. 

OE,’ = EH! = Ir = emf. consumed by the resistance of the 

; armature, in phase with J. 
OR," = EF,’ = jIx = e.m.f. consumed by the synchronous 
reactance of the armature, 90 degrees ahead 
of I. 


Il 
“By 
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OF, = H, =H +£#,” = Iz = emf. consumed by the syn- 
chronous impedance of the armature. 
OE, = E) = emf. generated in the armature by cutting the 
| flux produced by the field m.m.f. 
OE, = Ey) = component of impressed e.m.f. required to over- 
come the generated e.m.f. Ey’. 
OM; field m.m.f., 90 degrees ahead of Ey’. 


M,; is the value of field m.m.f. required to make the power factor 
of the motor unity. 

Fig. 251 is the vector diagram for the motor when the current 
has the same value as before but lags behind the impressed e.m.f. 
by angle ¢@ = 60°. : 

Fig. 252 is the vector diagram when the current leads by angle 
¢ = 60°. 


E% Ev 


II 
= 
I 


1 


Fic. 250. Fia. 251. 


Referring to these diagrams it is seen that the field excitation 
required in a svnchronous motor to produce a leading power factor 
or to cause the current to lead the impressed e.m.f. is greater than 
that required to produce a lagging power factor or to cause the 
current to lag behind the impressed e.m.f. 

If, therefore, the field current of a synchronous motor is varied, 
there is no change in speed as in the direct-current motor, but the 
generated e.m.f. Ho’ changes both its value and its phase relation 
with the impressed e.m.f. H and allows leading or iagging currents 
to flow to make up for the change in excitation; when the field 
current is decreased a component of current 90 degrees behind the 
impressed e.m.f. flows in the armature and magnetizes the field 
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and when the field current is increased a component of current 


90 degrees ahead of the e.m.f. flows and demagnetizes the field. 
I , 


‘Fig. 252. 


164. Characteristic Curves. The most important character- 
istic curves of the synchronous motor are (1) the compounding — 
curves, or the relation between field current and armature cur- 
rent for given values of power factor, (2) the load characteristics 
showing the relation between armature current and output and 
power factor and output for a given value of field excitation and (3) 
the phase characteristics or V curves showing the relation between 
armature current and field current for given values of motor 
output. 

To predetermine these curves it is necessary to know the resist- 
ance r and synchronous reactance 2 of the armature and to have 
the no-load saturation curve showing the relation between the 
generated voltage Ey’ and the field current J; or field m.m.f. M;. 

The impressed e.m.f. # is constant. 

165. Compounding Curves. The voltage equation of the 
synchronous motor is 

H=Eot Im, . + +» + + (261) 
or E,=E—TI. ae. ho eT ee (262) 

If the current J is taken as the line of reference, the impressed 

e.m.f. can be expressed in rectangular codrdinates as 
E = Ecos¢+ jE sin 9, 
where ¢ is the angle of lag of the current. 
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The impedance drop in the armature is 
E, = Tz ee + 71%. 


The generated e.m-f. is, therefore, 


Ey = (Ecos¢@ — Ir) +j(Esing—Im) . . (263) 
and its absolute value is 
 h= V(E cos @ — Ir)? + (Hsin ¢@ — Im). . (264) 
This relation can also be obtained by reference to the vector 
diagram in Fig. 253, ec d 
ky = V oh + hg’ E 
but r 
: cy 
oh = og — 0b = Ecos¢—Ir, o ; af > 
and g 
hg = oc — af = Esin dg — Im, Eo 
therefore, Fig. 253. 


Ey = V(E cos ¢ — Ir)? + (E sin ¢ — Ia)?. 


Fig. 254 represents the compounding curves for unity power 
factor, 80 per cent power factor leading and 80 per cent lagging. 

To predetermine these curves the impressed e.m.f. H is main- 
tained constant, a definite value of power factor is chosen for 
each curve, the armature current J is varied and the values of Ey 
are calculated from equation 264. The values of field current J; 
corresponding to the calculated values of Ey are obtained from 
the saturation curve, Fig. 248, and are plotted as ordinates. 

166. Load Characteristics. The power input to the motor 
armature is the product of the current and the in-phase component 
of impressed e.m.f.; it is 

Py EE C08 Ge... ees as (285) 
The electrical power transformed into mechanical: power is the 
product of the current and the in-phase component of the generated 
e.m.f.; it is 
P=I1(Ecos¢-—Ir) = EI cos¢.— Ir, Picks (200) 
and is less than the power input by the armature copper loss. 

The power output is less than the mechanical power developed 
by the amount of the constant losses in the motor, namely, the iron 
friction and windage losses; the output, therefore, is 

P, = P — constant losses 
= P, — I*r — constant losses 
= EI cos ¢ — I*r — constant losses. . . (267) 
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Fie. 254. Compounding curves of a synchronous motor. 


Fig. 255 represents the load characteristics for a given value of 
field current Jy. Since J; is constant Ho is constant. J is varied 
and the corresponding values of cos ¢ are obtained from equation 
264. These values are substituted in equation 267 and the values 
of J and cos ¢ are plotted on a base of power output. 

At light loads the power factor is low and leading and the motor 
is over excited; as the load is increased the power factor increases 
until it reaches 100 per cent at a value of load depending on the 
field excitation; beyond this point the power factor decreases again 
and becomes lagging. The current increases continually but is — 
finally limited by the synchronous impedance of the armature. 
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The power output cannot increase indefinitely but reaches a 
maximum when the decrease in power factor overcomes the 
increase in current and then the motor becomes unstable and falls 
out of synchronism and stops. 

The maximum power input occurs when 


P, = El cos¢is maximum. 
- The maximum power output occurs when 
P, = EI cos ¢ — I’r — constant losses is maximum. 


These maximum values of input and output are far beyond the 
heating limits of the motor. 
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Fig. 255. Load characteristics of a synchronous motor. 


The torque developed by the motor at any output is directly 
proportional to the output. If 7 is the torque in foot pounds 
developed in the armature, the mechanical power developed is 

2rNT 


P= 33,000 < 746 watts = EI cos ¢ — Ir, 


where WN is the synchronous speed in revs. per min.; thus 
. EI cos ¢ — Ir _ 33,000 
a 2aN 746 
and the torque available is 


Yaa EI cos ¢ — I?r — constant losses Ne 33,000 
: 2aN 746 


ft. lbs. 
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167. Phase Characteristics. If the field excitation of a motor 
with constant output is varied, the armature current changes both 
its value and its phase relation with the impressed e.m.f. For 
each output there is a certain value of field excitation which makes 
the current a minimum and brings it in phase with the e.m.f.; as 
the excitation is decreased below this value the current increases 
and becomes lagging; as the excitation is increased the current 
increases and becomes leading. 

In Fig. 256 are shown the phase characteristics for outputs, 
_ P, = 0 or at no load, P, = half load, P. = full load and P, = 150 
per cent load. 
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Fic. 256. Phase characteristics or ““V” curves of a synchronous motor. 


For each curve the output P2, = EI cos ¢ — I*r — constant 
losses is kept constant; thus, 


eran P.+ Ir+ —_ losses (268) 
and E, = V (E cos ¢ — Ir)? + (E sin ¢ — I1»)?. 


As I varies the corresponding value of cos ¢ is found from equation 
268 and by substituting J, cos ¢ and sin ¢ in equation 264, the 
values of Hy are found. These are replaced by the corresponding — 
values of field current J; obtained from the no-load saturation 
curve. 

The lowest point on each curve represents the smallest current 
input for the given output and thus represents the condition of 
unity power factor. The curve joining these lowest points is the 
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compounding curve for unity power factor. If the phase char- 
acteristics are very steep a slight change in field excitation pro- 
duces a large change in armature current, or a large component 
of wattless current is required to correct for a slight variation in 
field excitation. This is the case in a motor with small synchro- 
nous reactance or small armature reaction and the motor is un- 
stable. If the synchronous reactance is large only a slight change 
in armature current is produced by a change in field excitation 
and the phase characteristics are flat and the motor is stable. 

168. Synchronous Compensators. Since by varying the field 
excitation of a synchronous motor the power factor can be made 
either leading or lagging, such machines can be used to improve the 
power factor of transmission lines or distributing circuits by draw- 
ing wattless leading currents to compensate for the wattless lagging 
currents required by the load. The fields must be over excited 
and the synchronous reactance should not be very large. This 
is one of the most important characteristics of the synchronous 
motor and is being applied to an ever-increasing extent. The 
synchronous compensator usually operates without load drawing 
the required wattless leading current and a small power current 
to supply its own losses. In some cases, however, it may be 
advantageous to supply some load from it. 

169. Starting. In order to improve the starting torque of 
synchronous motors and also to prevent hunting short-circuited 
grids are placed in the pole faces, 

Fig. 257, or between the poles, { i 
and in addition the poles are oH P| Re ~ i, Pe 
sometimes made solid. The field 
winding at start may either be 
open or else short circuited. In 
the following discussion it will 


be assumed that the field circuit MCh aut ame | ae 
is open. ‘Torque is produced in | i 
two distinct, ways. Fic. 257. Copper grid in a pole face. 


(1) The revolving field sweeps 
across the grids and the solid pole faces and generates e.m.f.’s and 
currents in them. These currents react on the field and produce 
torque which makes the rotor follow the field. The rotor can 
never be brought up to synchronous speed by this torque because 
the e.m.f.’s and currents are only induced below synchronous speed. 
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(2) The second way in which torque is produced can be under- 
stood by reference to Fig. 258. 

The current in phase 1 grows to a maximum and produces a 
north pole on the armature at N and a south pole on the rotor 
at S. As the north armature pole moves around to the left the 
south pole on the field becomes weaker but it cannot immediately 
disappear since eddy currents are induced in the solid field poles 
which retard the decrease of flux. The armature pole exerts a pull 
on the residual field pole and produces torque. The revolving 
north pole is\succeeded by a south pole which induces a north pole 
on the rotor and exerts a torque on it. The torque produced in this 
way combines with the torque produced by the currents induced 
in the pole faces and grids and brings the motor up nearly to 


Fic. 258. Starting torque of a polyphase synchronous motor. 


synchronous speed. When the armature pole is moving very 
slowly across the field pole the two lock together in the position 
of minimum reluctance and the motor runs at synchronous speed. 
The field circuit can then be closed and the impressed e.m.f. raised 
to its full value. When starting in this way the motor draws a 
very large lagging current since the impressed voltage is consumed 
by the synchronous impedance of the armature, and the power 
factor is very low. The impressed voltage at start must be 
reduced to about one third of its full value in order to reduce the 
starting current. It is the flux of armature reaction which pro- 
duces the starting torque and, therefore, a motor with high arma- 
ture reaction will give better starting torque than one of low 
armature reaction. 

When the motor is running below synchronous speed large 
voltages sometimes reaching 5000 volts or more are induced in 
the open-field winding by the revolving armature flux. Such 
voltages are dangerous and may puncture the insulation of the 
field or endanger the lives of operators. Both the magnitude and 
frequency of these induced voltages become zero when the motor 
reaches synchronous speed. 
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If the field winding is short circuited while coming up to syn- 
chronism these large induced voltages will not exist but the starting 
torque of the motor will in general be reduced. The short-cir- 
cuited field winding tends to act in somewhat the same way as the 
grids but its inductance is so high that the flux produced through 
it by the armature m.m.f. is small and this reduction of the flux in 
the field poles more than counterbalances the torque due to in- 
duced currents. In the majority of cases, however, it is better 
to start the motor with the field winding short circuited since the 
safety of operation is thereby increased. When synchronous speed 
is reached the full excitation should be applied and then the 
impressed voltage raised to full value. 

170. Parallel Operation of Alternators. Before an alternator 
is connected in parallel with another machine which is supplying 
power, the incoming machine must be adjusted to give the same 
voltage, must have the same frequency and must be in phase. 


Load 


Synchronizing 
Lamps 


eee: 4 


Incoming 
Machine 


3 oe) 


Fic. 259. Parallel operation of alternators. 


The condition of synchronism may be indicated by incandescent 
lamps or by some form of synchroscope, Art. 176. ; 

In Fig. 259 when the incoming machine B is in synchronism with 
A there is no voltage across the switch and the lamps are dark. 
The two machines are assumed to have been adjusted to give 
equal voltages. 

If the frequency of B is lower or higher than that of A, there will 
be a slow pulsation of the light showing the difference between the 
frequencies. When the pulsations are very slow and the periods of 
darkness long the switch may be closed and the field of B adjusted 
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until it takes its proper share of the load. Lamps are not very 
satisfactory since they do not show whether the incoming machine 
is running too fast or too slow. 

171. Effect of Inequality of Terminal Voltage. If two alter- 
nators have the same frequency and are in phase but have not 
their fields adjusted to give the same terminal voltage, a watt- 
less current will flow between the two machines leading and 
magnetizing in the machine of lower field excitation and lagging 
and demagnetizing in the machine of higher field excitation. 

If H, the yoltage of B is lower than EH, the voltage of A then 
E’ the difference of the two will act in the local circuit through 
the two armatures in series and will produce a current J’ lagging 
nearly 90 degrees behind EH’ and F, and leading EH, Fig. 260. 

The circulating current is 


et 
l’ = — Sige) elie tt ans Ae 
fore (269) 
Ie 
E O E’ I E 
{a 
Ie ‘4 1 ips I, 
Fia. 260. 


where 2% = 71+ ja is the synchronous impedance of A and 
Z, = T2 + jaz is the synchronous impedance of B. 
This current lowers the terminal e.m.f. of A since it is lagging 
in A and raises the terminal e.m.f of B since it is leading in B. 
The total current in A will lag behind the current in the load 
circuit and the current in B will lead the current in the load cir- 
cuit. In Fig. 260 


OF, = EF, is the terminal e.m.f. of A before synchronizing. 
OF, = E; is the terminal e.m.f. of B before synchronizing. 
OE’ = E’ is the e.m.f. which produces the circulating current. 
Ol’ = I’ is the circulating current. 
OI, = Ir, is the load current of A. 
OIz, = Iz, is the load current of B. 

OI, = I, is the total current of A.. 

OI, = I, is the total current of B. 

OI = I = I,, + I1, is the load current. 
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By adjusting the field rheostats the wattless circulating cur- 
rents can be eliminated for any load, but if the two machines 
have different voltage characteristics, as the load varies wattless 
currents will circulate to correct for the differences of excitation. 

With machines of reasonably high armature reaction the wattless 
cross currents are small even with large variations of excitation. 

172. Effect of Inequality of Frequency. Two alternators 
operating in parallel must have the same average frequency, 
but one may instantaneously drop behind or run ahead of the 
other. : 

Alternators driven by turbines or electric motors will have a 
constant angular velocity but when the prime movers are steam 
engines or gas engines the angular 
velocity will pulsate about its average E | 
value during each. revolution. 


If two machines in parallel are ex- Ey 
cited to give the same terminal volt- 
age and one falls behind the other, ae oe 


a power cross current will circulate 
through the armatures and transfer Es 
energy from the leading to the lagging Fic. 261. 
machine. 

Fig. 261 shows the case of two machines when Ez lags behind 
FE, by angle a. The e.m.f. producing the circulating current is 
the vector difference between H; and EF; and it is 


EH’ =2E, sin 5. per aes soe) 
EK’ 
The circulating current is J’ = ———, its absolute value is 
| i + % 
2H 1 sin ‘ 


(271) 


V+ my + +m)? 

and it lags behind EH’ by angle 
ss 171 + Xo 

@ = tan Paste 


which is very nearly 90 degrees. 

The current is therefore nearly in phase with the terminal 
voltage HZ, and in phase opposition to the terminal voltage E,; it 
thus transfers power from the leading to the lagging machine. 
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The component of J’ in phase with EH’, that is, the power com- 
ponent does not represent a power transfer, but the reactive com- 
ponent, which is in quadrature behind LH’, transfers the power 
required to keep the machines in step. This lagging component 
of current is proportional to the reactance of the two armatures 
and therefore a fairly high synchronous reactance or armature 
reaction is required in alternators and synchronous motors to 
give a good synchronizing power. If the synchronous reactances 
are too large the circulating current will be limited and the syn- 
chronizing power reduced. / 

Take the case where one machine falls behind the other in 
phase by angle a = 20°; the circulating current is 


; ' 2 EF; sin 10° 2 Ey 
I's = 0.168 
V (ry + 12)? + (a1 + a)? V (ry + 12)? + (a1 + 22)? 
2 F, 


but is the average short-circuit current of 
V (ri + 12)? + (a1 + a)? 

the two alternators with full-field excitation, and this is about six 

times the average full-load current; thus the circulating current is 


I’ = 0.168 X 6 X full-load current 
= full-load current, approximately. 


These power cross currents, if of great magnitude, tend to 
tear the machines out of synchronism and also produce fluctua- 
tions of the voltage. 

If the speed characteristics of the prime movers are not the same 
and the speed of one machine tends to fall below the other as the 
load on the system is increased, then the machine driven by the 
prime mover of closer speed regulation takes more than its share of 
the load and so relieves the other machine and keeps its speed up. 

Thus to insure a proper division of the load between alter- 
nators operating in parallel, it is necessary that their prime 
movers shall have similar speed characteristics, that is, that their 
speed shall fall under load by the same amount and in the same 
manner. It is therefore preferable that the prime movers should 
have drooping speed characteristics. : 

The voltage characteristics of the alternators have no effect on 
the division of the load, but they do affect the amount of the 
wattless cross currents between the machines. 

173. Effect of Difference of Wave Form. If two machines in 
parallel are adjusted to give the same effective value of voltage 
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but have different wave shapes, then, since, due to the presence 
of the higher harmonics, the voltages are not equal at every in- 
stant, wattless cross currents will flow to correct these inequalities 
in voltage. These currents will usually be very small since the 
voltages producing them are small and they are of high frequency 
and thus the path through the two machines offers a high im- 
pedance to them. The impedance is, however, only the true 
impedance and not the synchronous impedance. 

Thus three kinds of cross currents may exist in parallel opera- 
tion of alternators, (1) wattless currents transferring magnetiza- 
tion between the machines due to a difference of terminal voltage, 
(2) currents transferring power between the machines due to 
phase displacements between their voltages, and (3) higher fre- 
quency wattless currents due to differences of wave form. 

174. Hunting. If two alternators are operating in parallel 
and one drops behind the other in phase due to a sudden decrease 
in the speed of its prime mover, the second machine supplies power 
to pull it into synchronism again. The impulse received causes it 
to swing past its mean position and it oscillates a few times before 
falling into step. The period of the oscillation depends on the 
weight of the rotating mass and on the strength of the magnetic 
field, that is, on the pull between the field poles and the induced 
armature poles. The greater the weight of the machine the lower 
will be the frequency, and the stronger the field excitation the 
greater will be the magnetic pull and the higher will be the fre- 
quency. : 

If the action producing the speed pulsation is repeated periodi- 
cally and coincides with the natural period of the machine the 
oscillation instead of dying out will increase in amplitude until it 
is limited by the friction losses produced or until the machines fall 
out of step. When the oscillations tend to become cumulative 
the machines are said to be hunting. 

Hunting may occur in a similar way in the case of a synchronous 
motor supplied by an alternator. If the load on the motor sud- 
denly increases it falls back in phase to receive the extra power 
required and oscillates about its final phase position before running 
again in synchronism. This oscillation may become continuous as 
in the case of alternators. 

Hunting is reduced by putting short-circuited grids in the pole 
faces or between the poles or in some cases by placing a complete 
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squirrel-cage winding in the pole faces. At synchronous speed the 
armature-reaction flux is stationary relative to the fields and, 
therefore, does not produce any current in the grids but if the 
machine falls below or runs above synchronous speed, the flux 
sweeps across the grids and produces e.m.fs. in them and large 
currents flow which react on the field and tend to hold the machine 
exactly in synchronism. 

Hunting may sometimes be reduced or eliminated by changing 
the field excitation and thus changing the natural period of oscilla- 
tion of the machine. 

Machines with high armature reaction are much less liable to 
hunt than machines with low armature reaction since the high 
armature reaction reduces the circulating currents produced by 
changes in phase. 

175. Automatic Voltage Regulator for Alternating-current 
Generators. The Tirrill regulator described in Art. 120 and 
manufactured by the General Electric Co., may, with slight 
changes, be applied to regulate the voltage of alternators. The 
desired voltage is maintained by opening and closing a short circuit 
across the exciter field rheostat. 

The method of operation of the regulator can be understood 
from the diagram of connections shown in Fig. 262. The direct- 
current control magnet is connected to the exciter bus bars and has 
a fixed core in the bottom and a movable core in the top attached 
to a pivoted lever, at the other end of which is a spring which closes 
the main contacts. The alternating-current control magnet has 
a potential winding connected across one phase of the alternator 
and it may also have a compensating winding connected through 
a current transformer to one of the feeders. The core is movable 
and is connected to a pivoted lever controlled by a counterweight. 
The relay magnet is differentially wound and is connected as shown. 

Operation. The direct- and alternating-current control magnets 
are adjusted for the required .voltage by means of the counter- 
weight. The exciter field rheostat is then set to reduce the voltage 
about 65 per cent below normal. This weakens both of the control 
magnets and the spring closes the main contacts and demagnetizes 
the relay magnet. The pivoted armature is released and the relay 
contacts are closed and thus short circuit the exciter field rheostat 
and immediately raise the exciter voltage and the alternator 
voltage. When the alternator voltage reaches the value for 
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which the regulator is adjusted, the main contacts open again, the 
relay magnet is again magnetized and the short-circuit on the 
exciter field rheostat is opened. This reduces the voltage as before 
and the cycle of operations is repeated at a very rapid rate and 
maintains a constant voltage at the terminals of the alternator if 
the compensating winding is not connected. 
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Fig. 262. Automatic voltage regulator for alternators. 


When it is necessary to maintain a constant voltage at the 
receiver end of the line the compensating winding is connected as 
shown. As the load increases it brings the main contacts closer 
together and so increases the time of short circuit of the field: 
rheostat and thus increases the terminal voltage of the alternator. 
Using a current transformer and a dial switch any line drop up to 
15 per cent can be compensated for, but only at a given power 
factor. When the power factor of the load varies through a wide 
range a line compensator, Fig. 263(a), should be used in conjunc- 
tion with the potential coil and the compensating coil should be 
disconnected. 

The line compensator forms a local circuit with the same voltage 
characteristics as the main line. The shunt transformer 7’, gives 
a secondary voltage proportional to the generator voltage. The 
current transformer 7 produces through the circuit rz a current 
proportional to the load current. r is a resistance which consumes 
a voltage proportional to and in phase with the resistance drop in 
the line and this voltage is transferred to the compensator circuit 
by the potential transformer 7. x is a reactance and consumes’ 
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a voltage proportional to the reactance drop in the line. This 
voltage is transferred to the compensator circuit by the transformer 
T, which also forms the reactance. Thus there are in the com- 
pensator circuit three voltages, proportional respectively to the 
generator voltage and the resistance and reactance drops. If the 
same proportions are maintained in each case, the voltage between 
the terminals AB will be proportional to the voltage at the end of 
the line, and, therefore, if the potential coil of the regulator is 
connected across AB it will maintain a constant voltage at the 
receiver end of the line. In the case of transmission lines of very 
high voltage a correction must be made for the capacity of the 
lines. The compensator shown is arranged for a single-phase cir- 
cuit. With a three-phase alternator, as in Fig. 262, two current 
transformers must be used connected as shown in Fig. 263(0). 
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Fia. 263. Line compensator. 


One automatic voltage regulator can be applied to control the 
voltage of a system operating two or more alternators in parallel. 

The regulator may also be applied to the exciter of a synchro- 
nous compensator to maintain a constant power factor at the 
receiver end of the line. 

176. Synchroscope. A synchroscope is an instrument which 
indicates, (1) whether the incoming machine is running too fast 
or too slow and (2) the exact instant when synchronism is reached. 

One form of synchroscope is shown in Fig. 264. It has a lami- 
nated bipolar magnetic circuit M excited by field coils FF, which 
are connected across the alternating-current bus bars at (1) and 
(2) and produce an alternating field. The core C is also lami- 
nated and carries two windings A and B at right angles to one 
another. Their common terminal is connected to one side of 
the incoming machine at (4). The other terminals of A and B 
are connected through a resistance r and a reactance x respectively 
to the other side of the machine at (3). 
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The current in F is in phase with the line voltage, the current 
in A is in phase with the machine voltage and the current in B is 
in quadrature behind the machine voltage. 

When the incoming machine is exactly in synchronism the 
coil A takes the position shown in the figure, since the current in 
A is in phase with the current in F. When the machine is 90 
degrees behind or ahead of the position of synchronism, the cur- 
rent in B is in phase with the current in Ff and the armature 
turns through 90 degrees and brings the coil B in line with the 
poles. 

For intermediate phase relations the armature takes inter- 
mediate positions, such that the revolving field produced by the 
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Fia. 264. Synchroscope. 


armature winding is in line with the field poles when the current 
in F is maximum. The phase relation is indicated by a pointer 
on the dial of the synchroscope. 

When the frequency of the incoming machine is lower than that 
of the line, the phase of the current in A continually falls be- 
hind that of F and the pointer rotates in the direction marked 
“Slow.” When the incoming machine is running too fast, the 
rotation of the pointer is in the opposite direction marked ‘‘Fast.”’ 

When the machine is running exactly at synchronous speed and 
is exactly in phase, the pointer is vertical and stationary. The 
switch can then be closed and the excitation adjusted until the 
machine takes its proper share of the load. 

The synchroscope described is for a single-phase circuit. It 
can be used for a two-phase machine by connecting the two coils 
A and B to the two phases of the machine and the coil F across 
one phase of the line. 

For three-phase systems the armature is wound with a three- 
phase winding connected to the three phases of the machine. 


CHAPTER VI 
TRANSFORMERS 


177. The Constant-potential Transformer. The constant- 
potential transformer consists of one magnetic circuit interlinked 
with two electric circuits, the primary circuit which receives energy 
and the secondary circuit which delivers energy. Its function is 
to transform electric power from low voltage and large current to 
high voltage and small current, or the reverse. In step-up trans- 
formers the primary is the low-voltage (L.V.) side and the second- 
ary is the high-voltage (H.V.) side. In step-down transformers 
the primary is the high-voltage side. 

In the following discussion letters with the subscript 1 will be 
used to represent primary quantities and with the subscript 2 to 
represent secondary quantities. . 

Fig. 265 represents a transformer. The core is made up of 
thin sheets of iron or steel of high permeability with small hyster- 
esis and eddy current loss. 

The primary winding consists of m turns in series and has a 
resistance of r; ohms, a self-inductive or leakage reactance of 2; 
ohms and thus an impedance of 2; = 7 + ja ohms. 

The secondary winding consists of m2 turns in series. Its re- 
sistance is 72 ohms, its reactance is 2 ohms and its impedance is 
2. = Tz + jx2 ohms. 

When an alternating e.m.f. EH; is impressed on the primary 
winding with the secondary open, a current Jo flows in the pri- 
mary and produces an alternating flux through the core of maxi- 
mum value ®. The current Jo is called the exciting current of 
the transformer and consists of two components (Fig. 266) Iy 
in phase with the flux , called the magnetizing current, and J, 
in quadrature ahead of the flux and in phase with the impressed 
e.m.f., called the core-loss current. The product of H,; and J, 
is the power wasted in the core loss, that is, in supplying the 
hysteresis and eddy current losses of the transformer. The ex- 
citing current, therefore, lags by an angle 4, which is less than 
90 degrees, behind the impressed e.m.f. Cos is the no-load 


power factor of the transformer. 
290 
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The exciting current J) is of the order of 10 per cent of full- 
load current and the no-load power factor is of the order of 30 
per cent. | 

The alternating flux produced by the magnetizing current 
links with the secondary winding and induces in it an e.m-f., 


d A ee ee 6 
a=n “ 10-3 volts. Erm no load iMpe* 
h~ ec 
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Primary ‘i Secondary 
Cae I, ¢ eee een 
° 0 Ig 
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Fig. 265. Constant potential transformer. Fic. 266. 


If the frequency is f cycles per second and the flux follows a 
sine wave of maximum value ®, the instantaneous e.m.f. induced 
in the a is 


= laa St sin 2 rft) 10-8 volts 


= 22fm® cos 2 xft 10 volts 
= 2nfn® sin (27ft —90)10-$;  . . (272) 
this is a sine wave of e.m.f. in quadrature behind the flux, of 


maximum value 


Bone = Sain l0® ... .-. - (273) 
and effective value 


E, = Sarin @ 10° = 4.44 fnob 10- volts. 
The flux also links with the primary winding and induces in it 
an e.m.f. of instantaneous value 
= nN ca 10-8 
= 2rfm® 10° sin (2 xft — 90), 
a sine wave of maximum value 
Eo max = 2 afm 10-8 


and effective value 
Ey = 4.44 fn 10-8 volts. . . . . (274) 
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This e.m.f. induced in the primary is almost equal in value and 
opposite in phase to the impressed e.m.f., the vector sum of the 
two being the small component of impressed e.m.f. required to 
drive the exciting current through the impedance of the primary 
winding. Thus 

Ey, + E, = I 041+ 


This component has been neglected in Fig. 266. The induced 
e.m.fs. H, and EH, are directly in phase since they are produced 
by the same flux, and their intensities are in the ratio of the turns 
on the two windings; therefore, 


i = ee - = - = ratio of turns. . . (275) 
If the secondary is connected to a receiver circuit of impedance 
Z=R+ 7X, a current J, flows in it. The primary current is at 
the same time increased by a component J’, the primary load 
current, which exerts a m.m.f. equal and opposite to that of the 
secondary current. 
Thus 


mI ) = Nelo 
and 
3 = o = ratio of transformation. . . . (276) 
The resultant m.m.f. acting on the magnetic circuit of the trans- 
former is still that of the primary exciting current and the flux 
threading the two windings remains almost constant. 

The primary current under load is J; and has two components Io 
the exciting current, which is proportional to the flux, and J’ the 
load current which is proportional to the secondary current. 

The exciting current J) can be expressed as the product of the 
primary induced e.m.f. E, and the primary exciting admittance 
Yo = go — jbo; thus 

Lo = Ey (go — jbo) = E" (go — jbo), . - - « (277) 


where E’ is the component of impressed e.m.f. required to over- 
come the induced e.m.f. &. 
The primary load current is I’ = a I, and is opposite in phase 
1 


to I 2. 
As the load on the transformer is increased, the primary in- 
duced e.m.f. decreases (except when the power factor of the load 
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is leading) because a larger component of impressed e.m.f. is 
consumed in driving the current through the primary impedance, 


thus, E’ = — sas E, = 7121. Ce er Mier ah ee (278) 


A smaller flux, is, therefore, required and a smaller exciting 
current. The decrease in flux from no-load to full-load non-in- 
ductive is 1 or 2 per cent and for an inductive load of 50 per cent 
power factor is only 5 or 6 per cent. With anti-inductive load the 
flux increases. 

The secondary induced e.m.f., which is proportional to the 
primary, decreases with it. 

The secondary terminal e.m.f. E is less than the secondary 
induced e.m.f. by the e.m.f. consumed by the secondary impedance; 


thus, E = E, — Ig 22. ee Ag See Pray. aes (279) 
178. Vector Diagrams for the Transformer. Fig. 267 is the 


vector diagram of e.m.f.’s and currents in a transformer with a 
load impedance Z = R + 7X and a load power factor 


Fig. 267. Vector diagram of a transformer with inductive load. 


OF =E 
OI,’ =I, 


secondary terminal e.m.f. 

secondary load current lagging behind E by 

angle 0. 

OH! = H,! = Isr, = emf. consumed by secondary resistance, 

in phase with I. 

jer = e.mf. consumed by secondary react- 

ance, in quadrature ahead of I». | 

OF!" = Ey!’ = Iz. = e.m.f. consumed by secondary impedance. 

OF, =H, =EH+E,'” = e.mf. induced in the secondary wind- 
ing by the alternating flux ©. 

OF, =H, =e.m. induced in the primary winding by the 


flux @ B, = By. 
Ne 


OE,” = Ey 
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O&’ = = flux threading both primary and secondary wind- 
ings in quadrature ahead of #, and Ey. 

OI, =I) = primary exciting current leading the flux by 
an angle 90 — 6, where 4 is the primary power 
factor at no load. 


OI’. =I’ = primary load current in phase opposition to J., 
I’ =], 
m4 


OI, = 1, = total primary current. 

component of primary impressed e.m.f. required 

to overcome the primary induced e.m.f. EK. 

OE, = Ey = Ir, = emf. consumed by primary resistance in 
phase with J,. 

OF,” = Ey’ = jlia, = emf. consumed by primary reactance 
in quadrature ahead of J;. 

OR!” = Ey’ = Iz = e.m.f. consumed by primary impedance. 

OF, , = HE, = E' +E,” = primary impressed e.m.f. 


S 
Q 
| 
a 
T 


6, = angle of lag of the primary current behind the impressed 
| e.m.f. Cos 6; = primary power factor. 
iD = angle of lag of the secondary current behind the second- 


ary induced e.m.f. 


Fig. 268 shows the vector diagram of a transformer with a non- 
inductive load and Fig. 269 with a capacity load of 50 per cent 
power factor leading. 


EY EQ” 


B I, E', V 
I " 
pera ® Ep’ E% 
Ey 
o 
Fia. 268. Vector diagram of a transformer with Fie. 269. Vector diagram of a 
a non-inductive load. transformer with a load power 


factor of 50 per cent leading. 


179. Exciting Current. When a sine wave of e.m.f. is im- 
pressed on the primary winding of a transformer, a sine wave of 
flux must be produced linking with the primary winding. The 
exciting current which produces th 1 cannot be a sine wave 
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on account of the lag of flux due to hysteresis. This is shown in 
Fig. 270. Curve (1) abcd is a hysteresis loop for the transformer 
iron, plotted with values of flux as ordinates on a base of exciting 
current. Curve (2) is the sine wave of flux in the core and curve 
(3) is the wave of exciting current. The method of obtaining 
curve (3) can be seen from the figure. The maximum values of 
flux and current must occur together; when the flux is zero the 
current has a value oa and when the current is zero the flux has a 
negative value og. 


a 2 eirsghas b (2) Flux in Core 
z 7 (3) Exciting Current 
/ iy \Sx (4) Sine Wave Equivalent to(3) 
4 \ 
ce / / a\ g 
[ |0 fa sities! [HAa Lh jay 
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va \Q / / 
g aN ig 
. f 


Fia. 270. Exciting current. 


For purposes of analysis the current wave (3) is replaced by the 
equivalent sine wave (4). The current wave (4) leads the flux 
wave (2) by an angle a, which is called the angle of hysteretic 
advance. If the eddy current loss is small enough to be neglected, 
a = 90 — 4, where cos % is the no-load power factor. 

180. Leakage Reactances. Figs. 271 and 272 show the leak- 
age paths around the windings of a “‘shell’’ type and ‘‘core’”’ type 
transformer. Since the low-voltage windings are placed next to 
the iron, the leakage path surrounding the low-voltage winding is 
of slightly lower reluctance than that surrounding the high-voltage 
winding and the reactance is correspondingly larger. 

In the shell-type transformer the two windings are divided into 
a number of sections and high-voltage and low-voltage coils placed 
alternately to reduce the reactances. 

The reactance voltage of a transformer with full-load current is 
about 10 per cent of the total voltage. If, therefore, full voltage 
were impressed on a transformer primary with the secondary 
short circuited about ten..times full-load current would flow. 
When, however, full voitag .s impressed on the primary with the 
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Fia, 271. Leakage fluxes in a shell-type transformer. 
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Fic. 272. Leakage fluxes in a core-type transformer. 
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secondary open, the exciting current which is only 10 per cent of 
full-load current flows. Thus the open-circuit reactance of a 
transformer is of the order of one hundred times the short-circuit 
reactance. 

Fig. 273 corresponds to Fig. 267, but is drawn to different 
scales in order to show the relation between the various fluxes. 


Ep 


Fig. 273. 


Ob,,= &;, = leakage flux surrounding the secondary winding; 
it induces in the secondary an e.m.f. equal and op- 
posite to HL," = j Isa». . 

O&s= bs = & + %,, = total flux threading the secondary wind- 
ing; it induces in the secondary an e.m.f. Hg in 
quadrature ahead of ®s. 

OEg= Es = actual e.m.f. induced in the secondary Ey= FE + E,’. 

O0;;= $,; = leakage flux surrounding the primary winding; 
it induces in the primary an e.m.f. equal and opposite 
to Ey” - 714%. 

Obp= bp = $+ 4, = total flux threading the primary wind- 
ing; it induces in the primary an emf. Ep in 
quadrature ahead of ®p. 

OEp= Ep = actual e.m.f. induced in the primary. 

OE>;'= Ep'= component of impressed e.m.f. required to over- 
come Hp; Hp! =— Ep = E, — Ey | 

181. Vector Equations of the Transformer. The following 

equations show the relations between the various e.m.f.’s and 
currents in the transformer. 
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= h’+ Iz, = FE’ + I, (1+ ju). wi: Lally me} Lap aintete alte (280) 


Root ls OP Oe Aa ee 
Ty = E" (go —‘fbaye is OSS A 

! Ne 
I = atk wens tel sae ell» We Ohne 
Meee 

. Ne 
Sea. tuA- By = E+ Tog =H+ Is(re+jm)., . . (285) 
See V; Ge = I,zg = I,(R + 7X), where Z = R +x is ‘has ‘cad im- 
pedance. Siete «eee See 
E = E (cos 0+ 7 sin @), hen cos 6 is the load power 
factot. 3 4 So a Se eee 


These equations may be combined as follows: 
EB, =1, (11, + ju) + £. 
= (Lo +L’) (1 + jm) + vie 
= E’ (go — jbo) (11 + jar) +1’ (11 + ja) 
+E +12 (2 + 5m). 
= Ei’ (go — jbo) (m1 + jar) +1’ (71 + ja) 
+7 Ta (R+5X +12 + jn). 
Ey = E" (go — jbo) (71 + gar) + 1° (11 + ja) 
+ (2) IR +1) +5(X +29}. 


= B (gy ~ bn) (ru + jes) +1'| (rs + 5m) regia) 4 
+(2) +m) +5 +2)} | (288) 


If the exciting current is neglected, the first term may be dropped 
and equation 288 becomes 


By=2'|n tint (“) (+r) +5 X+a)} | 289) 


The error introduced is of the order of one per cent. 

Fig. 274 represents the transformer as a circuit. If secondary 
quantities are represented by the equivalent primary quantities 
the circuit in Fig. 275 may be used to represent the transformer. 
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E.m.f. Ey in the secondary = e.m.f. Hy = me in the primary. 
E.m.f. EH in the secondary = e.m.f. BE in the primary. 
2 


Current J. in the secondary = current I’ = = 2 in the primary. 
1 


Resistance rz in the secondary = resistance (=) 2 in the primary. 
Resistance 22 in the secondary = reactance (=) in the primary. 
43 oh Li l’ Pe TT,  & 
go\ bo R 
> (2 ECE E 
To X 


Fig. 274. Circuit diagram of a transformer. 
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Fic. 275. Equivalent circuit diagram of a transformer. 


Fig. 275 corresponds to equation 288. If the exciting current 
is neglected, as in equation 289, the circuit may be simplified as 
in Fig. 276. 


From this 


E, =I’ br + ja + (2) (re + jae + R + 9X) 
or 

| By =I! r+ ja} +7 E, 
where 


Ny 2 - : 
r=nmt+ (=) ro 1s the resistance of the transformer expressed as 
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1 

2, 
ance of the transformer expressed as an equivalent primary 
reactance. 


, } : mts 
an equivalent primary resistance and x = a, + (™) a is the react- 


2 
rT; Xi Go)” (BY g 


Fig. 276. Simplified circuit diagram of a transformer. 


Referring to Fig. 277, which is the vector diagram of the circuit 
in Fig. 276, 


E, = (“Ecos + i) +] (" E sin 6+ Ise) 
Ne Ne 
and in absolute values 


mM 2 mM . * 
EK; = y (2H cos + tr) +(*2 sin 0+ La) - (290) 
Ne Ne 


By substituting for J; the value I 2, equation 290 becomes 
1 


2 
i = y(t cos 8 + “? Ter) + (™ sin 6+ 7? Ia): (291) 
which shows the relation between the secondary terminal voltage 
and secondary current for a given 
primary impressed e.m.f. and 
a given secondary load power 
factor. 

Ka 182. Examples. J. A step- 
Ie an down transformer with a ratio 
a ee * 1, of turns of 10 : 1 delivers 100 

Sar nae oer. -_ kilowatts at 2000 volts to a re- 

ceiver of power factor 80 per 
cent lagging. Determine the primary impressed voltage, the cur- 
rent and the power factor. 

The primary impedance is 

241 = "1 +7 = 50 + 807 ohms. 
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The secondary impedance is 
“2, = Pe + jx = 0.6 f+ 0.87 ohms. 
The primary exciting admittance is 
Yo = Jo — joo = (2 — 67) 10. 
The current output or secondary current of the transformer is 
1,000,000 
2000 0.80 


may be expressed in rectangular codrdinates as follows: 
Secondary current 


I eas 62.5 + QO}. 
Secondary terminal e.m.f. 


E = 2000 (cos @ +7 sin #) = 1600 + ia where cos 6 = 0.8 
is the load power factor. 


= 62.5 and taking this as axis the various quantities 


Secondary impedance e.m.f. 
Ei!” = Ioz. = 62.5 (0.6 + 0.87) = 37.5 + 507. 
Secondary induced e.m.f. 

EK, = E + #,/” = 1637.5 + 12507. 


Primary induced e.m.f. 
Tit Bl mL = 10 BF, = 16,375 + 12,5003. 


Primary exciting current 3 
LT) = E' y= (16,375+12,500 7) (2—6 7) 10-*=0.11 —0.07 7. 


Primary load current 


J’ = 2 I, = 35 Is = 6.25 + 0). 


Total primary current 

I, = I’ + In = 6.36 — 0.073. 
Primary impedance e.m.f. 
Ey!” = Tha = (6.36 — 0.07 7) (50 + 807) = 324 + 505}. 
Primary impressed e.m.f. 

Ey, = E' + Ey’” = 16,699 + 13,005 j. 

Taking absolute values, - 
primary impressed e.m.f. 
E, = V (16,699)? + (13,005)? = 21,160 volts, 
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primary current 

I, = V (6.36)? + (0.07)? = 6.36 amperes, 
exciting current 

Iy = V (0.11)? + (0.07)? = 0.13 amperes, 
primary induced e.m.f. 

E’ = V (16,375)? + (12,500)? = 20,600 volts. 


The primary impressed e.m.f. is inclined to the axis of coérdi- 
nates at an angle 6’, where 


13,005 
ip oe b <S ; o_o ° g 
tan 0’ = 16,699 0.7785 and therefore 6 37°50". 
The primary current is inclined to the axis at an angle 6’’, where 
tan 6” =— el = — (0.011 and therefore 6’’ = — 6°17’. 


The angle of phase difference between the primary current and 
the primary impressed e.m.f. is 6; = 6’ — 0” = 44°7’ and the 
primary power factor is cos 6; = cos 44° 7’ = 0.722 or 72.2 per 
cent. 

The regulation of the transformer under these conditions of 
21,160 — 20,000 

20,000 


Primary copper loss is 

I,’r; = (6.36)? X 50 = 2020 watts. 
Secondary copper loss is 

I,?re = (62.5)? X 0.6 = 2340 watts. 


loading is X 100 per cent = 5.8 per cent. 


Iron loss is 
E "Qo = (20,600)? x 2 x 10% = 850 watts. 


The efficiency is therefore 
output 
output + losses 
= 100,000 
100,000 + 5210 


II. If the transformer in example I, with 2000 volts impressed, 
is used as a step-up transformer to charge a cable system of 
negligible resistance and supplies 5 amperes, determine the second- 
ary terminal e.m.f. 


7 = 100 per cent 


X 100 per cent = 95 per cent. 
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Primary impedance is now 2: = 0.6 + 0.87. 

Secondary impedance is Z, = 50 + 807. 

Primary exciting admittance is yo’ = 10°yo = (2 — 67)10™. 

Let the secondary terminal e.m.f. be # and take it as the real 


axis, the other e.m.fs. and currents may then be expressed in 
rectangular codrdinates. 


Secondary terminal e.m.f. 


K=E+0Oj. 
Secondary current 
I | Sees O + 5: 


Secondary impedance e.m.f. 
Ea!" = Ingo = 59 (50 + 807) = — 400 + 2507. 

Secondary induced e.m.f. 

Ey = E+ HE,” = FE — 400 + 250). 
Primary induced e.m.f. 

E’ = 3, F, = 0.1 E — 404+ 25). 
Primary load current 

I’ = 10 I. = 0+ 50). 
Primary exciting current 

Ip! = By! = (0.1 E — 40 + 259)(2 — 67)10~ 

= §(0.2 B+ 70) — (0.6 E — 290) 7310-4. 

Total primary current 

I, =1' +I, = [(0.2 EH + 70) — $(0.6 FE — 290)10-* — 50} J]. 
Primary impedance e.m.f. 
Ey” = the,= [(0.2 H +70) — { (0.6 ZH —290)10-*— 50} 7] (0.6+0.8 9) . 

=[{(0.6 H — 190) 10-* — 40} + {(— 0.2 H+ 230) 10-4+ 303]. 

Primary impressed e.m.f. 3 

Ki, = Eb’ + EY” = (0.1 E — 80) — 557. 
The absolute value of primary impressed e.m.f. is 

E, = V (0.1 EH — 80)? + (55)? = 2000 


and solving this gives the secondary terminal e.m.f. 
E = 23,160. 
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183. Measurement of the Impedance of a Transformer. The 


Wee equivalent primary resistance and react- 

{ees 2a ance of a transformer can most easily 
be obtained from a short-circuit test. 

a | If Esc is the impressed e.m.f. re- 


quired to produce full-load current in 
| the short-circuited secondary, Fig. 278, 
er then Esc is the impedance drop in the 


i _.._. transformer at full load and 
Fic. 278. Short-circuited 
transformer. Ese = Lhe = yr? + Zz, 
and the equivalent primary impedance is 
2=V7r+27= Ese 
I; 


The power factor may be obtained by connecting a wattmeter in 
the circuit; -it is 


where Wc is the power consumed in the transformer and includes 

the primary and secondary full-load copper losses and a very small 

iron loss which may be neglected. | 
The equivalent primary resistance is 


r = 2C0s Osc, 


or it may be obtained as 


Wsec 1714+ 1227 n 
ies oh ce | rs 


The equivalent primary reactance is 


j n\? 
x=zsindsc = 11 + rs Xe 


' Since the current densities in the two windings are approximately 
the same, the copper losses are about equal, or 


Ty?ry = 11772 
and, therefore, 


mM 2 2 
i= (™) r. (approximately). 
, ; 
Similarly, since the leakage paths about the two windings are 


‘similar and the m.m.fs. of the two windings are the same, the 
leakage fluxes are approximately equal. But the inductance or 
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reactance is proportional to the square of the number of turns and, 
therefore, 


: 
t= (=) 2X2 (approximately). 
2 


184. Voltage Characteristics. The voltage characteristics of 
a transformer show the relation between the secondary terminal 


50 Percent Power Factor Leading 


eee 
100 Percent 3 wer Factor ——____ 


Hd | 
| 80 Percent Power Factor Lagging 


Wr 


50 Percent Power Factor Lagging 


Terminal Volts FE 


Amperes. Load Current [ 


Fie. 279. Voltage characteristics of a transformer. 


voltage and the secondary load current for a given primary im- 
pressed e.m.f. and a given load power factor. Typical voltage 
characteristics are shown in Fig. 279. They can be calculated 
from equation 291. The change in voltage from no load to full 
load is very small, even when the power factor is low. 
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185. Regulation. The regulation of a transformer is very 
much better than that of an alternator because the e.m.fs. con- 
sumed by the leakage reactances are very much smaller. If the 
terminal e.m.f. at full load is taken as 100 per cent and the imped- 
ance drop is expressed in per cent the sum of the two in their proper 
phase relation gives the terminal e.m.f. at no load in per cent. 

Using rectangular codrdinates and taking the secondary current 
as the real axis, the impedance drop in per cent is Hp = Ir per 
cent + 7/x per cent; the secondary terminal voltage at full load is 
EH = 100 cos @-+ 7 100 sin 6; the secondary terminal voltage at no 
load is H, = EH + Lp = 100 cos 6 + Ir per cent + 7 (100 sin 6 + Tx 
per cent), 
and in absolute values 


E, = V (100 cos 6 + Ir%)? + (100 sin 6+ Ix%)? . (292) 
and E = 100. 
Therefore, the per cent regulation for the load power factor cos @ 
isi, —-E = EF, — 100. 
Fig. 280 shows a regulation curve plotted on a power-factor base. 


For leading power factors the regulation becomes negative, that is, 
the voltage rises with load. 


: 
2 =a 
Bry btn 
3 . * Si pel 
5 
ad a er 10080 ey 30 i 
34 bee 
is] 
g Bowes 
~2 
Lag Lead _ 
3 es > 


Percent Power Factor 
Fic. 280. Regulation curve of a transformer. 


186. Losses in Transformers. The losses in a transformer 
are the copper losses and the iron losses. 


The copper loss is 
W.= ht hi OS... os ee 


and is almost evenly divided between the primary and the second- 
ary since the two windings are designed for approximately the same 
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current density. The iron loss consists of the hysteresis and eddy 
current losses and does not vary with load. It can be measured 
by applying full voltage to the primary with the secondary open 
and reading the watts input, 

Wo= Exo COS 99 = El. = Ey?Qo. Sin ite Ue (294) 


Wo includes a small copper loss Jo?r; which may be neglected. 

187. Hysteresis Loss. The hysteresis loss is the energy con- 
sumed in magnetizing and demagnetizing the iron. It is directly 
proportional to the frequency f, varies as the 1.6th power of the 
maximum induction density &o, and also depends on the quality 
of the iron. 

The hysteresis loss per cycle per cubic centimeter of iron is 


ig Ho OPEB ia iw ee AD) 


where 7, is the hysteresis constant for the iron and has a value of 
about 0.003 for good transformer punchings. 

The hysteresis loss per second in a volume of V cu. cm. at a 
frequency f is : 
Wi, = nfVBo'§ ergs per second . . . (296) 

= nfVBo® 10” watts. 


188. Eddy Current Loss in Transformer Iron. The eddy 
current loss is the energy consumed by the currents induced in the 
iron of the transformer by the alternating flux cutting it. 

In Fig. 281 


t = thickness of sheets in centimeters, 
Yo = maximum induction density, 

f = frequency, 

vy = electric conductivity of iron. 


AB is a section of length 1 cm., depth 1 cm. and width dz em., 
parallel to the edge of the plate and distant x cm. from the centre. 
DC is a similar section on the other side. 

The maximum flux inclosed by ABCD is 2 Box lines. Of this 
Box lines cut across the section AB and generate in it an e.m.f. of 
effective value, 

dE = V2 rf Box c.g.s. units. 


The conductance of the section AB is y dz, and thus the current 
induced in it is 


dI = 6Ey dx = V2rfBoyx dx ¢.g.s. units. 
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The power consumed by the induced current in section is 
dw, = dH dI = 2 r*f*Bo* yx? dx ergs per second 


and thus the energy consumed per square centimeter of the plate is 


= a P Bory & eres per second. . . . . (297) 


<— -—++-——_t— 
D A 
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Fia. 281. Eddy currents in sheet iron. 


The power consumed per cubic centimeter of iron is 
2 2a, f2 
Wy = 7 = EE orgs per second. . . (298) 


Thus the eddy current loss for a volume of V cubic centimeter is 
_ fPBorylV 
W.= 6 


ergs per second 


oe sis waite. . sateen 


y has a value of about 10° for sheet iron. 
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The eddy current loss, therefore, varies as the square of the 
frequency, the square of the maximum induction density and the 
square of the thickness of the plates and it also depends on 
the electric conductivity of the iron. 

To reduce the eddy current loss the core is built up of sheets 
0.014 in. thick and an iron with a high electric resistance is used. 

Since iron has a positive temperature coefficient for resistance, 
the eddy current loss will decrease slightly as the transformer 
heats up. 

189. Efficiency. The efficiency of transformers is very high. 
For small sizes it varies from 93 per cent at + load to 97 per cent 
at full load and for large sizes from 97 per cent at + load to 99 per 
cent at full load. ; 

Fig. 282 shows the loss and efficiency curves for a large trans- 
former. ; 
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Fie. 282. Efficiency and loss curves of a 550-kw., 10,500- 
volt, 60-cycle, air-blast transformer. 


190. Types of Transformers. ‘Transformers may be divided 
into two general types according to the arrangement of the core 
and windings, the core type and the shell type. These two types 
are illustrated in Fig. 283 and Fig. 284. 

Three-phase transformers are built of both the core and shell 
types, Fig. 285 and Fig. 286. In the great majority of polyphase 
systems, however, groups of single-phase transformers instead of 
three-phase units are used. This gives a more flexible system and 
there is less danger of shut down, since an injury to a single-phase 
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transformer in a group does not necessarily shut down the line 
fed by that group, but operation can be carried on more or less 
satisfactorily with two transformers in open delta. An injury to 
one coil of a three-phase transformer puts the whole transformer 
out of commission. Thus for the same reliability of operation the 
cost of spare apparatus is increased with three-phase units. 


Core Coils 
' | T " rr 1 Sone H Hi T ‘ 
Hi ey Pee te kid ¢ 
t | !Coils! | 7 4 | (Coils! | Core! | dose 
Wit ial itty hen | | | 
ey Lat ae 
ETS OS aa 
Core ; \ 
[LV-Gait} ‘BERRER 
Same 
Civ.) I aaa 
Fia. 283. Core-type transformer. Fia. 284. Shell-type transformer. 
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Fia. 285. Three-phase core-type transformers. 


191. Methods of Cooling. Very small transformers do not 
require any special method of cooling but are so designed that the 
exposed surface is large enough to radiate the heat generated by 
the power losses in the windings and core without a temperature 
rise exceeding the limits consistent with the life of the insula- 
tion. ‘Transformers must be designed to operate for 24 hours at 
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full load with a temperature rise not exceeding 40°C. above 
standard room temperature of 25° C. 

_ Since the output and losses in a transformer increase in pro- 
portion to its volume or as the cube of its linear dimensions 
while the radiating surface 
increases only as the square Core 
of the linear dimensions, as 
the output is increased special 
methods of cooling must be 
adopted. 

Transformers up to 300 kw. 
are usually immersed in tanks 
containing oil of good insulat- 
ing qualities. This oil serves 
the double purpose of increas- 
ing the insulation of the trans- 
former and conducting away 
the heat developed by the 
losses. Such transformers are 
called oil-insulated self-cooled 
transformers. The cases are 
made with deep corrugations 
to give a larger radiating sur- 
face exposed to the air. 

A second method of cooling 
is to pump air through the 
transformer to carry off the 
heat developed. Transformers 
cooled in this way are termed “ air blast ’’ and are used on elec- 
tric locomotives where their light weight is an advantage and in 
places where oil cannot be used on account of the danger of fire. 
They cannot be operated satisfactorily above 30,000 volts as the 
insulation rapidly deteriorates due to ozone set free in air at high 
voltages. Oil is then a necessary protection. 

For air-blast transformers about 150 cu. ft. of air per minute are 
required for each kilowatt lost, to keep the temperature within 
the 40° C. rise allowed. 

Large transformers, above 300 kw., are cooled by placing in 
the upper part of the tank cooling coils which carry a continuous 
flow of cold water, which conveys the heat away from the oil. 


TO) (C00) eee 
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Fra. 286. Three-phase shell-type trans- 
former. 
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With water at 25°C. about { gallon per minute per kilowatt lost is 
required for 40° C. rise. If too much water is used the transformer 
will be cooled below the temperature of the air and moisture may 
collect on it and cause a breakdown of the insulation. The cooling 
coils should have a surface in contact with the oil of about 0.9 
sq. in. per watt lost. 

192. Transformer Connections. If the primary and _ sec- 
ondary windings are each divided into a number of coils, which 


2200 2200 ; 1100 1100 | 110 
Ratio 2200:220=10:1 — Ratio 2200:110~20:1 Ratio 1100:220=5:1 Ratio 1100:110=10:1 


Fic. 287. Transformer connections. 


can be connected either in series or parallel, a number of differ- 
ent ratios of transformation can be obtained. 
Take for example a standard light- 


: ing transformer with two coils for 
110 volts on the low-voltage side 
and two coils for 1100 volts on the 
. high-voltage side. The four possi- 
ble connections are shown in Fig. 
287. : 

If small percentage changes of 
ratio are required for line regula- 
tion a number of taps are brought 

-—— out from the primary or secondary 


winding so that the number of turns 
in use may be changed by the re- 
quired amount. (Fig. 288.) 

193. Single-phase Transformers on Polyphase Circuits. Sin- 
gle-phase transformers are used in groups on polyphase circuits. 

On three-phase circuits the transformers may be grouped in 
four ways as shown in Fig. 289. Both the primaries and 
secondaries may be connected in “Y” or “A”’, 

The AA arrangement is used where the voltages are not ex- 
tremely high and where a neutral point is not necessary. It 


Fig. 288. Secondary with taps. 
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has the advantage over the other connections that, if one trans- 
former burns out the system can still be operated with the two 
remaining transformers connected in V but carrying a con- 
siderable increase of load. The V connection is discussed in Art. 


AAA) > 


Delta-Delta Delta-Star Star-Delta Star-Star 


Fig. 289. Single-phase transformers on three-phase circuits. 


The AY arrangement is used at the generating end of high- 
voltage transmission systems so that the voltage per transformer 
may be as low as possible. The system has a neutral point on 
the high-voltage side which may be grounded. The YA arrange- 
ment is used at the receiver end of the line. 

The YY arrangement may be used in place of any of the above 
and gives a neutral point on both the high-voltage and low-voltage 
sides. 

194: ‘Open Delta” or ‘‘V” Connection. If one trans- 
former of a AA system burns out, the system can still be operated 
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Fic. 290. Open delta or “V” Fig. 291. 


connection. 


with the other two transformers without any change in con- ° 
nections. This arrangement of two transformers on a three-phase 
system, Fig. 290, is called the ‘Open Delta” or “‘ V ”’-connection. 
Each transformer carries the full line current and therefore for the 
same output from the system the current in the transformer 
windings is increased in the ratio V3:1 or 73 per cent. 
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’To supply a load of 300 kv.a. from a three-phase system three 
100 kv.a. transformers are required if connected in “ delta” or 
two 173 kv.a. transformers if connected in “ open delta.” 

In the vector diagram in Fig. 291 E,, EH, and KE, are the 
e.m.f.’s generated in the three transformers of a ‘‘ delta ” system; 
they are also equal to the terminal e.m.f.’s at no load in the “‘ open 
delta.” -I;’, Is’, Is’ are the load currents with a closed delta. 
Transformer (3) is disconnected and the two remaining trans- 
formers (1) and (2) carry currents J; and I, respectively and the 
voltages between the lines are Egc, Ec, and E,4pz. These voltages 
are never exactly balanced and they become more and more un- ° 
balanced as the load is increased. 

195. Transformation from Two Phase to Three Phase. The 
“Scott ”’ connection or ‘‘T” connection is an arrangement of 
two transformers by means of which three-phase power can be 
obtained from a two-phase system or the reverse. (Fig. 292.) 
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Fia. 292. Two-phase to three-phase. Fig. 293. Non-inductive 
load. 


Two similar transformers are used with their primaries con- 
nected to the two-phase system. The secondary AB of one is 
tapped at its middle point and the secondary FD of the other has 
a tap at a point 86.6 per cent from the end D. The two taps are 
connected at C. The part FC of the winding of the second trans- 
former is not used. 

Three-phase power can be taken off at the terminals A, B and C. 

If the e.m.fs. generated in the winding FD is 


erp = Ey sin 8, 
then the e.m.fs. generated in the various sections are 
ecp = 0.866 E, sin 8, 
eca = 0.5 Ey sin (@ — 90), 
ecg = 0.5 Ey sin (0 + 90), 
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and, therefore, ki 
Cpa = €cp — cA = nay sin 6 + 5 cos 0 


= Fy sin (6 + 30), 
€aB = Eysin (6 — 90), 
€pp = cB — €cp = 5 By cos 8 — V3 sind 
= Ky sin (380 — 6) = Ey sin dé + 150. 


Therefore the three e.m.fs. Epa, Hag and Egp are displaced 
120 degrees in phase and are equal and thus form a three-phase 
system. 

Under load the e.m.fs. will not be exactly balanced since even 
at non-inductive load the current in one-half of the winding AB 
will lead the e.m.f. and in the other half will lag behind it as 
shown in Fig. 293. 

The power delivered is 


P = CD-1I,cos6 + CB - I; cos (30 + 6) + CA - Is cos (80 — 4) 


=: V3 BT e080 + 5 Bl cos (30 + @) + 5 EI cos (30 — @) 
“s V3 ET cos6 + YS EI cose = V3 EI cos, 


and one half of the power is delivered by each transformer. 
The neutral point of the system is at O the centre of the winding 
FD. | 
196. Series Transformer. Series transformers are used to 
insulate ammeters, wattmeters, relays, etc., from high-voltage 
circuits, or to reduce the line current to a value suitable for such 
instruments. In all of these instruments it is very important that 
the ratio of the currents in the two windings should remain constant 
throughout the full range. In the case of the wattmeter it is also 
necessary that the primary and secondary currents should be 
exactly in line, that is, that the phase shift of the transformer 
should be as small as possible. 

. Fig. 294 and Fig. 295 show vector diagrams for series transformers 
with the secondaries closed through the meter. The resistance 
and inductance of the meter are included in the impedance of the 
transformer. In Fig. 294 the secondary reactance has been taken 
as double the resistance and in Fig. 295 the resistance is double 
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the reactance. The primary and secondary currents are the same 
in both cases and the secondary impedance is the same. 

The only voltage generated in the secondary is the impedance 
drop and therefore the flux and the exciting current are the same 
in both cases.. The angle 6) measures the phase shift of the trans- 
former; it is the amount by which the primary and secondary 
currents are out of line. Referring to the diagrams; with the large 
value of reactance the phase shift is small but the ratio of currents 
tends to differ from the ratio of turns; with the large resistance 


Ti 
E.= Ex= Ep i 
‘Fig. 294. Vector diagram of a cur- Fig. 295. Vector diagram of a cur- 
rent transformer with large sec- rent transformer with a large sec- 
ondary reactance. ondary resistance. 


the phase shift is increased but the ratio of currents is more nearly 
constant and equal to the ratio of turns. In order to fulfil both 
the required conditions the exciting current and the core loss 
should be as small as possible and therefore the core should have 
high permeability. In order to reduce the flux to a minimum the 
impedance of the secondary should be as small as possible. The 
impedance of the primary winding does not affect the instrument 
except in so far as the primary leakage reactance is a measure of 
the secondary leakage reactance. 

The primary winding usually consists of a single turn in series 
with the line and the secondary may have any number of turns 
depending on the reduction in current required. 

The current in the primary is the load current of the circuit and 
does not depend in any way on the transformer. It sets up. a 
magnetic flux in the core which links with both the primary and 
secondary windings. When the secondary is open circuited all 
the primary m.m.f. is magnetizing and a very large flux is pro- 
duced in the core. This may produce dangerous voltages in the 
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secondary, often reaching thousands of volts in transformers with 
a large ratio of turns. 

When the secondary is closed a current flows in it and produces 
a m.m.f. opposing the primary m.m.f. and reducing the flux to a 
very small value. 

The primary e.m.f. is the drop of voltage in the transformer due 
to its impedance and is very small, since the secondary is short 
circuited. 

‘The iron core is only designed to carry the flux required with a 
closed secondary and it would be very highly saturated under open- 
circuit conditions and would become hot due to the excessive iron 
losses. 

197. Auto-Transformer. An auto-transformer has only one 
winding; the primary includes all the turns while the secondary 
includes only a part of them. 
The secondary voltage is usu- ¢ 
ally made variable by bring- 
ing out a number of tops. 

Auto-transformers are used 
very extensively to obtain a 
variable voltage for starting 
induction motors, synchro- 
nous motors, single-phase £, 
series motors, etc., and as 
balance coils on three-wire 
distributing circuits. 

Fig. 296 shows an auto- 
transformer for starting and 
operating a single-phase series 
motor from a_ high-voltage 
trolley in electric railway ser- 
vice. 

The transformer in Fig. 297 
is suitable as an induction 
motor starter. For three-phase motors three auto-transformers 
connected “star” may be used or two connected in “‘open delta.” 
The unbalance of voltage in the open delta is not objectionable, 
since the transformers are only employed for starting. 

Fig. 298 shows an auto-transformer used as a balance coil on a 
220-volt, three-wire system. 
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Fic. 296. Auto-transformer for single- 
phase electric railway motors. 
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In Fig. 296 the part of the winding from b to ¢ carries only the 
primary current, while the part from a to ¢ carries the difference 
between the secondary and primary currents. When the ratio of 
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Fic. 297. Auto-transformer as induction motor starter. 


turns is high the current from a to c is much larger than the 
primary current and this part of the winding must be made of 
large enough section to carry it. 
The copper loss in an auto- 
-__——-»| transformer is smaller than in 
an equivalent two-coil trans- 
former and the efficiency is 
therefore higher but this ad- 
vantage decreases as the ratio 
QOQDOQNQDAQONQONRQQND) of turns increases. With a high 
ratio of turns it is a disadvan- 
tage not to be able to insu- 
late the low-voltage side of 
pdeals Meas oy ae Volts—-—>| the transformer from the high- 
. * voltage side. 
Fig. 298. _Auto-transformer as a bal- An auto-transformer may be 
ance coil for a three-wire system. 
used as a step-up transformer 
by connecting the low-voltage side to the supply. 

198. The Constant-current Transformer. The constant-cur- 
rent transformer is shown diagrammatically in Fig. 299. The 
primary coil P is fixed in position and receives power at constant 
voltage. The secondary coil S is movable and regulates for 
constant current in the receiver circuit which it supplies irrespec- 


o 
< a 220 Volts 
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tive of the load. The transformer is used to obtain a constant 
current for series arc-light circuits. 3 
When the secondary coil is close to the primary there is very 
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Fic, 299. Constant-current transformer. 


little leakage and most of the flux produced by the primary links 
with the secondary and the secondary voltage is, therefore, a 
maximum. Primary and secondary currents are in opposite 


‘a3 vt ms, 
(G >) ((G >) 


ape Pe 
sQ 10 
} = a 

(em) | em 
— Z, 


Fic. 300. Flux in the core of a constant-current transformer. 


directions and the two coils repel one another. The weight W 
is so adjusted that the pull due to it together with the force of 
repulsion of the coils just balances the weight of S and allows 
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the coil to remain in such a position that the required current 
flows in it. Fig. 300 shows the flux in the core. 

If the resistance or impedance of the load circuit decreases due 
to the cutting out of one or more arc lamps an increase of the 
current in both secondary and primary follows and the repulsion _ 
between the coils, which is proportional to the product of their 
currents, increases. The secondary, therefore, rises and increases 
the -leakage reactances of both coils and so less of the primary 
magnetism links with the secondary; its voltage is, therefore, 
decreased and \its current drops to the required value. The 
moving arm must be designed to give the ots be regulation with - 
a fixed weight W. 

Such an arrangement regulates fos constant current between the 
limits of secondary voltage set by the two extreme positions of the 
moving coil. 

Neglecting the primary exciting current, equation 289, Art. 181, 
applies to the constant-current transformer. 


By = 1 \n +n + ( =) (+ jan) + Poe 
= 1)" (n + jx) +o, + Jn), + OR, 


E,, Is, ry and re are constant and 2, and 22 increase as # decreases. 

199. Induction Regulator. Induction regulators are special 
transformers used to vary the voltage of an alternating-current 
distributing circuit or the voltage impressed on a rotary con- 
verter. 

There are two types of induction regulators, single-phase and 
polyphase. 

(1) The single-phase regulator is illustrated in Figs. 301 to 303. 
The primary coil P is carried on a movable core built of laminated 
iron and is connected across the line. The secondary coil S is 
carried on a stationary core and is connected in series with the 
line to raise or lower the voltage. (Fig. 304.) 

The primary exciting current produces an alternating flux, 
which induces a voltage in the secondary. This secondary volt- 
age varies with the position of the primary winding, but it is 
always in phase with or in opposition to the impressed voltage or 
line voltage. In Fig. 301 all the primary flux (neglecting leakage) 
passes through the secondary coil and the secondary voltage is a 
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maximum and is in opposition to the impressed voltage, and so 
gives the minimum load voltage. ! 
In Fig. 305 OP is the impressed voltage or line voltage, OS; is the 
maximum secondary induced voltage and S,P is the load voltage. 
The load current of the circuit flows in the secondary, and ~* 
there must also be a load current in the primary of equal and 
opposite m.m.f. as in the ordinary transformer. 


Secondary Coil S 


Fic. 302. 


Single-phase induction regulator. 


When the movable core is turned through an angle 6, Fig. 302, 
only part of the primary flux passes through the secondary and 
the secondary voltage is reduced approximately in the ratio 
1: cos @, but is still in opposition to the line voltage. The load 
voltage is represented by S2P, Fig. 305. 


Secondary 


Ss} P 
S5 84 fe) me ee 


Fie. 304. Fig. 305. 


+ 
2 


With the primary coil at right angles to the secondary coil, 
Fig. 303, none of the primary flux passes through S and there is 
no secondary induced voltage. 

When. the core is turned through 180 degrees the secondary 
voltage is again maximum, but is in phase with the impressed 
voltage and so raises the load voltage to S;P. Thus the total 
variation of the load voltage is from S;P to S4P and is equal to 
twice the maximum secondary voltage. 
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In Fig. 303 the m.m.f. of the load current in the secondary 
cannot be opposed by any primary m.m.f. since the coils are at 
right angles. To supply the m.m.f. required to balance the 
secondary load m.m.f., and so prevent a large reactance drop in 
’ the winding, the coil T called the “‘tertiary”’ coil is placed on the 
movable core at right angles to the primary coil. It is short 
circuited and exerts an m.m.f. equal and opposite to the second- 
ary m.m.f., and so reduces the secondary reactance to the value 
corresponding to the leakage flux. 

The only current carried by the primary coil in this position 
is the exciting current. 

In intermediate positions of the rotor the secondary m.m.f. is 
partly balanced by the induced current in the tertiary or com- 
pensating coil and partly by a load current in the primary coil. 

(2) The polyphase induction regulator has a polyphase wind- 
ing on the moving core, which is connected to the polyphase 
supply. The secondary or stator is wound with the same number 
of phases, but the phase windings are kept entirely separate so 
that they can be connected in the different lines to raise or lower 
the voltage. 

When polyphase currents flow in the primary windings a 
revolving magnetic field is produced of constant value as in the 
alternator or induction motor. This field cuts the secondary 
windings and generates e.m.fs. in them of the same frequency as 
the primary impressed e.m.fs., but less in the ratio of turns. 


16) cr 
Fic. 306. 


As the primary is turned the magnitude of the revolving field 
is not changed, and therefore the magnitude of the secondary 
e.m.fs. is not changed but their phase relations with the im- 
pressed e.m.fs. are changed and the load voltage is varied as 
shown in Fig. 306. By turning the primary through 180 degrees 
the phase of the secondary e.m.f. is changed from direct opposition 
to the line voltage to direct addition to it and thus the load volt- 
age is varied by an amount equal to twice the secondary voltage. 
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The rotor must be clamped in the required position or it will 
tend to rotate at a high speed in the direction opposite to that of 
the revolving field. 

The advantage of the induction regulator over a transformer 
with variable voltage taps on the secondary or primary is that the 
variation of voltage is uniform over the entire range. Regulators 
are, however, very expensive and require a large exciting current 
and have large leakage reactances. 

The regulator is operated either by hand or by means of a 
small motor placed on the top or it can be made automatic if 
required, 


CHAPTER. VII 
INDUCTION MOTOR 


200. Induction Motor. Fig. 307 shows an induction motor 
of the squirrel-cage type. It consists of two main parts, the 
primary or stator and the secondary or rotor and is a combina- 
tion of a synchronous motor and a transformer. The stator is . 
exactly similar to the armature of a synchronous motor. The 


Stator 


H>E"E7 


ANION Nk: 


Fig. 307. Induction motor. 


rotor which takes the place of the rotating field member of the 
synchronous motor is not excited by direct current but has cur- 
rents induced in it by transformer action from the stator; thus 
the transfer of power from the stator to the rotor is similar to 
the transfer of power from the primary to the secondary in a 
transformer. The rotor is however free to move and there is an 
air gap in the magnetic circuit and therefore the magnetizing 
current is large, the leakage reactances are large and the power 
factor is low. : 
324 
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201. The Stator. The primary or stator consists of a winding 
carried in slots on the inner face of a laminated iron core. The 
winding is similar to an alternator or synchronous motor winding 
and the coils are connected in groups according to the number of 
phases and poles, one group per phase per pair of poles. 

The stator is supplied with polyphase alternating currents and 
a revolving m.m.f. is produced similar to the m.m.f. of armature 
reaction in an alternator, which produces a magnetic field re- 
volving at a constant speed called the synchronous speed of the 
motor. 

In Fig. 308 (a) represents the stator winding of a two-pole, 


Phase 1, 71=I0 Qos 8 
Ph 


Current 2,z21=I1p Sin 0 


1 2 3 Time ¢ or 
: Angle @ 


Fie. 308. Revolving m.m.f. and flux in a two-pole, two- 
phase induction motor. 


two-phase induction motor, (b) the currents supplied to the two 
phases and (c) the fluxes produced by the resultant stator m.m.f. 
at the points (1), (2), (3) and (4) of the cycle. : 

The windings start at s; and s. and finish at-f, and fo, respec- 
tively. A positive current is one which enters at s; or Ss. and a 
negative current is one which enters at fi or fe. 

Referring to Fig. 308(c) it is seen that the north pole makes one 
complete revolution in the anti-clockwise direction while the 
current in phase 1 passed through one cycle. 

Fig. 309(a) represents the stator of a two-pole three-phase 
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Fia. 309. Revolving m.m.f. and flux in a two-pole, three- 
phase induction motor. 


Phase 1, 7j=1 9 Cos f 
Phase 2, 121g Cos (0—90) 


(¢) 


Fia. 310. Revolving m.m.f. and flux in a four-pole, two- 
phase induction motor. 
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induction motor, 309(6) the currents supplied and 309(c) the 
fluxes corresponding to the points (1), (2), (8) and (4) on the 
cycle. The north pole as before makes one revolution during 
one cycle. 

Fig. 310(a) represents the stator of a four-pole, two-phase 
induction motor, (b) the currents supplied and (c) the fluxes 
produced. 

Fig. 311(a), (6) and (c) represent a- similar set of conditions 
for a four-pole, three-phase stator. 


el |Phase(2)| Pnase 3 


Fic. 311. Revolving m.m.f. and flux in a four-pole, three- 
phase induction motor. 


In Fig. 310(c) and Fig. 311(c) it is seen that, while the current 
goes through one cycle, the revolving field turns through the angle 
occupied by one pair of poles. 

If the stator winding has p-poles, the revolving field turns 


through ae degrees, that is, through = of one revolution during 


one cycle of the current. - 
If the frequency of the supply is f cycles per second the revolving 


field makes zd r.p.s. or = r.p.m. The synchronous speed of an 


induction motor is, therefore, 


= Pea ate a a sae AO 
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202. Revolving M. M. F. and Flux of the Stator. In Fig. 312 
OX is the direction of the m.m.f. of phase 1 of the two-phase motor 
in Fig. 308 and its value at 


Y 
any instant is 
aA m= m1 sin (6+90) = n,Jp cos 8, 
a 
ie Pe where m is the number of 
AS ne, turns per phase and 7 = Io 
Me sin (6 + 90) is the current in 
§ | phase 1. 
O M =N Io Cos 0 E x At the same instant the 
Fig. 312. m.m.f. of phase 2 is 
Mz = MmJo sin 6 in direction OY, 
where 72 = Ip sin 6 is the current in phase 2. 


The resultant m.m.f. of the two phases is 


m = Vm? + me? = mIo V cos? 6 + sin? 6 = mo 


and makes an angle @ with the OX axis. 

The resultant m.m.f. is, therefore, constant in value, being 
equal to the maximum m.m.f. of one phase, and it revolves at 
synchronous speed in the anti-clockwise direction. | 

This constant m.m.f. acting on a path of constant reluctance 
produces a field of constant strength revolving with the m.m.f. 
and, therefore, revolving at synchronous speed relative to the 
winding of the stator. The flux linking with each phase of the 
stator is an alternating flux which reaches its maximum when 
the current in the phase is maximum and is therefore in phase 
with it. 

Figs. 309(a), (b) and (c) represent respectively the winding of a 
three-phase, two-pole stator, the currents supplied and the m.m.fs. 
produced. Fig. 313 shows the m.m.fs. of the three phases as 
vectors. 

The currents are 


i, = Io cos 8, in phase ce 
dg = Iy cos (@ — 120), in phase 2, 
73 = Ip cos (0 — 240), in phase 3. 
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The m.m.f. of phase 1 is n:Jo cos @ in direction OA. 
The m.m.f. of phase 2 is mJ cos (@ — 120) in direction OB. 
The m.m.f. of phase 3 is mJ cos (9 — 240) in direction OC. 
The resultant m.m.f. in the horizontal direction is 


Mx= NI cos6+ no cos (8 — 120) cos 120 + Lo cos (8 — 240) cos 240 
= nalo} 00s 6 — ; (cos @ cos 120 + sin 6 sin 120) 


— 5 (cos 8 cos 240 + sin @ sin 240) 


= Ly aegeae O = on cos 6. 


2 2 
Y 
B 
> 
A 
a 
TA 
ll 49 
| x2 
ig 
p Ch ax X 
0 M x= 3 Ny Ip Cos @ a “A 
c Fic. 313. 


The resultant m.m.f. in the vertical direction is 
my = MI {cos (0 — 120) sin 120 + cos (6 — 240) sin 240} 


V3 "eee 33 
= MI {~ (cos 6 cos 120 + sin @ sin 120) — ae (cos 6 cos 240 


+ sin 6 sin 240) 


= mle ~2 V3 sin §= 5 mls sin 6. 
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The resultant m.m.f. of the three phases is 
m= Vmx+my? = 3 no Vcos?6 + sin” = 3 mIo 


and makes an angle @ with the OX axis. 

The resultant m.m.f. is, therefore, constant in value being 
equal to 3 times the maximum m.m.f. of one phase and it revolves 
at synchronous speed. 

This constant m.m.f. produces a field of constant strength 
revolving at synchronous speed. The revolving field links suc- 
cessively with the windings and generates e.m.fs. in them. The 
flux linking with any phase is maximum when the current in that 
phase is maximum and, therefore, the flux and current are in phase. 

If a four-pole stator, Fig. 310, had been chosen instead of the 
two-pole stator, the m.m.fs. of the two-phase windings would have 
been combined at 45 degrees instead of 90 degrees and the result- 
ant m.m.f. and flux would not remain constant but would pulsate 
four times during each revolution. The flux threading any phase 
would, however, still vary according to a sine law and would be 
in phase with the current .in that phase. 

To reverse the direction of rotation of a two-phase induction 
motor, it is necessary to reverse one phase only. 

To reverse a three-phase motor any two leads may be inter- 
changed. 

203. The Rotor. The secondary or rotor is made in two 
forms, (a) the wound rotor and (b) ‘the squirrel-cage rotor. The 
wound rotor consists of a laminated iron core with slots carrying 
the winding, which must have the same number of poles as the 
stator winding but may have a different number of phases. It is 
usually wound for three phases and the ends of the windings are 
brought out to slip rings so that resistances may be inserted in the 
windings for starting and the terminals short circuited under 
running conditions. : 

The squirrel-cage rotor winding consists of a number of heavy 
copper bars short circuited at the two ends by two heavy brass 
rings, Fig. 314. The construction is very rugged and there is 
nothing to get out of order. 

When the rotor with its closed windings is placed in the revolving 
magnetic field produced by the stator currents, the flux cuts across 
the conductors on the rotor and generates e.m.fs. in them. Cur- » 
rents flow in the rotor equal to the e.m.fs. divided by the rotor 
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impedances. These currents reacting on the magnetic field 
produce torque and the rotor revolves in the direction of the field. 
At no load the rotor runs almost or fast as the field and very small 
_e.m.fs. and currents are induced in its conductors. When the 
motor is loaded the rotor lags behind the field in speed and large 
currents are induced to give the required torque. | 


° 


=i ih 


hh = 


——— TU 


Fig. 314. Squirrel-cage rotor. 


204. Slip. The difference between the synchronous speed or 
, speed of the stator field and the speed of the rotor is called the 
slip and is expressed as a per cent of synchronous speed. 
A 6-pole, 60-cycle motor has a synchronous speed 


120 < 60 
6 


If the speed of the rotor at full load is 1176 r.p.m., the slip is 


_ 1200 — 1176 
= 2 OO 


The slip at full load varies from 2 per cent to 5 per cent in motors 
designed for constant speed. 
The rotor speed may be expressed as 


P= (li —s\N tpi wea see =. (301) 


205. Magnetomotive Force of the Rotor. The frequency of the 
e.m.fs. and currents induced in the rotor windings at a slip s is sf 
if f is the frequency of the e.m.fs. impressed on the stator. 

The polyphase currents in the rotor windings produce a re- 
sultant m.m.f. revolving relative to the rotor at a speed 


N= = 1200 r.p.m. 


X 100 per cent = 2 per cent. 
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— sf = sNr.p.m. But the rotor itself is revolving at a speed 


S = (1 —s) Nr.p.m. and therefore the rotor m.mf. is revolving 
at a speed sNV + (1 — s) N = N, that is, at the same speed as 
the stator m.m.f. The two m.m.fs. are therefore stationary rela- 
- tive to each other and they are nearly opposite in phase as in the 
transformer. 
206. E. M. F. and Flux Diagram for the Induction Motor. 
Let r,; = stator resistance per phase. 
L, = stator self-inductance per phase. 
% = 2xfLl, = stator reactance per phase. 
2, = Vr; + x” = stator impedance per phase. 
1’ = rotor resistance per phase. 
I, = rotor self-inductance per phase. 
tv = 2nfL2 = rotor reactance per phase at standstill. 
St = 2asfl, = rotor reactance per phase at slip s. 


ze = V ro? + 222 = rotor impedance per phase at standstill. 
zo! = V ro? + 82x22 = rotor impedance per phase at slip s. 


k 
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Fig. 315. Flux and e.m.f. diagram of an induction motor. 


In Fig. 315 


FE, = the e.m.f. impressed on one phase of the stator. 

I, = the current in one phase of the stator. J; =IJy-+T’. 
Iy = the magnetizing current in one phase of the stator. 

I’ = the load current in one phase of the stator. 
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I, = the current in one phase of the rotor; [2.= ma ’, where 


m, = the turns per phase per pair of poles on the stator, 

M2 = the turns per phase per pair of poles on the rotor. 

®, = the flux per pole linking one phase of the stator which 
would be produced by the current J; acting alone. 
D; = Pi, +. Py. 

&;, = the part of 4; which crosses the gap and links with one 
phase of the rotor. 1, = v;®1, where v; is a constant. 

,, = the part of 4, which does not cross the gap, but is the 
leakage flux of self-inductance of the stator. 

&, = the flux per pole linking one phase of the rotor, which 
would be produced by the current J; acting alone. 
do = Do, + Pox. 

,, = the part of $2 which crosses the gap and links with one 
phase of the stator. 2, = veh, where v2 is a constant. 

@, = the part of 2. which does not cross the gap, but is the 
leakage flux of self-inductance of the rotor. 

®, = the actual flux per pole crossing the gap and linking 
with one phase of both stator and rotor; it is the result- 
ant of ®,, and ®2,. 

®, = actual flux per pole linking one phase of the stator; it is 
the resultant of 6, and ®z. 

@, = the actual flux per pole linking one phase of the rotor; 
it is the resultant of ®, and ®oz. 

E,, = the back e.m.f. generated in one phase of the stator by 
the flux ®,. 

Eiz = the e.m.f. of self-inductance generated in one phase of 
the stator by the leakage flux @:z. Ai, = J1a. 

E, = the back e.m.f. generated in one phase of the stator by. 
the flux @,. , is the resultant of Hy, and E,z. 

E, = the e.m.f. impressed on one phase of the stator. It 
must be exactly equal and opposite to E, if the stator re- 
sistance drop [yr is neglected. This drop is of the order 
of 2 per cent at full load. 

Since F; is constant, H, and ®, must be constant. 
E2, = the e.m.f. generated in one phase of the rotor by the 


flux @,. Ha, = 8" Bg = sH2, where EH, is the e.m.f. 
1 


which would be generated in one phase of the rotor by 
the flux @, at standstill. 
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Fez = the e.m.f. of self-inductance generated in one phase of 

the rotor by the leakage flux oz, + Haz = sIe%. 

E, = the e.m.f. generated in one phase of the rotor by the 

flux ,. E, is the difference between E,, and Kez and is 
equal to Iyr2. It is in phase with the rotor current J, 
and lags 90 degrees behind the flux ©,. 
As the induction motor is loaded the end d of the vector 4; fol- 
lows a circle passing through f and having its centre on of pro- 
duced. 

207. Proof, that the Locus is a Circle. From d draw dk at 
right angles to fd to cut of produced ink. Then the semicircle 
f dk is the locus of d. 

In the triangles aob and f dk 
Zoab = Zf dk, being right angles, 
 <oba = Z dfk, 

Le IPAM Ee se 

ob ab ac—cbh oh—cb’ 


therefore 


and = / : 
_ 0b Xfd_u:of Xm-oh _ V2 
A ae Beagrie oh — vyv20h “1 pa ee | 


since of is constant. 

Therefore the locus of d is a circle described on the diameter fk. 

208. Magnetomotive Force Diagram. Since the magnetic 
circuit of the machine is not saturated by the fluxes ®, and ®,, the 
flux diagram, Fig. 315, may be replaced by the m.m.f. diagram, 
Fig. 316. 

od = mJ, = total m.m.f. of the stator per phase. 

ol = mI’ = m.m.f. of the load component of stator current. 

of = mJy = m.mf. of the magnetizing current. 

op = NJ, = m.m.f. of the rotor per phase; it is equal and opposite 
to ml - 

209. Stator Current Diagram. The m.m.f. diagram, Fig. 
316, may be replaced by the stator current diagram, Fig. 317. 

od = I, = total current in one phase of stator. J; = Iy+ I’. 

of = Iy = magnetizing current in one phase of stator. 

ol = I' = load component of current in one phase of stator. 


op = Iz = current in one phase of rotor. IJ: = se 
d=a=I[' = ~ I, = load component of stator current per 
: 


phase and represents the rotor current per phase. 
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To obtain an expression for the diameter of the circle, consider 
the special case where the motor is at standstill and the rotor and 
stator resistances are both zero. 


Ey 
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Fic. 316. M.m.f. diagram of an induction motor. 


Referring to Fig. 318 
Kk, = E, = Eig + Tha, 


Pp 
Fig. 317. Current diagram of an induction motor. 


and 


™m ™ n\? 
E = Flag = Hae, = (% Ite: 
lg ™ 29 mt is 25 
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therefore, 


2 
Ex, = I7 + (=) I'z 
Ne 


=r (a(t) 
Ne 


if the magnetizing current I is neglected in comparison with the 
load component of stator current I’. 


y & 
eve 


v3 9 
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Es 


Fic. 318. Induction motor at standstill. 


This value of J’ is represented by fk and is the diameter of the 
circle. Its value is 


D=fk=I' = a 


mM de Gy 
— 
YE (*) i) 
The diameter of the circle, therefore, varies directly as the 


impressed e.m.f. and inversely as the sum of the reactances and 


therefore as the frequency of the supply. 
Thus as the motor is loaded the end d of the vector representing 


(302) 


the stator current follows a semicircle of diameter 
EB, 


i (*) es 


210. Rotor E. M. F. and Current. The e.m.f. generated in 
one phase of the rotor at slip s by the flux ®, is 


E2, = sK®,, where K is a constant, 
= sE», where E, = K4, is the e.m.f. 
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which would be generated in the rotor at standstill by the flux 4,. 

E, does not remain constant as the motor is loaded, since the flux 

®, does not remain constant but decreases about 30 per cent from 

no load to standstill when the rotor is locked and slip is unity. 

Up to full load , and FE, may be considered to remain constant. 
The impedance of the rotor at slip s is 


244 > V 152 + $70". Cate sie eee a ea hey re (303) 
The rotor current is 


sk, sk, (304) 


lL, = — = ———... . 
te Wg? EL Stay? 
The rotor power factor is 
T2 
COS 62 = : (305) 
| SV rg? sag? 


211. Rotor Input. The power transferred from the stator to 
the rotor per phase is the product of the back voltage EH’, generated 
in the stator by the flux ®,, the load component of the stator 
current J’ and the cosine of the angle between them; it is 


p, = E’I’ cos 62 (see Fig. 319) . . . ~ (3806) 


Fie. 319. 


but 


and 
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therefore, | 
= E’I' cos = — mae me cos 62 = Este cos 6. . (307) 


Thus the power input to me rotor per phase is the product of the 
e.m.f. which would be generated in the rotor by the flux %, at 
standstill and the power component of the rotor current. 

The total power input to the n phases of the rotor is 


P; = nEls 608 Be. 5. oe ee ee 
212. Rotor Copper Loss and Slip. The power consumed by 
the rotor copper loss per phase is 
In?r2 = sEele cos 02, . . «+ « « « (809) 
and for the n phases it is 
L, = nle’re = nsEel2 cos 62. . . «. (810) 


nae . rotor copper loss L, _ snHel2 cos 62 _ 
Slip = the ratio rotor input way Mame § ee s. (311) 


_ 213. Rotor Output and Torque. The rotor output per phase 
is 
D = De = 1.?r. = Els cos As = sEole Cos Ao 
‘= (1 — s) Eel cos b . oe! Sec ee 9m ae (312) 
and the total rotor output is 
P = np = n(1 — s) FE, cos 6 watts . . . ~. (813) 


_ t= es horse power. . . . (814) 


746 
From equations 308 and 313 the rotor output is 
= (1 — s)P, =>P, 


and it is equal to the rotor input multiplied by the rotor speed in 
per cent of synchronous speed. 
If 7 is the torque in foot pounds the output may be expressed as 


22ST 
P= 33,000 horse power. 
Thus the torque is 
_ n(1 — s) Fale cos 42 ., 33,000 _ NEI Cos 2 
ei 746 Se ee: 
; | b=s 
704 = 7,94 Eee 


N “” syne. speed 
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The torque of an induction motor is usually expressed not in 
foot pounds but in synchronous watts, that is, in terms of the 
power which would be developed at synchronous speed. 


The torque in synchronous watts is 
N 


T sync. watts = P X & ot af eae Dep ye (316) 


and it is equal to the power input to the rotor. 


Torque = T = 7.04 rotor input 
"syne. speed 


= KEI 2 COS 0 


sH Yo 
— KE, te ae aaa DS Fe EEE VEE Oy 
V 92 xe S42 V7.9? + sx” 


<_ = KsE,? (31 7) 


12” - or ane 
where K is a constant. 
The following conclusions may be drawn: 
(1) Torque is proportional to the slip near synchronous speed. 
(2) Torque is proportional to E,? and therefore it is approxi- 
mately proportional to the square of the e.m.f. impressed 
on the stator. 
(8) Torque is maximum when = Sie. 


(4) Starting torque = Kh; - ae 7 Since s = 1. 


(5) Maximum torque occurs at standstill IL) 7g =a. > This 
- condition can be obtained by inserting resistance in the 
rotor windings. 
If r2>22 the starting torque is less than the maximum torque 
but the starting current is also less than in the case where rg = 2. 
(6) The current for maximum torque is 


sk, Be FE, 
V2 8242. V2 22 


and is independent of the rotor resistance. 
214. Rotor Efficiency. Neglecting all losses except the rotor 
copper loss the rotor efficiency is 
| ee ap n(1 a s) Els COs Oo 
ae F; 100% +s nHol» COS Oy 


= (1 — s)100% = ¥ 100%, 3" (318) 


100% 
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that is, the rotor efficiency is equal to the rotor speed in per cent 
of synchronous speed and, therefore, the efficiency of an induction 
motor is always less than the speed in per cent of synchronous 
speed. 

215. Modification of Diagram. When an induction motor is 
running without load, a current J) flows in each phase of the 
stator which has two components, Fig. 320, J, the magnetizing 
current 90 degrees behind the impressed e.m.f. Hi, and Ip the 
power component in phase with £). 


€, Ei 
t 
d 
s 
Cit 
m 
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oO Im fe) a r w 
Fia. 320. Fig. 321. Circle diagram of an induction motor. 


The product nE,Jp (where n is the number of phases) is the 
power required to supply the no-load losses. These are the iron 
loss and a small copper loss in the stator and the friction and 
windage losses of the rotor. The iron loss in the rotor may be 
neglected since the rotor frequency is low. 

The current required to supply the stator losses has no cor- 
responding component in the rotor, but the power to overcome 
the friction and windage losses must be transferred from the 
stator to the rotor and therefore requires a current in the rotor. 

As the motor is loaded and slows down the stator iron loss re- 
mains nearly constant, the friction and windage losses decrease 
and the rotor iron loss increases. At standstill the friction and 
windage losses are absent but the rotor iron loss is large since the 
rotor frequency is the same as the stator frequency. The iron 
friction and windage losses are therefore considered to remain 
constant and the small component of rotor current required to 
supply the friction and windage losses is neglected. 

The diagram, Fig. 317, must therefore be changed to Fig. 321 
by the addition of Jp the power component of the stator current 
per phase at no load. 
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The diameter of the circle is raised through the distance af = Ip 
and of now represents not the magnetizing current I,, but the no- 


load current Ip = *VIy? + Ip. 

If os represents the stator current per phase at standstill and 
sw is its power component, then, since there is no output, the 
power input is consumed by the losses. Therefore, input = losses 
= nE\sw; constant losses = nE,Jp = nEyw and copper losses = 
nEysv = n (Ir, + 12772). ets 

The stator copper loss is taken as nI’*r, because the stator copper 
loss at no load is included in the constant losses. It is therefore 
assumed that [,2r; = Ip’, + I’’r, which is approximately correct 
up to full load. 

Divide sv at ¢ so that st : w@ = I,?r2 : I’, then, stator load 
copper loss = nE,tv and rotor copper loss = nE,st. | 
Jom fé and from d any point on the circle to the left of s 
draw dmpgr perpendicular to the diameter fk. It is to be shown 
that mp is the stator current required to supply the rotor copper 
loss for a rotor current represented by fd and that pq is the cur- 

rent to supply the corresponding stator load copper loss. 

The rotor copper loss is 


z gxiy pa aes 
Niath (= r’) makie a Rie = KGa 6 ie) 


= KX fa(fq+¢K) = K X fa X D = fq X aconstant, 


since K and D are both constants. 
Therefore the rotor copper loss is proportional to fq; but 


mp _st mp __st 
fq fo Gd? Gs” 


and since st represents the rotor copper loss for a current fs, mp 
represents the rotor copper loss for a current fd. 
Similarly pq represents the stator copper loss for stator cur- 
rent fd. 
216. Interpretation of Diagram. At any value of stator cur- 
rent od = J,, Fig. 321, | 
nH, dr = stator input in watts, 
nEyqr = constant losses, 
nEypg = stator copper loss, 
nEymp = rotor copper loss, 
ni, dm = rotor output in watts = mechanical load, 
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dr 
od = Power factor, 
dm ; 
7 hs efficiency, 
mp _ rotor copper loss a 
dp rotor input 
dm __ rotoroutput  _ actual speed 


S ‘ 
dp rotorinput synchronous speed N oe 
The torque corresponding to output nH, dm is 


nH,dm wy, 33,000 
> 2 x (r.p.m.) 


At synchronous speed this torque would represent an output 


Ibs. at 1 ft. radius. 


nE;,dm X 5 = nH,dm x 
The torque in synchronous watts is equal to the watts input to 
_ the rotor = n—, dp. | 

At standstill the torque in synchronous watts is nH,st and 
represents the starting torque of the motor. 

The maximum value of torque in | synchronous watts is nE; X 
maximum value of dp. 

The maximum output in watts is nH, X maximum value of dm. 
For average 25-cycle motors, starting torque is 1} to 25 times 
full-load torque; starting current is 6 to 8 times full-load current; 
and maximum running torque is 2} to 3} times full-load torque. 
For 60-cycle motors, starting torque is 1 to 1} times full-load 
torque; starting current is 5 to 6 times full-load current; and maxi- 
mum running torque is 2 to 2} times full-load torque. 

217. Construction of Diagram from Test for a Three-phase 
Motor. 1. Run the motor light at rated voltage and rated fre- 
quency. Read impressed voltage, current and watts input 
E,, Ip and Wo. 


= nE, dp watts = rotor input. 


Io = of on the diagram. 
Wo 
V3 Ey 
2. Lock the rotor and impress reduced voltage and raise it until 


twice full-load current flows in the stator. Read impressed 
voltage, current, watts input and torque, Ez, Iz,Wz, and Tz. To 


= Ip = af = wv on the diagram. 
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get the value of locked current at rated voltage, raise the values 
of Iz; in the ratio E, : Ez. To get the values of locked watts and 
locked torque at rated voltage, raise the values of Wz and Tz in 
the ratio H,?: Hz?.. To get accurate results for the circle diagram 
it is better to reduce the values of watts and torque to terms 
of power current per phase. This is done by dividing the 


values of Wz and Ty by V3 Ez. 
Plot on a base of impressed voltage, 
Wi Vi 
1) Iz, (2) —=~ > (6) —= 
(1) Iz, (2) 3 By (3) Vay 
These three loci should be straight lines passing through the 
origin and can be produced till they cut the ordinate at the rated 
voltage of the motor. 
The following results are obtained. 


Value of Iz, at rated voltage = os on the diagram. 


Wr ot 
Value of V3 E, at rated voltage = swon the diagram. 


3. Measure the resistance of the stator per phase = 7;. Then 


the stator copper loss locked at rated voltage is 3 087, watts 
3 “iy 7 7 
V3 E, 
The rotor copper loss, locked at rated voltage, is V3 E, X st 
and is known since st = sw — wv — vt. 
The rotor copper loss also represents the starting torque in 
synchronous watts and therefore if 7; is the value of 7’, at rated 


voltage 


and = vt on the diagram. 


V3 Ei X st. 
746 


T, X 2a X (syne. speed r.p.m.) 
33,000 


should equal 


The circle diagram can be drawn in from the values obtained 
above. 

The motor has been assumed to be Y-connected and the volt- 
age H; is the line voltage. | 

218. Methods of Starting. Except in the case of small ma- 
chines, induction motors should not be started by connecting 
them directly to the mains, since the large starting current at low 
power factor disturbs the voltage regulation of the system. 
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Two methods of reducing the starting current are in use. (1) 
The voltage impressed on the stator is reduced by multi-voltage 
taps on the supply transformers or by using a potential starter. 
(2) Resistance is inserted in series with the rotor windings. 

(1) When the impressed voltage is reduced, the starting current 
is reduced in proportion to it, but the starting torque is reduced 
as the square of the voltage. 

In Fig. 322 E,.s,t; represents the starting torque of the motor 


8» 


te 


O 
Fic. 322. Starting at reduced voltage. 


at full voltage and os; represents the starting current, neglecting 
the exciting current, and = * Sof2 represents the starting torque at 


half voltage and os; represents the starting current. 
OS, 
z 
value at full voltage, but the starting torque is reduced to one 
quarter. The power factor is not changed. 

Thus starting with reduced voltage gives very small starting 
torque and low power factor. 

A squirrel-cage rotor may be used. 

(2) When resistance is inserted in the rotor windings the start- 
ing current is reduced and is brought more nearly in phase and the 
starting torque is increased. ti 

In Fig. 323 sof) represents the starting torque when the rotor 
circuits are closed without any starting resistance. 

Sit, is the starting torque when resistance FR, is inserted. 

Sot. is the starting torque when resistance R.>R, is inserted. 

Sstz is the maximum possible starting torque and is obtained by 
inserting a resistance R3;>Re2; it is the same as the maximum 


Since 0s. = the starting current is reduced to one half its 
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running torque of the motor. Rs +72 = 4, where 7 and 2 are 
the resistance and the reactance of the rotor. 059, 081, 082 and 083 
are the corresponding stator currents and cos 9, cos 61, etc., are the 
power factors at start. 


Fic. 323. Starting torque with various rotor resistances. 


The curves in Fig. 324 are the “‘speed-torque ” characteristics 
for the motor operating with the various resistances in the rotor. 
The maximum torque is the same in all cases but it is reached at 
different speeds. One current curve holds in all cases. 

If a resistance R4>R; is in- | 


serted in the rotor windings Se ee 

the starting current is further {| \ 2, TOS 
reduced and the power factor E ‘ BINA 

is improved but the startng §% NA ome * j 3 
torque is decreased. AR, may ‘ \ Ee ate A 
be made of such value that eos ey 8 
the starting torque sat, is equal & \ re | 
to full-load torque and the ‘4% ey re 
starting current os, is equal to 3% es casa 7 \ : 
full-load current. Curve (4) #—=—— . 

is the speed-torque character- 5 + Ld Ee SCR 
istic for this case. Torque in Percent of Full Load 


Thus by inserting resistance Fic. 324. Speed-torque characteristics 

in the rotor any starting torque of an induction motor with various 
: . rotor resistances. 

up to the maximum running | 

torque or “pull out” torque may be obtained. The starting 

current is reduced and the power factor is improved. 

In starting a heavy load resistance R; is used and the motor gives 
its maximum torque at start. The resistance is then cut out 
gradually as the speed increases and the motor operates with 
short-circuited rotor with characteristics as shown in curve (0). 


_ 346 ELECTRICAL ENGINEERING 


‘If the load to be started is not very great and a large starting 
current at low power factor is objectionable, resistance R, is used 
and the motor starts with full-load torque and draws full-load 
current. 

This second method of starting requires a wound rotor with 
slip rings and large starting resistances which is much more 
expensive than a squirrel-cage rotor. 

For the same line current, resistance starting gives about four 
times the torque given at reduced voltage. _ 

219. Applications. The constant-speed or squirrel-cage in- 
duction motor takes the place of the direct-current shunt 
motor and has very similar characteristics. It is of much more 
simple and rugged construction than the shunt motor and the wear 
and danger due to sparking is entirely eliminated. 
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Fic. 325. Characteristic curves of a three-phase, 60-cycle, 
220-volt, 20-horse-power induction motor. 


o 


It should be used where fairly constant power is required for 
long periods, where good speed regulation is required, where 
starting is infrequent and only average starting torque is necessary, 
where the motor is exposed to dust or to inflammable materials 
or is not easily inspected. It is suitable for driving line shafting, 
for high- and low-speed centrifugal pumps, blowers, fans, etc. 
It must be started on reduced voltage except for the smallest 
sizes. 

The variable-speed induction motor has a wound rotor with its 
terminals connected to slip rings so that resistance may be intro- 
duced to vary the speed or to give a large starting torque. 
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It should be used where frequent starts under load are necessary, 
or where the motor is large enough to have a bad effect on the 
regulation of the system due to the large starting current at low © 
power factor, as for cranes, elevators, hoists, ete. 

The squirrel-cage motor with a comparatively high resistance 
rotor can be used where fairly large starting torque is required 
and where a wound-rotor motor is not advisable as, in cement mills, 
etc. : 

Fig. 325 shows the characteristic curves of a three-phase, 60- 
cycle, 220-volt, 20-horse-power induction motor with a squirrel-cage 
rotor. | 

220. Speed Control of Induction Motors. The induction 
motor is inherently a constant-speed motor. It has been seen 
above that the speed can be varied by using a wound rotor and 
connecting resistances in series with the rotor windings, but this 
is a very wasteful method since the efficiency of a motor is always 
less than its speed in per cent of synchronous speed. 

To vary the speed efficiently the synchronous speed must be 
varied. This can be accomplished by means of special windings 
arranged with different numbers of poles. Such windings are 
very complicated and expensive and the number of speeds is limited 
to three. A squirrel-cage rotor must be used. : 


Starting 
Resistances 


Fig. 326. Cascade control of induction-motors. 


A second method of varying the synchronous speed is by con-. 
catenation or cascade control. Two similar motors with wound 
rotors are rigidly connected to the same shaft. The stator of the 
first motor is connected to the line; the stator of the second motor 
is connected to the rotor winding of the first motor and receives 
power from it; the rotor of the second motor is closed through 
starting resistances. (Fig. 326.) 

The frequency of the e.m.fs. generated in the rotor of an induc- 
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tion motor is sf, where f is the frequency of the supply and s is the 
slip. Thus the frequency impressed on the stator of the second 
motor is the frequency of slip of the first motor. The speed of 
the two motors is always the same and thus at no load (1 — s)f = 
sf and s = 0.5. 

Therefore, two similar motors connected in cascade tend to 
approach a speed of half synchronous speed at no load and fall 
below this speed under load. 

Speeds below half synchronous speed are obtained by inserting 
resistance in the rotor windings of the second motor. 

For speeds above half synchronous speed the stator of the second 
motor must be connected to the line and the rotor of the first 
motor closed through resistances. 

This method of control is used for some three-phase traction 
systems and is very similar to the series-parallel control of direct- 
current series motors. The induction motor, however, does not 
tend to increase its speed indefinitely and if it operates above 
synchronous speed it acts as a brake and pumps back power into 
the lines. 

221. Analysis by Rectangular Coordinates. Using rectan- 
gular codrdinates the performance characteristics of an induc- 
tion motor can be determined if the constants of the motor are 
known. 

Let 

y =g — jb = stator exciting admittance per phase, meas- 
ured with the rotor circuits open so that the friction losses are 
not included. The rotor must be driven at synchronous speed. 


21 = 7, + ja, = stator impedance per phase. 
2. = Te + jst%2 = rotor impedance per phase at slip s. 


Assume that the ratio of turns is m : m = 1:1 and take as real 
axis of codrdinates the e.m.f. generated in the stator by the flux 
of mutual inductance. The quantities used refer to one phase of 
the stator and the corresponding phase of the rotor. 


E’ = e.m.f. generated in the stator. 
E, = E’ = e.mf. generated in the rotor at standstill. 
sH, = e.m.f. generated in the rotor at slip s. 


These three e.m.f.’s are written as absolute values without the 
dot since they lie along the axis. 
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The following equations show the relations between the various 
e.m.f.’s and currents at slip s. 
Rotor current 


oh nae AT ( ST ; 8X 
dee RS a Rey 
T2 +] s2X2 12? + 8°02?“ To? 8x9” 


Stator load current . 

I’ =I,= E' (a, —ja). . . . . « (820) 
Stator exciting current 

I, = E'y = HE’ (g—jo). . » ... « (821) 
Total stator current 
= +1,.=E $(y4+ 9) —j(at+b)} = HE (bi — jh). (822) 
E.m.f. impressed on the stator 


Ky = E' +114, = HE’ + E’ (by — jhe) (ri + jar) 
= {1 + byry + bea) "ad a = bers) } 
=E'(qa+ja); . . gin ig cen og Oe een 


its absolute value which remains constant is 


= E V C1? + C2”. SMe ee ita, a ere (324) 


) = (a1 — Jaz). (319) 


Thus the e.m.f. generated in the stator is 
Ey 
Voy? + ©? 
Substituting this value for EH’ in the equations above the abso- 
lute values of the various quantities at slip s can be obtained. 


E’ = 


(325) 


Rotor current 


, ata 2 
foe = Vos at = By 
Vey? + C2? 
Exciting current 
OE 2 
Il=E'vVg+t?=E ie see (327) 
1 
Stator current 
RES a 
= E! Vby? + be? = nV Bes (328) 
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The torque in synchronous watts was found in Art. 213 to be 
equal to the rotor input in watts which is 


P, = nels cos 62 
= nk’ x E'a = Ea, 


ay ST2 


= nEy oa = nH? CHEE Oe (329) 
where 7 is the number of phases. | 
The rotor output neglecting friction losses is 
P = (1—s)Pr 
= nEy? ck i (330) 


(C1? + C2”) (12? + 8749)” 


The stator power factor is cos 6:, where 6; is the angle of lag of 
the current J; behind the impressed e.mf. E;. 6; = 6’ +0”, 


cos 6’ = ——*— and cosé” = ithe 
V c1? + C2? V by? + by? 
therefore 
cos 6; = cos (6’ + 6’) = cos @’ cos 0” — sin @’ sin 0” 
2. Cb; — Cabo : 
V cy? + c? V b;? + be” 
The power input to the stator is 
P, = nE,I; cos 6; 
3 8 Po 
— nk x BE, V bi =p be Cb, Cabs 
Ver + 622 Vey? + ce? Vb? + by? 
= nE te (331) 


Using these equations the various quantities can be calculated 
in terms of the slip and the characteristic curves of the motor 
plotted. 

222. Single-phase Induction Motor. The stator of a single- 
phase induction motor has a single winding with any number of 
pairs of poles. 

The rotor is either of the squirrel-cage type or is wound with 
the same number of poles as the stator but with any number of 
phases. . 
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Fig. 327 shows the relative directions of the currents in the two 
windings at standstill. The stator carries a current J; which 
consists of two components, J’ the load component and Jy the 
magnetizing current. The rotor carries a current J, opposite in 
phase to J’ and equal to it in mmf. If the ratio of turns is 
assumed to be m : m2 = 1:1; then J, = J’. The motor at stand- 
still is a transformer with a short-circuited secondary. 


Fie. 327. Fig. 328. Fie. 329. Fra. 330. Fie. 331. 


Single-phase induction motor. 


‘The flux which crosses the air gap and links with both stator 
and rotor is produced by the stator exciting current. It is always 
directed along the line YOY. There is no component of flux in 
the horizontal direction XOX and therefore no torque is exerted 
tending to turn the rotor in either direction. Thus the rotating 
field which is produced in the polyphase induction motor does 
not exist in the single-phase motor at standstill. The single- 
phase induction motor, therefore, has no starting torque. If, 
however, it is started in either direction it will develop torque 
and will accelerate and come up approximately to synchronous 
speed at no load. 

Fig. 328 represents the motor with the rotor open circuited and, 
therefore, without current in its windings. ‘The stator carries only 
the magnetizing current. 

Fig. 329 represents conditions at synchronous speed at the 
instant when the stator magnetizing current is maximum. The 
stator flux is then maximum downwards. 

The rotor conductors moving at synchronous speed cut the 
stator flux and an e.m.f. is generated in them proportional to the 
product of flux and speed. Since the flux is alternating the e.m.f. 
generated is of double frequency and produces a current of double 
frequency in the closed rotor winding. The current produces a 
flux the rate of change of which through the rotor windings gene- 
rates in them an e.m.f. equal and opposite to the e.m.f. generated 
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by rotation. This flux must, therefore, be of the same value as the 
stator flux and it is in phase with the rotor current. 

The rotor current goes through two complete cycles during one 
revolution. In Fig. 329 it is maximum and is opposed to the 
stator current, but the e.m.f. impressed on the stator is constant 
and the stator flux is constant, and, therefore, a current must flow 
in the stator to balance the m.m.f. of the rotor current J,,’._ Since 
the ratio of turns has been taken as 1:1 the increase in stator 
current is Jj,’ and the total stator current at synchronous speed is 
Iy +I’. Im the position shown the rotor flux is not produced 
because the rotor m.m.f. is opposed by an equal and opposite m.m.f. 
_ on the stator. 

Fig. 330 represents conditions after the rotor has turned through 
one half a revolution and the stator current has passed through one 
half cycle. The rotor current is in the same direction as before 
and has completed one cycle. 

Fig. 331 represents conditions midway between Fig. 329 and 
Fig. 330. The stator current is zero and the rotor current is 
maximum and exerts a m.m.f. in the horizontal direction. There 
is no stator m.m.f. opposing it and a flux is produced of the same 
value as the stator flux in Fig. 329 or Fig. 330. Since the reluct- 
ance of the path for the horizontal flux is the same as that for the 
vertical stator flux, the rotor magnetizing current J,’ must bo 
equal to the stator magnetizing current at standstill J,,, and, 
therefore, at synchronous speed the stator magnetizing current 
is 2 Ty, and is double its value at standstill. 

Thus at synchronous speed there is a resultant m.m.f. of con- 
stant value revolving at synchronous speed and the magnetic field 
of the single-phase motor is identical with that of the polyphase 
motor, Fig. 332. The m.m.f. to produce the vertical field is 
supplied by the true stator magnetizing current, while the m.m.f. 
to produce the horizontal field is provided by an equal stator 
magnetizing current, in phase with the true stator magnetizing 
current, which induces in the rotor the rotor magnetizing current. 

When the rotor runs at synchronous speed its conductors do not 
cut this revolving flux and the only current in the rotor is the 
double-frequency magnetizing current. 

When the rotor runs at a slip s below synchronous speed the 
rotor conductors cut the flux and currents are produced in them 
and torque is developed just as in the case of the polyphase motor. 
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223. Horizontal Field at Slip s. When the rotor runs at a 
speed S = (1 — s) X synchronous speed, the e.m.f. generated in 
it due to cutting the stator flux is less than at synchronous speed 
in the ratio 1 —s:1 and the horizontal flux and the rotor mag- 
netizing current are less in the same ratio. 

The stator current is J,-+ (1 — s) Jy, + I’ and the rotor current 
is (l1—s) Iy+ Je. The frequency of the rotor magnetizing 
current is (2 — s)f and the frequency of the rotor load current is 
sf, where f is the frequency of the e.m.f. impressed on the stator. 

The revolving field at slip s is not constant in value but has the 
horizontal axis shorter than the vertical in the ratio 1 — s:1, 
Fig. 333. The field follows an elliptical instead of a circular locus. 


? Sin 0 


\ O| ¢ Cos @ 


Fig. 332. Revolving field of a Fig. 333. Revolving field of a 
single-phase induction motor at single-phase induction motor at 
synchronous speed. er alin, 


The torque which is proportional to the product of the rotor 
load current and the horizontal field is less than that produced in 


__ the polyphase motor in the ratio 1 — s: 1. 


224. Starting Single-phase Induction Motors. In order to 
obtain the torque required to start a single-phase induction motor 
a component of flux in quadrature in time and in space with the 
stator flux must be produced at standstill. It has been shown 
‘that when once the motor is started the rotor produces the 
required quadrature flux and thus the torque to carry the load. 

Two principal methods are employed to produce the quadrature 
flux at standstill, (1) phase splitting and (2) shading coils. 

(1) If the two stator windings of a two-phase induction motor 
are connected to a single-phase supply, phase 1 directly and phase 
2 through a suitable resistance or condensive reactance, the flux 
produced by phase 2 will have a component in quadrature in time 
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with phase 1 and will thus give the required starting torque. 
(Fig. 334.) When the motor has come up to half speed, the starting 
winding is cut out and the motor runs as a single-phase motor on 


Line 


Phase 1 


Operating Winding 


connecting 
| Switch 


Fig. 334. Phase splitting. 


phase 1. 


This method of starting is called phase splitting. The 


second winding need not have as many turns as the first but it 
should be placed at 90 electrical degrees to it. 
(2) The shading coil, Fig. 335, is a short-circuited coil surround- 


Stator |Pole 


Fie. 335. Shading coils. 


ing part of each pole of the 
stator. Currents are induced 
in it and oppose the increase 
and decrease of the flux in the 
part of the pole which it in- 
closes. Thus the north pole 
in section A will reach its max- 
imum value before it is maxi- 
mum in section B. When the 
north pole has decreased to 
zero in B it will be increasing 
in section C and thus there is 


a rotation of the magnetic field and torque is produced. When 
the motor is started the short-circuited coils are opened and they 


are then idle. 


225. Comparison of Single-phase and Polyphase Motors. 
Take the case of a two-phase motor operating on a single-phase 
circuit using only one phase of the stator winding. 
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The slip single-phase is less than two-phase since the whole 
rotor corresponds to one phase of the stator and thus the rotor 
current and rotor copper loss are decreased. 

The efficiency is lower because the output decreases more than 
the losses. For a given impressed e.m.f. and frequency the iron 
and friction losses remain practically constant. 

The power factor is lower because the magnetizing current is 
approximately doubled. 
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Fie. 336. Speed-torque characteristics of a single-phase induction 
motor with various resistances inserted in the rotor. 


A given motor wound single-phase can be operated at higher 
densities than when wound polyphase since the losses are less 
and its ventilation is the same, and in this way its output may be 
made from 65 to 75 per cent of its output polyphase. 

The torque at any speed can be increased by introducing re- 
sistance into the rotor windings, but this changes the maximum 
torque since the torque is proportional to 1 — s. 

Fig. 336 shows typical speed-torque curves of a single-phase 
induction motor with various external resistances connected in 
the rotor windings. 
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A single-phase induction motor is usually either a two-phase 
or three-phase motor operated on a single-phase circuit using 
only part of the stator winding. 

If one phase of a two-phase motor is opened at light load, the 
magnetizing current of the other phase is doubled and the motor 
runs as a single-phase motor. If two phases of a three-phase 
motor are opened the motor runs as a single-phase motor with 
the magnetizing current in the third phase trebled. In both cases 
the flux distribution and flux densities remain approximately the 
same as before, 

226. Induction Generator. If the stator of an induction 
motor is connected to the supply lines and its rotor is driven 
above synchronous speed, the machine will develop electrical 
power and supply it to the system. 

The stator flux is not affected by the increase in the speed of 
the rotor, but revolves in the same direction as when the machine 
operates as a motor. The slip is, however, reversed and the 
e.m.fs. and currents induced in the rotor are reversed. Thus 
the direction of torque and power is reversed and the mechanical 
power supplied to drive the rotor is transformed into electrical 
power and supplied over the lines to the load. 

The power transferred from the rotor to the stator depends on 
the slip just as in the induction motor. Using the same notation 
as in Art. 211, the power transferred to the stator is 


P= nE ols COs Oy 


sks Te 
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Thus to increase the power delivered by the generator its speed 
must be increased. If therefore an induction generator is con- 
nected to a prime mover of variable speed, it will supply power 
almost in proportion to the increase of its speed above synchro- 
nous speed. 

The frequency of the stator induced e.m.f. is the frequency of 
the exciting current and does not depend in any way on the speed 
at which the rotor is driven. 

The induction generator has two very serious disadvantages, it 
is not self-exciting and it cannot supply wattless currents to an 
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inductive load. It must therefore be operated in parallel with 
an alternator of sufficient capacity to supply both the wattless 
current to excite the induction generator and also the watt- 
less current required by the load. (Fig. 337.) Since the exciting 
current is about 30 per cent of full-load current the induction 
generator is not suitable when the load power factor is low. 


Load 


Rotor Driven 
above 
Synchronous 
Speed 


Synchronous Alternator Induction Generator 


Fig. 337.- Induction generator. 


The alternator which provides the exciting current for the in- 
duction generator and thus determines the frequency of the 
system may be located in the receiving station and will then 
supply the wattless exciting current back over the line. This 
tends to improve the power factor of the line and the voltage 
regulation since a lagging current supplied from the receiver end 
to the generating end is equivalent to a leading current in the 
opposite direction. 

In construction the induction generator is the same as an in- 
duction motor and a squirrel-cage rotor may be used. 


CHAPTER VIII 
ALTERNATING-CURRENT COMMUTATOR MOTORS 


227. Alternating-current Series Motor. The alternating-cur- 
rent series motor is very similar to the direct-current series motor 
and can be operated on direct-current with increased efficiency 
and output. 

If a direct-current series motor is connected to an alternating- 
current supply circuit it will rotate since the currents in the field 
and armature reverse together and therefore the torque is always 
in one direction, but it will be very inefficient and will spark very 
badly. 

With alternating current flowing in the field winding an alter- 
nating magnetic flux is set up through the magnetic circuit and 
causes very large losses due to hysteresis and eddy currents. To 
reduce these to a minimum the whole magnetic circuit of an 
alternating-current series motor must be laminated. The field 
circuit must be very heavily insulated to prevent short circuits 
between turns which would burn out the motor on account of 
the large induced currents. 

The relation between the e.m.fs. and current in the direct- 
current series motor is given by the equation 


E = 6+ 1 (te +. )j2 sw oe eens 


where EF = impressed e.m.f., 
& = counter e.m.f. generated by rotation, 
I = current, 
’, = resistance of the armature, 
ry = resistance of the field. 


In the alternating-current series motor the alternating flux sets 
up large e.m.fs. of inductance in both the field and armature 
windings, which consume components of the impressed e.m.f. in 
quadrature ahead of the current. If Ly is the inductance of the 


field and L, the inductance of the armature, their reactances are 
358 
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ay = 2rfL; and xq = 2 rfl, respectively, where f is the frequency 
of the impressed e.m.f. 
Fig. 338 shows the vector diagram for the motor. 


? 


d. Counter Generated E,M.F, & k 


os Ire@ Current [ 


Fig. 338. Vector diagram of a single-phase series motor. 


ox = I = current in field and armature. 

oa = Ir; = e.m.f. consumed by the resistance of the field. 

ab = Ix; = e.m.f. consumed by the reactance of the field. 

be = Ir, = e.m.f. consumed by the resistance of the armature. 

cd = Ix, = e.m.f. consumed by the reactance of the armature. 

dk = & = e.mf. generated in the armature due to rotation, in 
phase with the field flux and, therefore, in phase with 
the current, neglecting the hysteretic lag. 

k= f= saaphensed e.m.f. 

cos kox = cos ¢ = load power factor. 

cos dox = cos ¢, = power factor at start. 


Taking the current as the real axis the relation between the 
current and the impressed e.m.f. can be expressed in rectangular 
codrdinates as 


B=6+4+1(ratry) +pltatrys) . «. ~ (883) 
and taking absolute values — 
B= V§§+1(ra trp}? + {l(a, + a,)}% . . (334) 
At standstill 


B=IV (rat)? + a+r)? «© « «. (335) 


and the current is 
E 


Va)? + tat ay)? 
Full voltage can usually be impressed on the motor at standstill 


without causing any injury since the current is limited by the large 
impedance. 


(336) 
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The power factor under running conditions is 


& a I (Tq + ry) 
VISTI (tatry)$? +4L (wat ay) }? 


but & = kn®, where © is the maximum value of the flux per pole, 
n is the motor speed in revolutions per second and k is a constant 
depending on the number of turns in the armature winding and on 
the shape of the flux wave. The flux @ is almost proportional to 
the current J and the generated e.m.f. may be expressed as 


& = k'nl. 


(337) 


cos éd = 


Substituting this value for & in equation and eliminating J 


kin + 7o + 1; ; 
V (k'n + tq +17)? + (ta + 2x)? { 


the power factor, therefore, increases with increasing speed and 
approaches unity. At low speed and at standstill it is low on 
account of the reactances in the field and armature and for satis- 
factory operation it is necessary to make these reactances as low 
as possible. 

228. Design for Minimum Reactance. The inductance of 
any coil is proportional to the square of the number of turns and 
is inversely proportional to the reluctance of the magnetic circuit 
through it. To reduce the inductance ZL; of the field winding it 
is designed with a small number of turns but this reduces the field 
m.m.f. and in order to obtain the required flux the reluctance of 
the magnetic circuit must be made very low. For this purpose 
large sections of high permeability are used, the slots are partially 
closed and the air gap is made as short as possible. 

The reactance of the winding is proportional to the product of 
the inductance and the frequency and therefore the frequency 
should be low. Motors are usually designed for 25 cycles since 
that is the lowest standard frequency, but they will operate on 
15 cycles or on direct current with a much improved efficiency and 
power factor and a larger output. The frequency of the supply 
does not affect the speed of the motor directly, but it does indi- — 
rectly since the reactance drop decreases with the frequency and, 
therefore, the speed for a given current increases. 

229. Compensating Windings. The armature inductance 
and reactance cannot be decreased by reducing the number of 


cos ¢ = (338) 
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turns on the armature since, for a given impressed voltage, that 
would increase the speed of the motor and, further, since the field 
is made comparatively weak the armature must be made corre- 
spondingly strong in ampere turns in order to produce the required 
torque. 

The armature m.m.f. as in direct-current machines is cross 
magnetizing and distorts the main field and so weakens it and 
interferes with commutation. The flux produced by it is alter- 
nating and induces in the armature a back e.m.f. of armature 
inductance. ‘Two methods of reducing this flux are used, both of 
which correspond to the use of interpoles on direct-current ma- 
chines. A winding, called a compensating winding, is placed in slots 
in the pole faces as shown in Fig. 339. It is distributed over the 


Compensating 
Winding 


6% 9 6 
® 
Rotation 


Fig. 339. Four-pole, single-phase, series motor 
with compensating winding. 


whole periphery or the armature and exerts a m.m.f. opposing the 
armature m.m.f. and so limiting the cross flux to a very small value 
and reducing the armature inductance and reactance in the same 
proportion. 

The m.m.f. of the compensating winding can be produced in 
two ways illustrated in Fig. 340 and Fig. 341. The first is called 
inductive compensation and the second conductive compensation. 

(1) In the inductively compensated series motor the compensat- 
ing m.m.f. is produced by short circuiting the compensating coil. 
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It then acts as the closed secondary of a transformer of which the 
armature is the primary. The m.m.f. of the compensating winding 
is almost equal to the m.m.f. of the armature but can never be 
greater than it and, therefore, overcompensation is not possible. 


Co’ : pensating 
e= = 
Cc C . 


F F 
Field Winding Field Winding 
Fra. 340. Inductively compensated Fig. 341. Conductively compen- 
series motor. sated series motor. 


The combined reactance of the armature and compensating wind- 
ing corresponds to the reactance of a transformer on short circuit. 
The mutual flux is almost destroyed but the leakage fluxes remain. 

(2) In the conductively compensated motor the compensating 
coil is connected in series with the field and armature and the 
amount of compensation can be varied. When the m.m.fs. of 
the two windings are equal there is no mutual flux and the com- 
bined reactance is a minimum. When the m.m.f. of the compen- 
sating winding is stronger than that of the armature the armature 
reaction flux is reversed but the reactance of the compensating 
winding is increased and so part of the advantage is lost, but the 
flux due to overcompensation assists commutation of the load 
current in the same way that interpoles do and is thus a great 
advantage. 

A conductively compensated motor can be operated on direct 
current but an inductively compensated motor cannot since the 
compensating winding would not be effective and sparking would 
occur. 

230. Commutation. Satisfactory commutation is very much 
more difficult to obtain in the alternating-current series motor than 
in the direct-current motor because, as may be seen in Fig. 342, the 
short-circuited coil is in the position of the short-circuited secondary 
of a transformer with the main field as primary and tends to have 
as Many ampere turns induced in it as there are on a pair of field 
poles. This large short-circuit current interferes with commuta- 
tion and must be reduced as far as possible. For this purpose high- 
resistance leads, called preventive leads, are connected between the 
coils and the commutator bars, as shown in Fig. 343, and narrow 
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carbon brushes of high contact resistance are used. The short- 
circuit current must pass through two resistance leads in series and 
is thus greatly reduced while the load current is carried by two or 
more in multiple. The resistance of one of the leads must be very 
much higher than that of an armature coil in order to reduce the 


current sufficiently. 
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Fic. 342. 


There are losses in the leads due to the resultant of the two 
currents flowing in them, but by increasing the resistance up to a 
certain point the short-circuit current is reduced and the com- 
bined loss is reduced. 
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Fie. 343. 


The resistance leads are not made of large enough capacity to 
carry the current continuously but under running conditions any 
one lead would only be in circuit for a short time. If the motor 
is stalled with power on the leads are likely to be destroyed. 

The torque of the motor is very much improved by the use of 
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resistance leads since without them the large short-circuit current 
would weaken the main field and decrease the torque. 

Fig. 344 shows the characteristic curves of a 150-horse-power, 
single-phase series motor. ‘The torque and speed curves are very 
much the same shape as those of the direct-current series motor. 
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Fic. 344. Characteristic curves of a 25-cycle, 250-volt, 150- 
‘horse-power, single-phase series motor. 


The power factor approaches unity at light load when the 
speed is high as explained above, but at full load it is still very 
good, reaching 90 per cent in some cases. At start and at low 
speeds it is low because the reactance of the motor is constant. 

Efficiencies up to 85 per cent can be obtained but the motors 
must be designed more liberally than the corresponding direct- 
current motors and are therefore heavier and more expensive. 

On account of unsatisfactory commutation alternating-current 
series motors are only built for voltages of 250 volts and under. 

231. Repulsion Motor. In construction the repulsion motor 
resembles the single-phase series motor with conductive com- 
pensation. The armature is not connected in series with the 
field but is short circuited and receives its current by induction. 
(Figs. 345 to 347.) | 

The principal of its operation can be understood by reference 
to Figs. 345 to 347. In Fig. 345 the armature is shown short 
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circuited with its brushes in line with the field poles. Current is 
induced in it as in the secondary of a transformer and is very 
large but the torque exerted in both directions is the same and 
thus the resultant torque is zero. In Fig. 346, with the brushes 


(ll 


Fic. 345. | Fic. 346. 


turned through 90 degrees there is no current induced in the 
armature and therefore no torque. 

In order that the motor may exert torque the brushes must be 
placed in some intermediate 


position. The same result is erm 
accomplished by placing a sec- * ‘ 

ond winding at right angles to L 6 
the. main field winding. This * x 

is shown as the compensating | 


coil C in Fig. 347 and is carried 
in slots in the pole faces as in 
the series motor. The brushes 
are placed in line with this coil fi 
and the armature receives its 
current by induction from it. 
Torque is produced which is 
proportional to the product of Fig. 347. Repulsion motor. 
the armature current induced 
by the compensating coil and the flux produced by the main 
field, but it is necessary to show that the current and flux are in 
time phase with one another. 

If voltage is impressed on the motor at rest, current flows in 


Field Winding 
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both coils C and fF. There is a large drop of voltage across F 
since its reactance is high, but only a very small drop across C 
since its reactance is low due to the presence of the short-cir- 
cuited armature winding and thus at standstill a large flux 
passes through F and a small flux through C. 

The flux in F is in time phase with the field current; the cur- 
rent in the armature is in phase opposition to the field current 
and therefore reaches its maximum at the same instant as the 
flux in F’, and the torque which is proportional to their product 
retains its sign as they reverse together. 

When the armature rotates an e.m.f. is generated between the 
brushes by the armature conductors cutting the flux from F. 
This e.m.f. is at every instant proportional to the product of the 
flux and the speed and is in phase with the flux and is therefore 
E. E 90 degrees behind the e.m.f. 
' across fF, The armature now 
acts at the primary of a trans- 
former with the compensat- 
ing coil as secondary and it 
produces a flux which trans- 
fers the speed e.m.f. to the 
= ,____.; compensating coil and the 
0 Pr Ec coil C therefore consumes a 
Fig. 348. E.m.f. and current in a | + of tha tans 

repulsion motor. Ste See ° 
pressed e.m.f. 
In Fig. 348 J is the line current which flows in the coils F and C. 

®, is the flux in F, which is in phase with the current. 

Er is the component of impressed e.m.f. across the terminals 
of F. 

Eg is the e.m.f. generated in the armature by rotation and 
transferred to the compensating coil. (Shown as Ec.) 

Eg is the component of impressed e.m.f. across the terminals 
of C; it is equal to Hgif the coil C has the same number | 
of turns as the armature, and it is in phase with it. 

E = VE, + Ec? is the constant line voltage impressed on 

: the motor. 

The e.m.f. consumed by the impedance of the armature and com- 
pensating winding is neglected. As the speed increases the e.m.f. 
Ec increases and E'p decreases, the flux in the main field F decreases 
and the current and torque decrease. 
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At start, when the drop across C is small, the current is large 
and the main field F is very strong. The repulsion therefore 
gives a good starting torque. The field at start will be decreased 
to a certain extent by the current in the short-circuited coil un- 
dergoing commutation, as in the series motor. 

232. Commutation. In the single-phase series motor and the 
repulsion motor there are two ‘currents to be commutated, (1) the 
load current and (2) the short-circuit current produced in the coil 
under the brush by the alternating flux of the main field. 

(1) To reverse the load current a m.m.f. is required opposing 
the m.m.f. of armature reaction and strong enough to produce a 
flux in the opposite direction to the armature reaction flux. Such 
a flux can be produced by interpoles placed between the main 
poles and excited by a winding in series with the main field or it 
can be produced by a compensating winding. The conductively 
compensating winding is the only one which can give perfect 
commutation since its m.m.f. can be made stronger than the 
armature m.m.f. Commutation is assisted by the use of high-re- 
sistance carbon brushes. 

(2) To eliminate the short-circuit current in the coil under the 
brush an e.m.f. must be generated in the coil equal and opposite 
to the e.m.f. producing the short-circuit current. The neutralizing 
e.m.f. cannot be generated by the alternation of a magnetic flux 
through the coil, since that would require a flux equal and opposite 
to the field flux and would destroy the field of the motor. The 
required e.m.f. can, however, be generated by the rotation of the 
- armature through a commutating field of the proper intensity and 
position, but the field must be in quadrature with the main field 
in both time and space. In the repulsion motor under running 
conditions such a field is produced in the compensating coil C. 
The intensity of the field varies with the speed of the motor. 
Near synchronous speed the e.m.f. is entirely neutralized and the 
current is wiped out. Below synchronous speed the current is 
reduced and above synchronous speed another current is produced 
as objectionable as before and commutation becomes bad again. 
At standstill no neutralizing e.m.f. is produced. 

In the single-phase series motor there is no field in quadrature 
with the main field in time and so no neutralizing e.m.f. can be 
produced but the short-circuit current is reduced by using high- 
resistance preventive leads as explained in Art. 230. 
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Thus near synchronous speed the commutation of the repulsion 
motor is better than that of the series motor. 

Since preventive leads are not used in the repulsion motor the 
short-circuit current in it at start will be greater than in the series 
motor and will weaken the main field and decrease the starting 
torque. 

While running the short-circuit current is not so great, since it 
cannot reach its maximum value on account of the self-inductance 
of the coil. 

The repulsion motor cannot be operated more than 40 per cent 
above synchronous speed on account of commutation troubles. 

A very large number of alternating-current commutator motors, 
differing in certain details from the two described here, have been 
designed and are in successful operation but the main principles 
are the same. 


CHAPTER IX 
CONVERTERS 


233. Rotary Converter. The rotary converter or synchro- 
nous converter is a combination of a synchronous motor and a 
direct-current generator. It receives alternating current and con- 
verts it into direct current. | 

The armature winding is an ordinary direct-current winding 
and may be either series or multiple. It is connected to a com- 
mutator and taps are taken out from it at equidistant points and 
connected to slip rings. The alternating current is delivered to 
the slip rings either single-phase, two-phase, three-phase or six- 
phase and drives the armature as a synchronous motor. The 
same armature conductors generate and carry the direct current. 


Fia. 349. Ring-wound rotary converter. 


Fig. 349 shows a ring-wound bipolar armature tapped for single-, 
two-, or three-phase currents; single-phase 1 to 2 or 3 to 4; 
two-phase 1 to 2 and 3 to 4; three-phase 1 to 5, 5 to 6 and 
6 to 1. 

Fig. 350 shows a six-circuit multiple winding for a six-pole, 
three-phase rotary converter and Fig. 351 shows a two-circuit or 


series winding for an eight-pole, three-phase converter. 
369 
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Fie. 351. Two-circuit, retrogressive winding for a three- 
phase rotary converter. 
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In a series-wound armature the total number of coils must be 
divisible by the number of phases and in a multiple-wound arma- 
ture the number of coils per pair of poles must be divisible by the 
number of phases. 
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(b) Delta Primary — Double Delta Secondary 
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(c) Delta Primary — Ring Secondary 


Fie. 352. Six-phase power from three-phase circuits. 


Six-phase converters are operated from three-phase circuits. 
Three methods of connecting the supply transformers are shown 
in Fig. 352. 

234. Field Excitation. The fields of a rotary converter are 
excited by direct current, usually supplied by an exciter mounted 
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on the same shaft. For overcompounding, a series field winding 
is added. Its action is explained in Art. 242. 

235. Ratios of E.M.Fs. and Currents. With the brushes 
fixed on the no-load neutral line, the direct and alternating e.m.f.’s 
generated in the converter bear a definite relation to each other 
and one cannot be varied without varying the other. .At unity 
power factor the alternating and direct currents in the armature 
also bear a definite relation to each other if the current required 
to supply the converter losses is neglected. 

Since the alternating and direct currents flow in the same arma- 
ture conductors and in opposite directions, the e.m.f. consumed in 
the armature is small and the power loss is small. In the following 
analysis these quantities will be neglected and the alternating 
current will be assumed to be in phase with the impressed e.m.f. . 
This condition can be obtained in practice by properly adjusting 
the exciting current. 

Take first the case of the single-phase converter, Fig. 353. 


Fie. 353. Single-phase converter. 


Let E = direct voltage of the converter. 
I = direct-current output. 
E, = effective value of the alternating supply voltage, 
whether single phase or polyphase. 
I, = alternating current in the supply lines. 
J’ = alternating current in the armature winding. 
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The voltage between the leads J, and /, or between the slip rings 
R, and R, is alternating and reaches its maximum value when 
and J, are under the brushes and it is then equal to the direct 
voltage of the machine. Therefore, in a single-phase converter 
the direct voltage is equal to the maximum value of the alternating 
voltage and thus 


Be VIR os ee OD) 
or 
E 
By =. . lg ace fo eee eae) 


Neglecting losses and phase displacements the output of the con- 
verter is equal to the volt-amperes input or’ 


EI — El, 


and the alternating current in the line is 


Or pane @ 2! Ty he ee 
V2 
The alternating current in the winding is 
| Peo, 
Pp 


where = is the number of circuits in multiple through the winding. 
In the bipolar machine in Fig. 353, p = 2 and, therefore, 


=——=-=..... .. (842) 


236. Two-phase or Quarter-phase Converter. When four 
collector rings R,, Re, R3 and Ry, Fig. 354, are connected to four 
equidistant points 1, 1, lz and l,, the machine is a two-phase or 
quarter-phase converter. The two voltages R; to Ry and R; to 
R, are equal and are in quadrature, forming a two-phase system; 
the four voltages R, to R;, R; to Re, R. to Rg and Ry, to R, are 
all qual and form a four-phase or quarter-phase system. 

The voltage between lines or the voltage per phase of the two- 
phase supply is | 
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By ee ns ee 088) 


374. ~—«#ELECTRICAL ENGINEERING 


The voltage between adjacent rings or the quarter-phase volt- 
age is he S 
Bf «22 =| eee 
' W/Z 22 - 
Assuming the volt-amperes input two-phase to be equal to the 
direct-current output, that is, 


2 El tr EI ; 
the alterrating current per line is 


(345) 


Fic. 354. Two-phase or quarter-phase converter. 
The alternating current in the winding is the resultant of two 
currents h = a5 in quadrature and its value is therefore 
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237. Three-phase Converter. With three collector rings R,, 
R, and Rs, Fig. 355, connected to three equidistant points lL, l 

and l/s the machine: is a three-phase converter. 
The e.m.f. between each of the rings and the neutral point or 
the “star” e.m.f. is equal to half of the single-phase voltage. 
It is shown as Eg in Fig. 356. oa 
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(346) 
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The e.m.f. between rings or “ delta ”’ e.m.f. is 
. V3E 
E, = V3 Es = ——= = 0.612 £. 
: S 2Vv2 


The power input is 
V3 E\l, = 3 Egl; = 3 Ey!’ 


and is equal to the output EI. 


Fic. 355. Two-phase converter. 
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Fia. 356. E.m.fs. and currents in a three-phase converter. 


Thus the line current is 
pee BT ae 
V3 Ei; ya v3F 3 
: 2v2 


I = 0.943 I, 
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(349) 
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and the alternating current in the winding is 


Lo ewe 
l’ = —~ = —=1 = 0.5457. . .. . (850 
V3 3V3 Bu 
238. n-phase Converter. For an n-phase converter, Fig. 
357, the winding must be tapped at n equidistant points. The 
e.m.f. between each of the rings and the neutral point or the 
“ star ”’ e.m.f. is as before 


Fig. 357. n-phase converter. 


The e.m.f. between rings or the e.m.f. between lines is the vector 
difference between two e.m.fs. Hs displaced at on radians. (Fig. 
358.) Thus 

| E sin= 


ee ee (351) 


E, = 2 Es sin* sg 


The power input is 
nk sl } = nEyT r 


and is equal to the output EJ. 
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Therefore the alternating current in the line is 
EI BE 209 
A = ae iieeran a eos) 
2/2 
and the alternating current in the winding is 
eae 5 EI V21 
ae a T (853) 
+ Esin- nsin- 
n n 


Fic. 358. 


The values obtained above for the e.m.fs. and currents in single- 
' phase, two-phase and three-phase converters can also be ob- 
tained by substituting the proper values of n in equations 351, 
352 and 353; single-phase n = 2, two-phase or four-phase n = 4, 
and three-phase n = 3. The results are tabulated in Fig. 359. 


; Two-phase 
Single- Th F 
Type pine | phage | Spica | Sz | ha 
n= 
E.m.f. between col- E V3E E E E sin 
eco gow oie | vq | ava| 3 | ava | 
3 vf 5 
Current per line J, ....| V2] a a ie oe 
Current in the wind- | _/ 2V21 I V21 v21 
TT ae gee dR. AFD 3/3 2 3 n sin = 
Fig. 359. 


These ratios of currents only hold on the assumption that the 
power factor is unity and that the efficiency is 100 per cent. 
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The power factor can be maintained approximately unity by 
adjusting the excitation, but the power losses cannot be eliminated 
and the values of alternating current in the table must be in- 
creased by the small component required to supply the losses in 
the machine. When the power factor is not unity the reactive 
or wattless components of current must be added to the power 
components. 

The ratios of e.m.fs. are the ratios of the generated e.m.fs. 
and can only approximately represent the ratios of terminal 
e.m.fs. since components of e.m.f. are consumed in the resistance 
and reactance of the armature. The ratios also depend on the 
assumption that the alternating e.m.f. wave is a sine wave. If 
the wave is peaked, the ratio of the effective value to the maxi- 
mum value is less than 5 and the values of the alternating 
e.m.fs. must be reduced. If the wave is flat topped the ratio of 


effective to maximum value is greater than 35 and the values of 


the e.m.fs. must be increased. 

239. Wave Forms of Currents in the Armature Coils. The 
current in any armature coil is the difference between the alter- 
nating-current input and the direct-current output. 

In Fig. 360, 1; and lz are the two leads of one of the n-phases of 
a converter, a is the coil next to one lead and ¢ is the coil in the 
centre of the phase. The alternating e.m.f. and the power com- 
ponent of the alternating current in the phase J, to 2 are maximum 
when this section of the winding is midway between the brushes 
and they are both zero when the centre coil c is under the brush. 

Fig. 361 shows the resultant of the alternating and direct 
currents in coil c during one revolution. The alternating current 
is opposed to the direct current and is zero when the direct current 
reverses as the coil passes under the brush. The current in the 
centre coil is, therefore, less than the current in any other coil 
in the phase when the power factor is unity. 

Fig. 362 shows the current in coil a next to one of the leads. 
The alternating and direct currents are not directly opposing and 
the resultant current is greater than in the centre coil c. 

The coils next to the leads, therefore, carry larger currents than 
the coils in the centre of the phases and they rise to a higher 
temperature. 
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Fig. 362. Current in coil a, Fig. 360, at unity power factor. 
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The worst condition of local heating occurs in the coil next the 
lead of a single-phase converter, Fig. 363. The alternating current 
has its maximum value when the direct current reverses. 

' When the power factor is not unity the minimum resultant 
current will not occur in the centre coil of a phase but in a coil 
displaced from it by the angle of lag or lead of the current. 
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Fic. 363. Current in the coil next to the lead of a single- 
phase converter at unity power factor. 
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Fie. 364. Current in coil c, Fig. 360, at 70 per cent power factor. 


Fig. 364 shows the current in coil c when the power factor is 
70 per cent and a component of lagging current equal to the power 
current flows in the armature. 

240. Heating Due to Armature Copper Loss. Take the case 
of a two-pole, n-phase armature, Fig. 360, and use the same 
notation as before. In the centre coil c of the phase, the direct 
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current is : and the effective value of the alternating current is 
V21 


. via 
n Sin — 
n 


l'= 


The instantaneous value of the alternating current is 


i= V2I sind = eT eta nd tram os 9 


eS 
nm Sin — 
n 


and the instantaneous value of the resultant current is 


ee sin @ — 5. pebaseccsaie 1 


% = 
wee’ | © 

nm Sin — 
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In an armature coil d displaced by angle B from the centre of 
the phase the alternating current is 


j=V2I'sinf@—p).... . . (356) 
and the instantaneous value of the resultant current is 
ig = sin (0 — 6) — 5 
n sin — 
Nn. 
+ -I-64 519-(6:— 8) 
=3) — = 1h. - ee (887) 
n sin — 
n 


The effective value of the resultant current is 
4 sin (6 — B) 


ar FB a few a Fi -1 
Ip-\/1f ve /8 SL) n sin ~ 
2 = ; ties 
=t vik (16 sin (0 £ _ 8sin(@ Oh 
E n? sin? ~ nsin- 
| n 
a1 dbs ——a _ 8sin@— 8) | | : 
n? sin? = nsin— 
n 
| 7 if g = 20 HAY, SoC Pte 
2 | n* os n sin — 
n n 0 


do . . (358) 
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8 1 as CON ce 
an i sin?= n sin = 


16 
en) 
2 nsin?~ nasin— 
\ n n 


Since is the current in the coil when the machine is operating as 


a direct-current generator, the ratio of the power lost in the coil 
when operating as a converter to that lost when operating as a 
direct-current generator with the same output is 


z 
Le) <a Et. . 00) 
ie nsint= nasin= 
2 Nn n 


and this is the ratio of the coil heating under the two conditions. 
This ratio is a maximum for the coil next to the alternating 


leads 1, or 1, where B = 2 and it is 
T 
8 16 cos — 


Pima. = = wi [32 , Se RA 
n? sin? — nr sin — 
Nv n 


It is a minimum for the centre coil of the phase, where 6 = 0, and is 


wt ca 
a: Was 


The ratio of the total power lost in the armature of the converter 
to that lost when the machine is operating as a direct-current 
generator with the same output is found by integrating the ratio 


hg over one half phase from 6 = “to 8 = 0 and taking the aver- 
age. It is 


iM ; n Ra 16 cos B 
Bea) w¥- iA | the 


n? sin? = _ nr sin — 
n n 


—— 


CONVERTERS 389 


Tv 


n 8 16 sin n 
eis oe SE Lg 
TT > T cae, 
n? sin? — nr sin — 
n n 


o-16 | 
see I, ee eee») (888) 


. Tv 
n? sin? — 
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and this is the relative armature heating under the two conditions. 
To get the same loss in the armature of a converter and the same 
heating as in the direct-current generator, the armature current 


and the output may be increased in the ratio Mi 


VH 


The values of H and a for the various polyphase converters 


are tabulated in Fig. 365. 


. : Two-phase 
D t- Singl Th : 
ie Direct | Single | Three | "Orlour- | Sixphas 
generator n=2 n=3 th fe 
Relative armature 
heating H:......... 1.00 1 av 0.55 0.37 0.26 
Rating by armature 
: 1 
heating ——........ 1.00 0.85 1.34 1.64 1.96 
© Vi 
Fia. 365. 


For a single-phase converter, n = 2, the value of a is 0.85, 


and, therefore, the output of a machine as a single-phase converter 


is only 85 per cent of its output as a direct-current generator for 
the same temperature rise. 


For a three-phase converter a = 1.34 and therefore the output 
is 34 per cent greater than as a direct-current generator. For a 
six-phase converter the output is increased 96 per cent. 

These values only hold if the alternating current is in phase with 
the impressed e.m.f. When leading or lagging currents flow in 
the armature the heating is very largely increased and the rating 
must be decreased. The rating of a machine as a three-phase 
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converter will be the same as when operated as a direct-current 
generator when the power factor is about 85 per cent and the 
rating of a machine as a six-phase converter will be the same as 
when operated as a direct-current generator when the power 
factor is about 75 per cent. 

Rotary converters should, therefore, be operated at unity power 
factor at full load and overload. 

241. Armature Reaction. The armature reaction of a rotary 
converter is the resultant of the armature reactions of the machine 
as a direct-current generator and as a synchronous motor. The 
direct-current brushes are usually placed at right angles to the 
field poles and therefore the direct-current exerts a m.m.f. in 
quadrature behind the field m.m.f., Fig. 366. The power com- 
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Fic. 366. Direction of m.m.fs. in a direct-current generator. 


ponent of the armature current in a synchronous motor exerts 
a m.m.f. in quadrature ahead of the field m.m.f. and it is there- 
fore opposed to the m.m.f. of the direct current. 

If Z is the number of conductors on the armature of a bipolar 


generator and, is the direct current in each conductor, the arma- 


ture m.m.f. is the resultant of - m.m.fs. of magnitude ; uni- 


LE 
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formly distributed over the circumference of the armature and 
it is therefore less than that of a concentrated winding in the 


ratio“. (Fig. 367.) Them.m.f cf the direct current in the arma- 


ture of a converter is thus 


in quadrature behind the field m.mf. 


(364) 


If the machine is connected as an n-phase converter, the number 


of turns per phase is and the effective value of the alternating 


current in each is 


Chord 


sh WOE 
I —_ ) 
<7, Wks 
72S. — 
n 
By 
¢. , 
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a 
E 
® < 
( 
© Be 
Fia. 367. Fia. 368. 


and the m.m.f. per phase in effective ampere turns is 


Dep Ba ka 
an V2 n? sin ~ 


(365) 
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These ampere turns are distributed over th of the circumfer- 


ence of the armature and their resultant is, Fig. 368, 


2rsin~ 
m = lL . chord _ ZI | ae in 
 2n are 2n 2Qar 
n 
AY |b 
: ZI pans” 
V2 n? sin ~ Aer 
n n 
ZI 
a en 366 
V2 an Soe 
The maximum value of the m.m.f. per phase is 
m = V2m = a ampere turns. . . (3867) 


To find the resultant m.m.f. of the alternating current in the 
armature it is necessary to combine n m.m.fs. of maximum 


value m™ = = displaced in direction by angle or and displaced 


in phase by “th of a period or by angle an. 


In Fig. 369 phase 1 is shown in the position of maximum 
m.m.f. if the power factor is unity. The direction of the m.mf. 
is OB and it is in quadrature ahead of the field mmf. If time 
and angular displacement are measured from OB, then at time ¢ 
and angle 6 the m.m.f. of phase 1 is mp cos@ in direction OB,, 
and its component in direction OB is m cos? 0. 


At time ¢ the m.m.f. of phase 2 is mo cos (0 + a) making an 


angle (0 + =) with OB and its component in direction OB is 


Mp COS? (0 + on ° 
The resultant m.m.f. of the m phases in the direction OB at 
any time ¢ is 


M. = mo} cos*6 + cost (o +22) + + cos? (6 -2R— Da 


n 


= m X n X average (cos)? = mo 5 


since the average cos? is = 3. 
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The resultant m.m.f. of the m phases in the direction at right 
angles to OB or in line with the field m.m-f. is zero. 

Therefore the resultant m.m.f. of the alternating current in 
the converter armature has a constant value ~ 
ie Ol ae | 
Ma= M5 =~ +5 age are eae (368) 
and is in quadrature ahead of the field m.m.f. It is thus equal to 
the m.m.f. of the direct current and is opposed to it and the re- 
sultant armature reaction of the direct current and of the cor- 
responding power component of the alternating current is zero. 


Bi e 


> 


a 


2 


2 


Rotation 7 
\ 


Fie. 369. Synchronous motor. 


The armature reaction due to the power current required to 
supply the losses remains but it is very small and produces only 
a slight distortion of the flux in the air gap. 

When the power factor is not unity the wattless currents in 
the armature exert m.m.fs., as in the synchronous motor, which 
act in line with the field m.m.f. and are either magnetizing or 
demagnetizing but are not distorting. 

Thus in the rotary converter there is very little field distortion 
or very little shifting of the neutral points under load. As a 
result the limit of overload set by commutation is much higher 
than in the direct-current generator. This is very important in 
the case of converters supplying railway loads where the load 
factor is usually below 50 per cent. The overload capacities for 
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' short periods must be high. In some cases when using inter- 
poles momentary overloads of 200 per cent are permitted. 

242. Compounding. When the field current of a rotary 
converter is varied wattless lagging or leading currents flow in 
the armature and magnetize or demagnetize the field and bring it 
back to its former strength, giving the same generated voltages 
as before, but there is no change in the direct voltage since it has 
a fixed relation with the impressed voltage. To vary the direct 
voltage the impressed alternating voltage must be varied. This 
can be done (1) by using variable-ratio supply transformers, 
(2) by connecting potential regulators in the lines or (8) by con- 
necting reactance coils in the lines and drawing wattless lagging 
or leading currents through them by varying the field excitation. 
The first method has the disadvantage of a step-by-step regulation; 
the second requires expensive apparatus but gives very good regula- 
tion and can be made automatic; the third is inexpensive and may 
be made automatic by placing a series winding on the converter 
fields. The variation of the impressed voltage due to the reactance 
coils is explained as follows: The e.m.f. of self-inductance lags 90 de- 
grees behind the current; thus, when the converter is under-excited 
and a component of current lagging 90 degrees behind the impressed 
e.m.f. flows through the reactance coil, the e.m.f. of self-inductance 
due to it lags 180 degrees behind the impressed e.m.f. and there- 
fore opposes and lowers it. When the converter is over-excited 
and a component of current 90 degrees ahead of the impressed 
e.m.f. flows through the reactance coil, its e.m.f. of self-induc- 
tance is in phase with the impressed e.m.f. and raises it. 

Therefore when reactance coils are connected in the supply 
lines an increase of the field excitation raises the impressed e.m.f. 
and so raises the direct voltage, and a decrease of the field excita- 
tion lowers the impressed e.m.f. and so lowers the direct voltage. 
The result is the same as in the direct-current generator but is 
produced in a different way. 

If the converter is provided with a series winding the reactance 
coils cause the direct voltage to rise automatically with increase 
of load. 

243. Starting. Converters may be started in various ways: 

(1) If reduced voltage is impressed on the slip rings the con- 
verter will start as a synchronous motor and come up to full speed 
as explained in Art. 169. Special supply transformers are used 
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with taps on the secondaries to give from one third to one half of 
full voltage at start. When synchronous speed is reached the 
field circuit is closed and full voltage is impressed. The load 
circuit must not be connected at start since below synchronous 
speed the voltage between the direct-current brushes is alternating 
at the frequency of slip. 

By this method the trouble of synchronizing is eliminated and 
the machine can be put in operation very quickly, but a large 
current at low power factor is drawn from the lines. 

(2) Converters may be started from the direct-current end if 
suitable power is available in the station, but a longer time is 
required to put them in operation than when starting from the 
alternating-current end and they must be synchronized. 

(3) If an induction motor with a smaller number of poles than 
the converter and consequently a higher synchronous speed is 
mounted on the same shaft it may be used to start the converter. 
This method of starting requires synchronizing and thus takes 
longer than (1) and the induction motor draws a large lagging 
current. It has, therefore, the disadvantages of the two first 
methods and in addition requires the extra starting motor. 

244. Frequencies and Voltages. Converters are built for both 
25 and 60 cycles, but for large outputs the lower frequency is more 
satisfactory since on account of the larger number of poles re- 
quired the commutation in a 60-cycle converter is not so good as 
in a 25-cycle machine. 

Any direct voltage up to 600 volts can be obtained and many 
converters giving 1200 volts between brushes are in successful 
operation. In the majority of cases, however, where a line 
potential of 1200 volts is required two 600-volt machines are 
operated in series. 

245. Inverted Converter. Where a small alternating-current 
load is to be supplied from a direct-current system, a rotary con- 
verter may be used as an inverted converter to transform direct 
current to alternating current. ; 

The ratios of the voltages are the same as under normal operat- 
ing conditions but the ratios of the currents vary since it is not 
possible to eliminate or control the wattless components of the 
alternating current. These components depend on the character 
of the load and are not affected by varying the exciting current. 

When changing from alternating current to direct current the 
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speed of the converter is fixed by the frequency of the system and 
remains constant. When changing from direct current to alter- 
nating current the speed is not fixed but depends on the excitation 
and varies as the field strength varies. When the load is inductive 
the wattless lagging current demagnetizes the field and so raises 
the speed of the converter and the frequency of the alternating 
current. This may increase the lagging current and so raise the 
speed more until it gets beyond safe limits. The inverted con- 
verter has thus the two disadvantages, (1) that it tends to run 
at dangerous speeds and (2) that it supplies a current of varying 
frequency. It must, therefore, be provided with some means of 
cutting off the load when the speed rises above a certain value or 
with some means of limiting the speed. 

If the converter is excited by a direct-current generator mounted 
on the same shaft any increase in speed raises the exciter voltage 
at a higher rate and, therefore, the field of the converter is 
strengthened and the speed is limited. © 

Rotary converters to be used as inverted converters should not 
be compound wound. 

246. Double-current Generator. If mechanical power is sup- 
plied to drive a rotary converter it can be used as a double-current 
generator to supply direct current from the commutator and alter- 
nating current from the slip rings. 

The two currents in this case flow in the same direction in the 
armature conductors and the losses are increased and the arma- 
ture reaction is the sum of the reactions due to the two currents. 
The voltage regulation is, therefore, poorer than in the converter. 

247. Three-wire Generator. The three-wire direct-current 
generator is similar in construction to a single-phase or quarter- 
phase rotary converter. It is used to supply a three-wire system 
with from 220 to 280 volts between outer wires and from 110 to 140 
volts between each of the outer wires and the neutral wire. 

In order to obtain a point at a potential midway between the 
potentials of the direct-current brushes special transformers called 
compensators are used. They have a single winding tapped at 
the centre and are connected by means of slip rings across points 
on the armature winding 180 electrical degrees apart. (Fig. 370.) 
The neutral wire of the system is connected to the central point 
of the compensator and its potential is maintained almost midway 
between the potentials of the outer wires. When more than one 
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compensator is used the centre points of all the compensators are 
joined together before being connected to the neutral wire. (Fig. 
371.) | 

In some cases the compensators are connected directly to the 
- armature windings and rotate with it and their neutral points are 
connected and brought out to a single slip ring. 
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Fie. 370. Three-wire generator with a single compensator. 
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Fia. 371. Three-wire generator with two compensators. 


The voltage between the terminals of the compensators is 
alternating and when the loads on the two sides of the three-wire 
system are equal and no current flows in the neutral wire the only 
current in the compensator is the very small exciting current. 

When the loads are unequal the unbalanced current Jy flows in 
the neutral wire as shown in Fig. 370. On reaching the compensa- 
tor it divides into two parts which flow through the winding and 
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up to the positive brush by the path of least resistance. Since 
the current in the neutral wire is a direct current the reactance of 
the compensator does not oppose it and the only voltage drop is 
that due to resistance. 

The actual amount of current carried by the various sections of 
the armature winding is very difficult to calculate and it varies 
from instant to instant due to the change in the relative positions 
of the direct-current brushes and the compensator connections. 
The average current carried by each half of the compensator 

ve Ne 7 
winding is a 

The unbalancing of the currents in the sections of the armature 
winding produces an unbalancing of the armature reactions and 
results in a slight unbalancing of the voltages between the neutral 
point and the brushes. With two or more compensators, Fig. 
371, this unbalancing is reduced due to the more even distribution 
of the current. 

Machines can be designed to give a regulation of 2 per cent or 
less with an unbalanced load of 25 per cent. 

With this system the voltages on the two sides cannot be regu- 
lated independently and the flexibility of the three-wire system 
supplied by two generators in series is lost, but there is a corre- 
sponding gain in space and cost of machines. 

The capacity required in the compensators is small. With 
25 per cent unbalancing of the loads the required compensator 
capacity is less than 10 per cent of the generator capacity. 

248. Frequency Converters. Frequency converters are used 
where power is transmitted at 25 cycles and is required by the 
consumer at 60 cycles. The most usual form of frequency con- 
verter is a synchronous motor-generator set, a 25-cycle motor 
direct connected to a 60-cycle alternator. The numbers of poles 
on the two machines mist be in the ratio of 25 to 60. When a 
10-pole motor is used the alternator must have 24 poles and the 
speed is fixed at 300 r. p.m. 

When frequency converters are to be operated in parallel they 
must be synchronized on both the 25-cycle and 60-cycle ends. 
If the motor is synchronized first there is only one chance in five 
that the alternator is in synchronism, while if the alternator is 
synchronized first there is only one chance in twelve that the 
motor is in synchronism. 
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If the motor is synchronized and it is found that the generator 
is out of synchronism the circuit must be opened and the motor 
allowed to slip back a pair of poles at a time until the correct 
position is reached. © 

249. Induction Frequency Converter. The induction fre- 
quency converter may be used instead of the synchronous-motor 
generator set. It consists of an induction motor with a wound 
rotor driven by a synchronous motor connected to the 25-cycle 
supply lines. The stator of the induction motor is also connected 
to the supply and produces a revolving field. At standstill the 
frequency of the e.m.fs. generated in the rotor windings is 25 
cycles. When the rotor is driven backwards at synchronous 
speed the frequency is 50 cycles and when driven at 140 per cent 
of synchronous speed it is 60 cycles. If a receiver circuit is con- 
nected to the rotor slip rings 60-cycle power can be supplied to 
it. 2% or 3% of the power output is supplied to the rotor by 
transformer action from the stator and the remaining ;5 is sup- 
plied by the synchronous motor as mechanical power. : 

The principal disadvantage of the induction frequency con- 
verter is its poor voltage regulation. Due to the presence of the 
air gap in the magnetic circuit the reactances are large and the 
e.m.fs. consumed by the reactances are large. 

The exciting current required by the induction motor may be 
provided by over-exciting the fields of the synchronous motor 
and making it draw a leading current. In this way the power 
factor of the set may be made unity, but the increased current 
in the synchronous-motor windings increases the copper losses 
and the heating. 

Since the rotor of an induction motor may be wound for any 
number of phases irrespective of the number of stator phases the 
induction frequency converter may be used to change the number 
of phases as well as the frequency. The same result may of 
course be obtained with the synchronous-motor generator set. 

250. Mercury Arc Rectifier. The mercury arc rectifier or 
mercury vapor converter is used to convert alternating current 
to direct current for charging storage batteries supplying arc 
lights and many other purposes. 

Fig. 372 shows the diagram of connections of a rectifier set. 
The essential parts are the exhausted bulb B and the two react- 
ance coils # and F called sustaining coils. In addition there are 
various controlling reactances and resistances. 
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The bulb B has two projections on its sides containing the 
positive terminals or anodes A and A’ which are made of graphite, 
and two projections on the bottom containing mercury, C is the 
negative terminal or cathode and S is a third anode used only for 
starting. The large upper space in the bulb is the cooling chamber 
in which the mercury vapor, which has been heated by the pas- 
sage of electricity, is condensed and from which it falls down into 
the cathode again. 


3 
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Fic. 372. Mercury arc rectifier. 


The two anodes are connected to the terminals of the supply 
transformer 7'7” and the load circuit is connected between the 
cathode C and the junction of the two sustaining coils H and F. 

251. Operation. The operation of the rectifier depends on the 
fact that current can pass through the tube in one direction only 
from either of the anodes to the cathode and it can only pass in 
this direction after an arc has been formed at the cathode in 
such a direction as to make the mercury negative. In the oppo- 
site direction the tube is a very good insulator and a difference of 
potential of thousands of volts would be required to produce a 
current. The starting arc is produced by impressing a voltage 
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between the two mercury terminals C and S through the starting 
resistance 7g and tipping the tube until the mercury forms a bridge 
and closes the circuit. Current then passes and when the cir- 
cuit is opened by raising the tube to the vertical position an arc 
is formed and the cathode is said to be excited. If at this instant 
either of the anodes is at a higher potential than the cathode, 
current will flow from it and will continue to flow so long as the 
difference of potential is greater than the counter e.m.f. of the 
rectifier. When the terminal 7 of the supply transformer is 
positive, current flows from it to A through the tube C, through 
the load circuit and through the reactance coil F to the terminal 7’. 
When the voltage reverses and 7’ becomes negative, 7’ becomes 
positive and current flows from it to A’ through the tube to C 
and through the coil E to the terminal 7’. 

If there was no drop of voltage in the rectifier the current 
wave would be of the same shape as the voltage wave and in the 
load circuit it would vary from zero to a positive maximum as 
shown in Fig. 373. There is, however, a drop of voltage of from 
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Fie. 373. Rectified alternating current. 


14 volts to 25 volts in the commercial rectifier, which remains ap- 
proximately constant independent of the load, and if the sustain- 
ing coils were left out of the circuit the current through the bulb 
would drop to zero as soon as the potential of 7 had fallen below 
the counter e.m.f. of the converter and load circuit and would re- 
main at zero until the potential of 7’ rose to a value greater than 
this counter e.m.f. In the meantime the cathode would have 
lost its excitation and the tube would have to be tipped again be- 
fore any current could flow. To prevent the current in the tube 
from falling to zero and so to insure continuous operation the 
reactance coils H and F are introduced. Their action is as fol- 
lows: While current is flowing from 7 energy is stored in the 
magnetic field of the coil F and when the potential of 7’ becomes 
too low to forée the current against the counter e.m.f. of the con- 
verter the sustaining coil discharges its stored energy and main- | 
tains the current until the potential of 7’ rises and current flows 
from it to the load. The effect of the sustaining coils is there- 
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fore to spread out the two halves of the current wave so that they 
overlap and produce in the load circuit a direct current with only 
a slight pulsation. 

252. Currents and Voltages. The voltage is controlled by a 
regulating reactance connected in the alternating-current supply | 
circuit and in the ordinary rectifiers the direct voltage ranges from 
20 per cent to 52 per cent of the alternating voltage while the alter- 
nating current ranges from 40 per cent to 66 per cent of the direct 
current. ? 

Rectifiers are designed for direct currents of 10, 20, 30 or 40 
amperes and can be built to operate on any required voltage and 
any frequency. 

253. Losses and Efficiency. Since the counter e.m.f. of the 
rectifier is approximately constant independent of the load, the 
power losses vary directly as the current instead of as the square 
of the current. Neglecting the losses in the reactance coils and 
regulator the efficiency of the rectifier is constant at all loads and 
is higher the higher the voltage. Values up to 80 per cent are 
reached with rectifiers supplied from a 220-volt alternating-current 
circuit and delivering 110 volts direct current. 

The power factor of the rectifier is high and under ordinary con- 
ditions may be assumed as about 90 per cent. 


CHAPTER X 
TRANSMISSION LINE 


254. Transmission Line. The transmission line carries the 
electrical energy from the generating station to the receiving 
station or substation, where it is either transformed into mechanical 
energy or distributed to the customers throughout the district. 

The most important characteristics of a transmission line are 
(1) reliability, (2) regulation and (38) efficiency. 

(1) To insure reliability of service lines should, wherever 
possible, be installed in duplicate and all the necessary protective 
devices applied. ; . 

(2) For good regulation the reactance of the line should be as 
small as possible and therefore the frequency should be low. The 
capacity of a line draws a leading current, which partially counter- 
acts the drop in voltage due to reactance and so improves the 
regulation. 

(3) The power losses in a line are the resistance loss, which varies 
as the square of the current, and the comparatively small losses 
due to leakage over the insulators and to the formation of corona 
around the conductors. 

To reduce the power loss the resistance of the line should be 
made as low as possible. This can be done by increasing the cross 
section of the conductors, but the increased cost of the material 
required soon overcomes the saving due to the increase in efficiency 

For a given loss and a given voltage between lines power can 
be transmitted with a smaller amount of conducting material 
three-phase than either single-phase or two-phase. 

-255. Relative Amounts of Conducting Material for Single-, 

Two- and Three-phase Transmission Lines. 
Let P = power input to the line in watts. 

p= per cent loss of power in the line resistance due to 

full-load current. 
I = full-load current. 
cos 9 = power factor. 
r = resistance of each conductor. 


nm = number of conductors in the system. 
' 397 


398 ELECTRICAL ENGINEERING 


The loss in the line is 


and the resistance of each conductor is 


r= er. 
~ 100 nl? 


For the same voltage E between conductors the current is 


P 
I ag Pend ; single phase, 


P 
[= TH con b? two phase, 
P 
= —————__ ,, three phase, 
V3 E cos 0 P 


and the resistance per conductor is 


_ pP X E? cos? 6 


ahs pE? cos’6 


= 0.005 5» single phase, 


100 X 2 P? 
2 2 2 2 
ad os ae ¢ 5001e 8 = e  two.pliaass 
2 2 2 
= aS — ise 0.01 PE ae a three phase. 


Since the single-phase line has only two conductors while the 
two-phase line has four the amount of copper required for both is 
the same. The three-phase line consists of three conductors of the 
same section as the two-phase conductors and, therefore, the 
amount of copper required for a three-phase line is only 75 per cent 
of that required for a two-phase or single-phase line with the same 
per cent power loss and the same maximum voltage between lines. 

256. Reactance. The inductance of a line per mile of con- 
ductor is 


i= (0.074 -++ 0.0805 logio a )10-* henrys, 
where D is the distance between conductors 
and R is the radius of the conductors. 
The reactance of the line per mile of conductors is 
X = 27fL ohms. 


The reactance could be decreased by decreasing the distance 
between the conductors or by increasing the radius, but these 
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quantities are fixed by other considerations than the reactance 
and reactance drop. 

257. Capacity. The capacity of a line per mile of conductor 
between the conductor and neutral is 


= . 10~° farads (Equation 45). 


This value applies for each conductor of a single-phase or poly- 
phase line. If the conductors of a three-phase line are suspended 
in one plane instead of in the form of an equilateral triangle the 
capacity of the central conductor is slightly greater than that of 
the others, but since all lines are transposed the total capacity of 
each of the three is the same and is given with sufficient accuracy 
by the formula above if the distance D is taken as the shortest 
distance between conductors. 
The capacity reactance per mile of conductor is 


XxX, = ohms, 


oo 


and the charging current per mile of conductor is 


é 
==> 


5 ae 2 rfCe, 


where e¢ is the voltage between conductor and neutral. 

For transmission lines up to 50,000 volts the capacity is very 
small and its effect on the regulation may be neglected. If, how- 
ever, any part of the transmission is carried out through under- 
ground cables, the capacity may be very largely increased and may 
not be negligible. Above 50,000 volts the capacity of the line 
must be considered in calculating the regulation. For lines up to 
100 miles in length and for voltages up to 100,000 volts the capacity 
of each conductor may be considered as a condenser connected at 
the centre of the line between conductor and neutral. If more 
accurate results are necessary the fact that both the reactance and 
the capacity of the line are distributed over the whole length must 
be taken into account. 

Due to the presence of the charging current in a line the current 
flowing into the receiving circuit may be very much larger than 
the current entering the line at the generating station. 
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258. Voltage and Frequency. Voltages up to 110,000 volts 
are now in use for the transmission of large amounts of power over 
long distances. 

Power is usually generated and transmitted at either 25 cycles 
or 60 cycles. With 25 cycles the reactance drop in the line is 
less than with 60 cycles and therefore the voltage regulation is 
better. In the case of very long high-voltage lines the increased 
charging current at the higher frequency may counteract the 
larger reactance drop of voltage. Where power is required for 
lighting 60 cycles is necessary unless frequency chargers are in- 
stalled. 

259. Spacing of Conductors. The distance between the con- 
ductors of a transmission line depends both on the voltage and 
also on certain points in the mechanical design, such as the ma- 
terial of the conductor, length of span and the amount of sag al- 
lowed. The curve in Fig. 374 gives approximately the relation 
between the spacing of the conductors and the voltage. 
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Fic. 374, Standard spacings. 


260. Single-phase Transmission Line. (1) A single-phase 
transmission line, Fig. 375, delivers 5100 kilowatts to a receiver 
circuit at 60,000 volts. If the power factor of the load is 85 per 
cent, find the generator voltage. 

r = resistance of the line = 20 ohms. 
x = reactance of the line = 50 ohms. 


The power delivered to the receiver circuit is 
P = EI cos @ = 5,100,000 watts, 
where E = 60,000 is the receiver voltage 
and cos ¢ = 0.85 is the power factor; 
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the current is therefore 


Rete 5 500,000. ee 
Ecos¢ 60,000 X0.85 PETES. 


The vector diagram is drawn with the current OL = I as horizontal. 


Load Circuit 
Power-_Factor 
= Cos 
Ec F & Admittance 
yar/o+ 5? 
rs es Ly I 
° re -—_E-0osg-—> 


Iz 


>T 
>| 


Fig. 375. Single-phase transmission line. 
The receiver e.m.f. OH = EH leads the current by an angle ¢ 
and has two components 


OF, = E, = E cos ¢ in phase with J and 
OE, = E, = E sin ¢ in quadrature ahead of I. 


The voltage consumed in the resistance of the line is Ir in 
_ phase with J; the voltage consumed in the reactance of the line 
is Jz in quadrature ahead of I. 

The component of the generator e.m.f. in phase with I is 


Ek, + Ir =EHeos¢+ Ir 
and the component in quadrature ahead of I is 
E,+I«2 = Esn¢g+ Iz, 
and therefore the generator e.m.f. is 
Eg = V(Ecos¢ + Ir)? + (Esin ¢ + Iz)?, 
or substituting the numerical values 


Eg= V (60,000 X 0.85 + 100 * 20)? + (60,000 < 0.52 + 100 50)? 
= 64,000 volts. 


The e.m.f. consumed in the line is 


I Vr? + x? = 100 V20? + 502 = 5400 volts. 


The loss of power in the line is 


I*r = 100? & 20? = 200,000 volts 
= 200 kilowatts. 
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The power factor at the generator is 
ask ig Ecos¢+Ir _ 53,000 
iteeeitiate! 64,000 


Using rectangular codrdinates and taking the current as axis, 
the e.m.f. at the receiver terminals is 
E = Ecos¢+ JE sin ¢, 
the e.m.f. consumed in the impedance of the line is 
E’ = Ir+jlz, 
and the generator e.m.f. is 
Eqg= H+ EH’ = (Ecos¢+Ir) + j (Esin¢ + Iz), 
and its absolute value is 
Eg = V(Ecos¢ + Ir)? + (E sin ¢ + Iz)? 


The capacity of the line has been neglected in this example. 

(2) A transmission line of impedance z = r+ yx delivers 
power to a receiver circuit of admittance y = g — jb at a con- 
stant voltage HZ. If the capacity of the line is asyiumed to be 
concentrated at the centre determine the charging current of the 
line, the total current delivered by the generator and the terminal 
voltage of the generator. 

The condensive reactance of the line is 


Poe Lee 
— 2QrfC 
where f is the frequency of the impressed e.m.f. and C is the ca- 


pacity of the line in farads; the condensive susceptance of the 
line is 


= 0.828 = 82.8 per cent. 


Ds ohms, 


1 
Yom be Se 


and it is represented as a condenser connected across the line. 
(Fig. 376.) 
The current in the receiver circuit is 


I = E(g — jb), 
and the e.m.f. at the centre of the line is 


e rt jx 
p= E+1(52) 


-BS1+ "$2 — jt. 
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The charging current of the line is 
I, = 2, 


ie Lt - iO), Eat cose? (560) 


and the current from the generator is 


lo=1+1e= |g — jb + ibe} 1 1+ 742 @— |. @70) 


Fic. 376. Single-phase transmission line with capacity. 


The terminal e.m.f. of the generator is 
Eg=E' +1 (5), 
= B14 $26 — 9) 4 SE G- 9) + 0.( 4%) 
+ pe tiore = 


= B}1 + +50)(9 - 8 +58) + 5% +50) 0 jt. (7 


For lines of small capacity the last term may be neglected and 
equation 371 reduces to 


Bo= B14 +52) (9- +53)... G72) 


(3) A single-phase transmission line delivers 10,000 kilowatts at 
100,000 volts to a receiver circuit of 85 per cent power factor; 
find} the voltage current and power factor at the generating end 
of the line, the impedance drop and power loss in the line and 
the charging current. Find also the generator voltage required 
to give a receiver voltage of 100,000 volts at no load. 


Length of line = 100 miles. 

Size of wire = No. 000 B. & S. copper. 
Diameter of wire = 2 R = 0.41 inch. 
Distance between wires = D = 72 inches. 
Frequency = 60 cycles per second. 
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The inductance or coefficient of self-induction of each wire of the 
line is, by equation 138, 


L; = (0.74 logio = z 23 -+- 0.0805) 10~* henrys per mile, 


and therefore the inductance of the line consisting of two wires is 


L = 200 LZ, = 200 (0 74 ene + 0. 0305 ) 10~* = 0.392 henrys; 


0. = 
the inductive reactance of the line is 

x=2rfL 

=2 xX 3.14 X 60 X 0.392 = 148 ohms. 


The capacity of each wire to neutral is, by equation 45 
38.8 


? 


Ci = Dok 10~° farads per mile, 
£10 R 
and the capacity between wires is 
C, = a = aes 10~° farads per mile of line; 
paar ne D—R 
10 R 
therefore, the capacity of the line is 
C = 100 C, = 100 pias 
logio SLB: 
0.215 


= (0.76 10~ farads. 
The condensive reactance is 


1 
Le = 2 xfC 
x 1 
~ 2X 3.14 X 60 X 0.76 X 10-6 
and the condensive susceptance of the line is - 


peo 
o = 3 = gagp = 0.000287. 


The resistance of the line at 30° C. is 
l 

cir. mils kings. 58) 

x 200 * 5280 

= 10-5 (410)? 


= 3480 ohms, 


Te 


= 68 ohms. 
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The load delivered to the receiver is 
P = EI cos ¢ = 10,000,000 watts, 


but E =100,000 and cos¢ = 0.85; 
therefore, the current in the receiver circuit is 
P. 10,000,000 


I = Fos} 100,000 X 0.85 ~ 117 amperes; 


the power component is 

Ip = I cos ¢ = 117 X 0.85 = 100 amperes; 
the wattless component is 

Iw =Ising = VP? — Ip? = V117? — 100? = 60 amperes. 
The admittance of the receiver is 


I 117 


the conductance is 
os Icos¢@_ 100 


E ~ 100,000 ~ 2-015 
and the susceptance is 
he eee: | ee 
b= E  ~ 100,000 ~ 0.0006. 


The generator voltage is, by equation 371, 
Bo = B}1 + +0) (9-0 +53) tig +50" @— Bt, 

and substituting the values obtained above 
Ei = a + (68 + 148)) (0.001 ~ 0.0006 j + 


0.000287 
4 


0.000287 } 
yt eee 


a. 


j (68 + 148 7)? (0.001 — 0.0006 ) 


and simplifying 
Eg = E (1.1355 — 0.1162 j), 
and the absolute value is 
Eg = EV (1.1355)? + (0.1162)? 
= 100,000 X 1.1355 = 113,550 volts. 
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The current from the generator is, by equation 370, 


Ta= 2g - +m. }1+ 426-3] 


= E| 0.001 — 0.0006 j + 0.000287 j 
68 4s 1487 6.991 — 


i+ 
=H cagieues — 0.0003 7), 
and its absolute value is 
Te = 100,000 V(0.0010148)? + (0.0003)2 = 101.5 amperes. 
The charging current of the line is, by equation 369, 
I, = ibe} 1 + EF Gg - i) 
= FE (0.0000148 + 0.000309 7), 
and its absolute value is 


I, = 100,000 V(0.0000148)? + (0.000309)? = 31 amperes 
= 25.6% of the receiver current. 


At no load EH = 100,000, g = 0, b = 0 and the generator vol- 
tage is 


0.0006 ) | 


Bq = B $1 + +i) 3) 
= EF (0.9786 + 0.0098 7), 
and its absolute value is 
Eg = 100,000 V (0.9786)? + (0.0098)? = 97,860 volts. 


The power factor at the generator may be found by reference — 
to the diagram in Fig. 377. 


Eo 


O id Po >& 
ee 
Ig 
Fia. 377. 
Eg leads E by an angle ¢’, 
where 
xo He ms) 1093: 


/ 
tan ¢' = Tig eee 


=. 
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Ig lags behind E by an angle ¢”, 
where 


tan g” = 101.48 = 0.0296; 


and Ig lags behind Eg by an angle ¢¢ = ¢’ + ¢”; 


tan ¢’ + tan ¢” 


tan oq = tan O+ 0") = 1 — tan ¢’ tan ¢” 


= 0.132, 


and dg = 7° 30; 
the power factor at the generator is 
cos ¢g¢ = cos 7° 30’ = 0.99 
= 99%. 


The impedance drop in the line is found very approximately as 
Ez=I1V7? + 2? 


= 117 «/(68)? + (148)? = 19,000 volts 
= 19% of the receiver voltage. 


The power loss in the line is found approximately as 
BE poe 2 
P, =I¢ 5+ I 5 


= (101.5)°34 + (117)34 
= 814,000 watts 
= 814 kilowatts 
= 4.07% of the output. 


261. Three-phase Transmission Line. A three-phase trans- 
mission line delivers 10,000 kv.a. at 60,000 volts and 60 cycles to 
a receiving circuit of 85 per cent power factor; determine the 
voltage and current at the generating station, the charging current 
and charging kv.a. of the line and the power loss in the line. 
Determine also the rise in voltage at the terminals of the receiving 
circuit if full load is suddenly removed, 


Length of line = 77 miles. 

Conductor section = 426,000 cir. mils, aluminum. 
Diameter of conductor = 0.653 inch. 

Distance between conductors = 72 inches. 
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In Fig. 378 


E = voltage between lines at the receiving end = 60,000. 
eé = voltage between lines and neutral at the receiving end 


Q2nnnongonngnoo sa 


AN, ae 
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Fic. 378. Three-phase transmission line. 


Generating 
Station 


Eq = voltage between lines at the generating station. 
eg = voltage between lines and neutral at generating station 
_ He, 
V3 
I = load current in each conductor. 
Ic = charging current in each conductor. 
Ig= current per conductor at the generating station. 
y = Vg? + b? = admittance of each phase of the receiving 
circuit. 
z= Vr?+ 2? = impedance of each conductor. 
b, = capacity susceptance of each conductor to neutral which 
is assumed to be concentrated at the centre of the line. 


Resistance per conductor at 20° C. is 


_ 10.35 X 5280 X 77 
~ ~ 426,000 X 0.62 


The conductivity of aluminum is taken as 62 per cent of that 
of copper. 
Inductance of each conductor is 


= 16 ohms. 


72 
L= (0.74 logw 9 396 + 0.0805 )10-» 77 = 0.14 henry, 


and the reactance is 
x =2nfL = 2 X 3.14 X 60 X 0.14 = 53.5 ohms. 


ee 
‘ 


TRANSMISSION LINE 409 


Capacity of each conductor to neutral is 


C= o88 C/E = 1.26 < 10-® farads. 


ni ae 9 
logw 9-395 * 10 


The capacity reactance is 
1 10° 


= FO 23.14 X60 X 1.06 ~ 7195 ohms, 
and the capacity susceptance is 
1 1 
b. = lee Ta 0.000462 
The charging current per conductor is 
60,000 
e V3 
I,= Z, = 3135 = 16.23 amperes, 
and the kv.a. required to charge the line is 
3X 60,000 5K 16.23 _ 1690. 
V3 ~~ 1000 


The charging current and charging kv.a. have been taken as pro- 
portional to the voltage at the receiving end of the line which 
gives values slightly less than the true ones. 

The input to the receiving circuit is 10,000 kv.a. at 85 per cent 


power factor = V3 EI and, therefore, the current per conductor 


is 
10,000,000 


~ 73 x 60,000 


= 92.6 amperes. 


The admittance of the receiving circuit per phase is 
I 92.6 
o= Vg? + = = = Go 000 = 9:00278; 
V3 
the conductance is 
Icos@ 92.6 < 0.85 
=e. 60,000 
V3 


= 0.00235 


and the susceptance is 
b= Vy’? — g? = 0.001463. 
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The relation between the voltages at the generating station and 
receiving station is given by equation : 


com e| J1+ +52) (9-3 +55) 1g +50) @ —¥)} |, 
or : 
Bo = BL }1 + @ +30) (0-3 +53) — 77 @ +2 @ -0){] 


Substituting the values obtained and neglecting the last term 


Eg = 60,000)1 + (16 + 53.57) (0.00235 — 0.00123 7) } 
=\60,000 (1.1034 + 0.1063 7), 


and taking absolute values 
Eg = 60,000 Vv (1.1034)? + (0.1063)? = 66,210 volts. 


Thus to produce a voltage of 60,000 volts between lines at the 
receiving station at full load a voltage of 66,210 volts is required 
at the generating station. 

At no load the current J is zero and the admittance y is zero 
and the voltage required at the generating station to produce 
60,000 volts at the receiving station is 


Eg = 60,000 {1 + (16 + 53.57) (— 0.000231 7) 
= 60,000 (0.9877 ++ 0.003696 j) 


and in absolute values 
Eg = 60,000 V (0.9877)? + (0.003696)? = 59,268 volts. 


At no load therefore the voltage at the receiving end of the line 
is greater than that at the generating station. 

If full load is suddenly taken off the line the voltage at the re- 
ceiving end will rise to a value 


60,000 000 _ 
“hae 7000 
which is a rise of ————~ 60,000 < 100 = 11.6 per cent. 


The generator voltage is here assumed to remain constant at 
66,210 volts. 

The current per conductor at the generating station may be 
found from equation 370 


Ig = ela — jb + je} $otE Gg - 3) § | 
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Substituting the numerical values 


Ris a lo. 00235 — 0.00123 7 + 0.000462 j 
}1 PE: i= / (0.00235 — 0.00123 7) (] 
60,000 


=z (0.00229 — 0.000648 J), 


and taking absolute values 


Io= a V (0.00229)? + (0.000648 7)? = 82.5 amperes. 
~The power loss in the line may be taken as 
2 2 2 2 
3 x le = Krag x oe ae x 16 
= 370,000 watts 


= 370 kilowatts. 
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\ 


Brushes, carbon, 157. 
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390. 
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Compound generators, parallel opera- 
tion of, 195. 
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268. 
synchronous motor, 274. 
rotary converters, 388. 
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curves, 217. 
Concatenation of induction motors, 
347. 
Condenser, electric, 18. 
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in series, 26. 
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Conductivity of aluminum, 76. 
copper, 76. 
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Constant-current transformer, 318. 
potential transformer, 290. 
Converter, armature winding of, 369. 
frequency, 393. 
synchronous, 369. 
Corona, 41. 
Core-loss current, 290. 
Coulomb, definition, 2. 
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Electromotive force equation of an 
alternator, 228. 
of a direct-current generator, 
160. 
forces in an alternator, 260. 
Electrostatic field, 3. 
Electrostatics, laws of, 2. 
Elimination of harmonics by short- 
pitch windings, 247. 
Energy loss due to hysteresis, 74. 
stored in electrostatic field, 29. 
magnetic field, 67. 
Equalizer connections, 196. 
rings, 151. 
Equipotential surfaces, 11. 
Equivalent charges, 10. 
Exciting current of a transformer, 
290, 294. 


F. 
Farad, definition of, 19. 
Field characteristic of direct-current 
generator, 189. 
electrostatic, 3. 
excitation in direct-current ma- 
chines, 158. 1 
in rotary converters, 371. 
magnetic, 43. 
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Flux, electrostatic, 4. 
magnetic, 43. 
Force exerted by a magnetic field on 
an electric circuit, 49. 
Form factor of alternating waves, 229. 
Fractional-pitch windings, 150. 
Frequency converter, 392. 


G 
General electromotive force equation 
of alternator, 249. 
Graded insulation for cables, 36. 
Gradient, potential, 11. 
Grids, damping, 279. 


H 

Heating of rotary converter arma- 
tures, 380. 

Hunting of alternators and synchro- 
nous motors, 285. 

Hysteresis, 72. 

loss in armatures, 211. 

in transformers, 307. 

Hysteretic constant, 74. 


I 
Impedance, 131. 
of transformer, 304. 
synchronous, 261. 
Induced charges of electricity, 7. 
currents, 49. 
Inductance, 87. 
mutual, 90. 
of iron-clad circuits, 88. 
parallel wires, 97. 
self, 90. 
in direct-current circuits, 92. 
in alternating-current circuits, 
103. 
unit of, 88. 
Induction generator, 356. 
motor, analysis by rectangular co- 
ordinates, 348. 
polyphase, 324. 
single-phase, 350. 
regulator, 320. 
Inductor alternator, 225. 
Interpoles, 173, 182. 
(Inverted converter, 390. 
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J 


Joule’s law, 75. 
Journal friction loss, 214. 


K 


Kirchoff’s laws, 82. 
applied to alternating-current 
circuits, 143. 


L 


Laws of induction, 49. 

Limits of output of direct-current 
machines, 216. _ 

Line-drop compensator, 288. 

Losses in direct-current machines, 
210. 
mercury are rectifier, 396. 


M 


Magnetic field, 43. 
energy stored in, 67. 
stresses in, 69. 
flux, 43. 
density, 43. 
force, 43. 
leakage, 162. 
permeance, 48. 
potential, 45. 
reluctance, 46. 
Magnetization, 42. 
laws of, 43. 
Magnetizing current of a trans- 
former, 290. 
Magnetomotive force, 46. 
of rotor, 331. 
of solenoid, 58. 
of stator, 329. 
of unit current, 53. 
unit of, 46. 
Maximum torque of induction motor, 
339. 
Maxwell’s corkscrew rule, 48. 
Mercury arc rectifier, 393. 
Multiple-circuit windings of alter- 
nators, 248. 
drum windings, 148. 
Mutual inductance, 90. 
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N 
Neutral current in three-wire gene- 
rator, 391. 
No-load power factor of transformer, 
291. 
N-phase converter, 376. 


: O 
Ohm definition, 75. 
Ohm’s law, 75. 
Open-circuit reactance of trans- 
former, 297. 
Open delta connection, 313. 


P 
Parallel operation of alternators, 281. 
compound generators, 195. 
shunt generators, 194. 
plate condenser, 19. 
Permeability, 46. 
Permeance, 48. 
Phase characteristics of synchronous 
motor, 278. 
Polyphase armature reaction, 253. 
Potential, electric, 6, 8-11. 
gradient in a lead-covered cable, 36. 
special cases, 12-14. 
magnetic, 45. 
Potentiometer, 85. 
Power, 52. 
apparent, 117. 
factor, 118. 
in alternating-current circuits, 113. 
units of, 52. 
Progressive winding, 153. 


R 
Rating of alternators, 250. 
rotary converters by armature 
heating, 383. 
Ratios of e.m.fs. and currents in 
rotary converters, 376. 
Reactance, 131. 
armature, 176. 
condensive, 108. 
inductive, 104. 
leakage, 295. 
synchronous, 261. 
transmission line, 398. 


INDEX 


Rectangular coérdinates, 135. 
Rectifier, mercury are, 393. 
Regulation of direct-current genera- 
tor, 187. 
Regulator, induction, 320, 322. 
Repulsion motor, 364. 
Resistance, 76, 131. 
commutation, 176. 
effective, 131. 
effect of temperature on, 76. 
leads in alternating-current series 
motor, 362. 
of brush contact, 176. 
conductors, 78. 
insulators, 78. 
starting of induction motor, 344. 
Resistivity, 76. 
temperature coefficient of, 77. 
Retrogressive winding, 154. 
Reversing direction of rotation of 
induction motors, 330. 
Revolving m.m.f. and flux of stat::, 
328. 
Ring winding, 146. 
Rotary converter, 369. 
starting, 388. 5 
Rotating field in single-phase ing 
tion motor, 353. j 
Rotor efficiency, 339. a 
magnetomotive force, 331. 
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Saturation curve, 161. 
calculation of, 163. 
Self-inductance, 90. - 
effect on commutation, 479, 
in direct-current circuit 2. 
Separately-excited generato  .37. 
Series-drum windings, 151. 
field loss, 211. » 
’ generator, 193. 
motor, 200. 
transformer, 315. 
Short-pitch winding, 246. 
Shunt-field loss, 210. 
generator, 188. 
motor, 199. 
Sine wave of e.m.f. and current, 99. ; 
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Sine wave, average value, 101. 
effective value, 102. 
Single-phase armature reaction, 257. 
induction motor, 350. 
transmission line, examples, 400- 
403. 
Six-phase power from three-phase 
circuits, 371. 
Slip, 331, 338. 
Spacing of conductors in transmis- 
sion lines, 400. 
Sparking, 182, 184. 
Speed characteristics of direct-current 
motors, 203. 
equation of direct-current motors, 
200. 
methods of varying, 200. 
torque characteristics of induction 
motors, 345. 
single - phase 
motors, 355. 
Star or ““Y” connection, 233. 
Starting direct-current motors, 207. 
rotary converters, 388. 
.ingle-phase induction motors, 353. 
machronous motors, 279. 
~- hatteries, 219. 
<uress . m electrostatic fields, 29. 
magnetic fields, 69. 
Synchronizing, 281. 
Synchronous compensator, 279. 
converter, 369. 
horse power, 339. 
impedauce, 261. 
‘tor, 271. 
ance, 261. 
Wa | 339. 
Synchroscope, 288. 


induction 


2 


Temperature coefficient for resist- 
ance, 77. 


Third harmonic current in delta, 233. 
star, 234. 
Three-phase currents, 235. 
e.m.fs., 235. 
power, 237. 
Three-wire generator, 390. 
system, 209. 
Tirrill regulator for alternators, 286. 
direct-current generators, 197. 
Torque characteristics of direct- 
current motors, 206. 
equation of direct-current motor, 
205. 
Transformer, auto, 317. 
connections, 312. 
constant-current, 318. 
potential, 290. 
examples on, 300-302. 
series, 315. 
Transmission line, 397. 


Vv 

“V” connection, 313. 

Vector diagrams of alternator, 260. — 
synchronous motor, 272. 
transformer, 293. 

equations of transformer, 297. 
representation of sine waves, 111. 
Volt, definition of, 6. 
Voltage characteristics of direct- 
current generators, 185-193. 3 
alternators, 267. 


W 
Watt, definition of, 52. 
hour, 53. 
Wattless current, 133. 
Wave form of currents in rotary con- 
verters, 378. 
Wire table, 79. 


bd 
““Y” connection, 233. 
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